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Under some simple conditions, by using some techniques such as truncated method for random
variables (see e.g., Gut (2005)) and properties of martingale differences, we studied the moving
process based on martingale differences and obtained complete convergence and complete
moment convergence for this moving process. Our results extend some related ones.

1. Introduction

Let {Y;,—00 < i < oo} be a doubly infinite sequence of random variables. Assume that
{ai,—oo < i < oo} is an absolutely summable sequence of real numbers and

Xp= D aiYim, n>1 (1.1)
i=—00

is the moving average process based on the sequence {Y;, —o0 <i < co}. Asusual, S, = >}, X,
n > 1, denotes the sequence of partial sums.

For the moving average process {X,,n > 1}, where {Y;, —occ < i < oo} is a sequence of
independent identically distributed (i.i.d.) random variables, Ibragimov [1] established the
central limit theorem, Burton and Dehling [2] obtained a large deviation principle, and Li
et al. [3] gave the complete convergence result for {X,,,n > 1}. Zhang [4] and Li and Zhang
[5] extended the complete convergence of moving average process for i.i.d. sequence to ¢-
mixing sequence and NA sequence, respectively. Theorems A and B are due to Zhang [4]
and Kim et al. [6], respectively.
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Theorem A. Suppose that {Y;,—o0 < i < oo} is a sequence of identically distributed p-mixing
random variables with 3%_; ¢'/?(m) < oo and {X,,,n > 1} isas in (1.1). Let h(x) >0 (x > 0) bea
slowly varying functionand 1 < p <2, r > L. If Y1 = 0 and E[|Y1|"Ph(|Y1|P)] < oo, then

Zn"zh(n)P<|Sn| > enl/P) <o, VYe>O0. (1.2)

n=1

Theorem B. Suppose that {Y;,—o0 < i < oo} is a sequence of identically distributed ¢-mixing
random variables with EYy = 0, EY? < oo and Y501 ¢'/*(m) < oo and {X,,n > 1} is as in (1.1).
Let h(x) > 0 (x > 0) be a slowly varying function and 1 < p <2, r > L. If E[|Y1|"Ph(|Y1]")] < oo,
then

S VP RmE(1S] - en'/P) < oo, Ve >0, (1.3)

n=1

where x* = max{x,0}.

Chen et al. [7] and Zhou [8] also studied the limit behavior of moving average process
under ¢-mixing assumption. Yang et al. [9] investigated the moving average process for
AANA sequence. For more works on complete convergence, one can refer to [3-6, 10-13]
and the references therein.

Recall that the sequence {X,,n > 1} is stochastically dominated by a nonnegative
random variable X if

sup P(|X,| >t) <CP(X >t) for some positive constant C, Vt > 0. (1.4)

n>1

Recently, Chen and Li [14] investigated the limit behavior of moving process under
martingale difference sequences. They obtained the following theorems.

Theorem C. Let r >1,1<p <2and rp < 2. Assume that {X,,,n > 1} is a moving average process
defined in (1.1), where {Y;, Fi,—o0 < i < oo} is a martingale difference related to an increasing
sequence of o-fields §F; and stochastically dominated by a nonnegative random variable Y. If E[Y"P +
Ylog(1l+Y)] < oo, then for every € > 0,

Zn"2P< max |Sk| > en“”) < 0. (1.5)
1<k<n

n=1

Theorem D. Letr > 1,1 <p <2, rp <2and 0 < q < 2. Assume that {X,,n > 1} is a moving
average process defined in (1.1), where {Y;, ¥i,—oo < i < oo} is a martingale difference related to an
increasing sequence of o-fields ; and stochastically dominated by a nonnegative random variable Y.

If
E[Y? +Ylog(1+Y)] < co, if g<rp,
E[Y log(1+Y) +Ylog*(1+Y)| <00, if g=1p, (1.6)
EYY < oo, if g>rp,
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then for every € > 0,

) q
Zn"2‘q/PE<max |Sk| —snl/’”> < oo, (1.7)
) 1<k<n +

where x, = x when x > 0 and x, = 0 when x <0 and x! = (x,)7.

Inspired by Chen and Li [14], Chen et al. [7], Sung [13] and other papers above,
we go on to investigate the limit behavior of moving process under martingale difference
sequence and obtain some similar results of Theorems C and D, but we only need some
simple conditions. Our results extend some results of Chen and Li [14] (see Remark 3.3 in
Section 3). Two lemmas and two theorems are given in Sections 2 and 3, respectively. The
proofs of theorems are presented in Section 4.

For various results of martingales, one can refer to Chow [15], Hall and Heyde [16],
Yu [17], Ghosal and Chandra [18], and so forth. As an application of moving average
process based on martingale differences, we can refer to [19-22] and the references therein.
Throughout the paper, I(A) is the indicator function of set A, x* = max{x,0} and C, Cy,
C,, ... denote some positive constants not depending on n, which may be different in various
places.

2. Two Lemmas
The following lemmas are our basic techniques to prove our results.

Lemma 2.1 (cf. Hall and Heyde [16, Theorem 2.11]). If {X;, ¥i,1 < i < n} is a martingale
difference and p > 0, then there exists a constant C depending only on p such that

p n p/2
> < C{E<§E<Xf I %-1>> - E<?;§>;|Xil”> } (2.1)

Lemma 2.2 (cf. Wu [23, Lemma 4.1.6]). Let {X,, n > 1} be a sequence of random variables, which
is stochastically dominated by a nonnegative random variable X. Then for any a > 0 and b > 0O, the
following two statements hold:

k
>
i=1

E( max
1<ks<n (42

E[IXul“I(|Xal < b)] < CHE[XI(X <b)] +b"P(X > D)},
2.2
E[IXa|"I(1Xa] > b)] < GE[XI(X > b)], 22

where C1 and Cy are positive constants.

3. Main Results

Theorem 3.1. Let r > 1 and 1 < p < 2. Assume that {X,,,n > 1} is a moving average processes
defined in (1.1), where {Y;, i, —o00 < i < oo} is a martingale difference related to an increasing
sequence of o-fields F; and stochastically dominated by a nonnegative random variable Y. Let K be a
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constant. Suppose that EY'P < oo for rp > 1 and sup, E(|Y;|'"? | Fi-1) < K almost surely (a.s.), if
rp > 2. Then for every € > 0,

an‘2P<max |Sk| > snl/p> < oo, (3.1)
o 1<k<n

n" 2P <sup =k
1; Kl/p

k>n

> 5) < 0. (3.2)

Theorem 3.2. Let the conditions of Theorem 3.1 hold. Then for every € > 0,

[ee] +
Zn’_z_l/”E<max |Sk| = gnl/’”> < oo, (3.3)
o 1<k<n
[ee] S +
2 k
n"“E(sup |[—=|-€) <oo. (3.4)
nz:; < kzn k1/p >

Remark 3.3. Let Fg C ¥1 C ... be an increasing family of o-algebras and {(X,, F.),n > 1} be a
sequence of martingale differences. Assume that for some p > 2,

E(IXulP | Fu1) <K, as., (3.5)

where K is a constant not depending on n, and other conditions are satisfied, Yu [17]
investigated the complete convergence of weighted sums of martingale differences. On the
other hand, under the condition

sugaE(X,zq,k | ?n,k—1> <K, as, (3.6)
n,

and other conditions, Ghosal and Chandra [18] obtained the complete convergence of
martingale arrays. Thus, if rp > 2, our assumption sup; E(|Y;|'"? | ¥i-1) < K, a.s., is reasonable.
Chen and Li [14] obtained Theorems C and D for the case 1 < rp < 2. We go on to investigate
this moving average process for the case rp > 1, especially for the case rp > 2 and get the
results of (3.1)-(3.4). If E[Y'” + Ylog(1+Y)] <o forr > 1,1 < p <2and rp < 2, result
(3.1) follows from Theorem C (see Theorem 1.1 of Chen and Li), but we can obtain results
(3.1) and (3.2) under weaker condition EY"? < co. On the other hand, comparing with the
conditions of Theorem D, our conditions of Theorem 3.2 are relatively simple.

4. The Proofs of Main Results

Proof of Theorem 3.1. First, we show that the moving average process (1.1) converges a.s.
under the conditions of Theorem 3.1. Since rp > 1, it has EY < oo, following from EY"? < co.
On the other hand, applying Lemma 2.2 with a = 1 and b = 1, one has

ElY;| <1+ CGE[YI(Y >1)] <1+ CEY <00, -o0<i<co. (4.1)
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Consequently, we have by >.2___ |a;| < oo that

> ElaiYiu| <C3 . |ai| < oo,

i=—o0 i=—c0
which implies 32 a;Yi., converges a.s.
Note that
n n (o) (o) i+n
n= 2 X= 2 DaYin= > a3 Y
k=1 k=1 i=—o0 i=—oo  k=i+l

Let

Yoy = ViI([%] <) ~EPGI(|Y| <n7?) | ], —o0 <ji<on

Since Y; = Y;I(|Y;| > n'/?) + Yy; + E[Y;I(|Y;| < n'/P) | F;-1], we can see that

Zn’ 2P<1rr1ax |Sk| > 5n1/p>

n=1

0 i+k 1/p
-2 1/ en
< Enr P <{2&)r(l i;ﬁal]gllf I<|Y | >n P) 5 >

5 [¢'e) i+k 1 Enl/p
+ > n" 7P| max a [YI( Y| <n ”) i ]
Z 1<k<n _Z IZ ] | ]|— |g]1 4
n=1 i= j=i+l
) i+k 81’1
+ an’zp max Z a; Z Youi| > ——
n=1 1gksn i=—co j=i+l

=H+I+].

For H, by Markov’s inequality, Lemma 2.2, >7°

2> o i+k
H < —an‘zn_l/”E max Z a; Z Y]-I<|Yj| > nl/p>
€ e == =

n=1 i=—00

i+k
< Clznr nlp Z |a; |E<n<1,?<x Z |Y; |I<|Y| > n””))

)

(4.2)

(4.3)

(4.4)

(4.5)

|a;] < oo and EY'? < o0, one has
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<Y VE[vI(Y > n/)|

n=1

=G TP Y EYI(m < YP <m+1)]

n=1 m=n
& m
= CQZE[YI(m <YP<m+ 1)]an—1—1/p
m=1 =

<G Y mVPE[YI(m < YP <m+1)] < CE[Y[? < co.

m=1

(4.6)

Meanwhile, by the martingale property, Lemma 2.2 and the proof of (4.6), it follows that

i=—oo  j=i+l

I< ‘_Linr—zn—l/pE max i a-% E[y.[<|y.| < nl/p) | F 1]
S 1<kn i j b= 1=

= 22 inE S .HkE[YI Y| > n/?) | & ]
= ggn n max i;_;mazjgl f <| i|>n > i1

(4.7)

i+n

< Clinr—zn—l/]ﬂ i lail > E[|yj|1(|yj| > n1/p>]
n=1 i=

—o0 j=i+l

& r1-1/ 1/
< C2;nr PE[YI(Y >n P)] < G3E|Y|"? < 0.

Obviously, one can find that {Y,;, ¥j-1,—-c0 < j < oo} is a martingale difference. So, by
Markov’s inequality, Holder’s inequality, and Lemma 2.1, we get that for any g > 2,

4\9> , © i+k 1
= r=2,-q/p ) )
1< (3) oty ma| S 3
n=1 i=—c0  j=i+l

4\1& ) i+k q
< <—> an_zn‘q/PE Z <|ai|1_1/q> |a;|" Tmax Z Yy
€/ WA Lsksn | S50

i=—00

4\1& ) , © a1 o i+k 1
< (= r=2n~q/p . |E Y, :
<(3) <,Z|al|> S lalE] max| 3, v,

n=1 i=—c0 i=—co j=i+l
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j=i+l

) q/2
< Clzn"zn_q/p Z |ai|E< gi E<Y3j | ?1—1>>
n=1 i=—00

i+n

+ Clin”zn’q/’” i |ai| D E[Y]?
n=1 i=

—o  j=i+l

=Ci i +Ci)o.
(4.8)

If rp > 2, then we take g large enough such that g > max{(r - 1)/(1/p — 1/2),rp}. From
sup; E(|Y;|"P | ¥j-1) < K, a.s. and Jensen’s inequality for conditional expectation, we have
sup; E(Y].2 | Fj-1) < K*(P), as. On the other hand,

E(v1%5) = E[R1(15] <n') 19 ] - [E(m (1] <) 19,0)]

(4.9)
< E[YJZI<|Y]| < n””) | 95]-,1], a.s., —oo < j < oo.
Consequently, we obtain by >.°__ |a;| < oo that
© 0 i+n 9/2
Gyt 3 '“f'E< S EPFI(ps] <n7) | %—J>
n=1 i=—o j=itl (4.10)

oo}
< sznr—Z—q/w—q/Z < oo,
n=1

following from the fact that g > (r—1)/(1/p —1/2). Meanwhile, by C, inequality, Lemma 2.2
and > |ai| < oo,

i+n

fos S 35 a) 3% E[iw (] <n)]
n=1

=0 j=i+l

<GS E[ (Y <n/7)] + C S P(Y > /) .
n=1 n=1 .

< ~-1-q/ 1/ < -1-1/ 1/
< C;,Enr 9 PE[WI(Y <n P)] + C6§n’ PE[YI(Y >n P)]

=: Cs5Jn + CeJon.
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Since g > rp and EY'P < oo, one has

an 1- WPZE[WI( ~DYP <y < i“P)]

n=1
iE[Y‘U((i PP <y < i””)]in"l‘q/” (4.12)
i=1 n=i

< CliE[Y“’Y‘*‘"’I (G- <y <iP)]i97 < CLEY™ < oo,
i=1

By the proof of (4.6),

» = in”l’l/PE[YIOf >n!/P)| < CEY'P < . (4.13)
n=1

If rp < 2, then we take g = 2. Similar to the proofs of (4.8), and (4.11), it has

i+n

J<clznf 2 Z/PZ jail > EYZ,

- j=i+l
(4.14)

< szn’ 22y Z |ai] Z E[Y2I(|Yj] <n'/7)] < GEY™ < o0,

i=— j=i+l

following from q > rp, (4.12), and (4.13). Therefore, (3.1) follows from (4.5)—-(4.13) and the
inequality above.
Inspired by the proof of Theorem 12.1 of Gut [24], it can be checked that

22/”£>

2m-1
>22/pg> Z 2m(r—2)

n=2m-1

== | > 2% ”e>
> 2%/ ps)

[} - Sk
n 2P ( sup | ——
; <k>£) kl/p

o 2m-1
>22/P5> Z Z n'" 2P<sup

mlnzml

Kip

< 22—rip< sup

m=1 k>2m-1

"

<2¥r ZZm(r_l)P ( sup

m=1 k>2m-1

Kl/p

=227 ZZ’”(”DP <sup max
l =

el >m 271<k<2!
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<27 rsz(r 1)ZP<max |Sk| > e2+D) /"’>

<k<2!

o 1
= 22_’ZP<max |Sk| > 52(”1)/’”) ZZm(’_l)
=1

[
<k<2 =1

[0.0)
< ClzZZ(r_l) <max |Sk| > 52(”1)/P>
1=1

1<k<2!
=D.
(4.15)

If r <2, then

© 21+1
D =2>"C, (1) (r= 2>P<ma>< Syl > gz<’+1>/P>
53> max 5

oo 2111-1

< 2% rClz Z n'" 2P<max |Sk| > 511””) (4.16)

I=1 n=2!

<277y an 2P(max |Sk| > 5n””>

n=1

Otherwise,

oo 2011
D= Clz Z 21(”2)P<max |Sk| > 52(”1)/’”)

=1 n! 1<k<2!

oo 211

< 12 Z n' 2P(max |Sk| > gnl/p> (4.17)

1=1 n=2!

< Clzn’ 2P<max |Sk| > enl/p)

n=1

Combining (3.1) with these inequalities above, we obtain (3.2) immediately. O

Proof of Theorem 3.2. For all € > 0, it has

[ee) + (o] [oe]
Z n 1/”E<max |Sk| —snl/”> = an‘2‘l/’”f (max |Sk| — en'/P > t)dt
n=1 0

1<k< 1<k<
n=1

1/p

Z U”I P(max |Sk|—£n1/”>t>dt

- 1<k<n

Z - 1/7‘7J‘ <max |Sk| - en'/? > t>dt
nl/p

o 1<k<
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Z 2P(max |Sk| > snl/”>

n=1

Z r2- 1/”J‘ <max |Sk| > t>dt
nl/p 1<k<

n=1

10

(4.18)

By Theorem 3.1, in order to proof (3.3), we only have to show that

(max |Sk| > t)dt < oo. (4.19)
1/p

1<k<

an —-2— 1/pf

n

For t > 0, denote

Yy = YI(|Y;| <t) —E[YI(|Yj]| <t) | Fiaa], -0 <j<oo. (4.20)

Since Y; = Y;I(|Yj| > t) + Yij + E[Y;I(|Y;| < t) | Fj-1], it is easy to see that

9

max |Si| >t )dt
1/p 1<k<n
[ee) lo'e)
Z r-2-1/p max
~ Y 1<k<n
[ee) 0
+ S max
n=1 nl/ Isksn |2

Z r-2-1/p max
o nl/p 1<k<n

=1 +12+I3.

an 2- 1/pJ‘

n

i+k

ZalZYI(|Y|>t)

—o0o  j=i+l
> —>dt
i+k

Z“IZE[YI(lqu)I%

-0 j=it+l

i+k

ZazZYn

—00  j=i+l

(4.21)

By Markov’s inequality, Lemma 2.2 and EY"? < oo,

i+k
r=2-1/p 1
fis 22” J;NP E({?]?g); 1§0a1]§1YI(|Y | ” t> >

0

0 i+k
<2 ’*Z*WJ' t! E Y;|I(|Y;| >t) )dt
- Zn nl/p Z |al| <max Z | | (| | > )>

n=1 i=—00

< clznr-l-l/r’f tYE[YI(Y > t)]dt
nl/p

n=1
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_Cznrll/pzf

ml/p

(m+1)'P

FE[YI(Y > m!r)|dt
< Czinr’l’l/”iml/”’l’l/PE[YIOf >m'/?)]
n=1 =

= szm—lE[YI<Y > ml/p)]znr 1-1/p

m=1
< Qim’-l-wb‘[n(y >m!/?)] < CUEY™ < oo,
_ (4.22)

Since {Yij, ¥j-1,—o0 < j < oo} is a martingale difference, we have by Markov’s inequality,
Holder’s inequality, and Lemma 2.1 that for any g > 2,

0 ) i+k
L, < 4an”2’1/”J‘ tE[ max Z a; Z Yt]
- 1/p 1<k<n
n=1 n —o0o  j=itl

i+k

DY
j=itl

[ee]
<CcNnFlr t9E < a; 1_1/q> a;|"/ T max
Z PES S (lad " 1max

)}

© i+k
r-2-1/ = .
<l o(Sm) Ser{m|Enl e

. q/2
<Cy an -2~ 1/pJ‘1 t fiz |a,|E<ZE<Y£. | %_1)) dt

j=i+l

o0 oo i+n
+ clznf-Z-l/Pf Lt Z |lai| Y’ E|Yyj|"dt

n=1 nt/ - j=i+l

=: C1121 + C1122.

If rp > 2, then we take large enough g such that g > max{(r - 1)/(1/p - 1/2),rp}. B
sup; E(IYj|"" | #j-1) < K, as. and Jensen’s inequality for conditional expectation, it has
sup; E(Yj2 | Fi-1) < K?/P), as.. Meanwhile,

E(Y2 %) = EP2I();| < n?) [ Fi] - [E(1 (1] <n'?) 1 91)]

(4.24)
<EPZI(|Y| <n'?) | Fa], as, oo <j<oo
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Thus, by >, |ai| < oo, one has that

© 1/ © 0 i+n 4/2
In=C e t i|E Zyj dt
21 1271 I ” i§o|az| Z nj

n=1 n j=i+l

i+n

q/2

n=1 j=i+l

(4.25)

[ee) o) 0
< sznr—zfl/erq/ZJ‘ tdt < C3an72fl/p+q/2 .par)/p

n=1 nl/p n=1

0
= G 3P < o,

n=1

following from the fact that g > (r — 1)/(1/p — 1/2). We also have by C, inequality and
Lemma 2.2 that

i+n

I, < < r—2—1/pJ‘oo q S ; ENY:|91(|Y:| < t)]dt
n<COn o iZ|a|Z (Y5 11| <1)]

n=1 n =—o0  j=i+l

w  (m+)VP
> f tIE[YII(Y < t)]dt

< C3 nr—l—l/p
; m=n+ m'/? (4.26)

+C S "1‘1/'”’[00 P(Y > t)dt
42” i ( )

n=1

=: C2I§2 + C3I;;

Since g > rp and EY'? < oo, it follows that

L, < Clin’*“f’iml/P*H/PE[wz(Y < (m+ 1)1/P>]

n=1 m=n

= C1im1/p—1—q/r’]g[yq[<y < (m+ 1)1/P>]inr—1—l/p
n=1

m=1
3 r-1-q/ 1/
< Czém VPE[YII(Y < (m+1)"7)]

m+1

= Qimr-l-q/PZE[WI((i ~DYP <y < i””)]
m=1 i=1
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= C2imr—1—q/PE[eryq—rp1<m1/p <Y<(m+ 1)1/P>]
m=1

+ Czim’-l-q/PiE[qu((i —)VP <y < i“f’)]

m=1 i=1

< z(q—rp)/PCzim_lE[Y“’I(m”” <Y< (m+1)"7)]

m=1

— . 1\1/ -1/ < r-1-q/
+C2§E[Yq1<(z D <y <i P)]ﬂ%m alp

< z(q—rp)/Pczim‘lE[Y“’I(ml/” <Y< (m+ 1)””)]

m=1

+ CZEE[Y’PY""PI«i ~DYP <y < il/p>]ir“7/”
i=1

< C3Eer < oo.
(4.27)
From the proof of (4.22),
I < an-l-l/r’f tYEYI(Y > t)dt < CEY'™ < oo. (4.28)
=1 nl/p
If rp < 2, then we take g = 2. Similar to the proofs of (4.23) and (4.26), we get that
) ) ® ) © i+n 5
R3] 023 lal 3 B s YT < oo 429)

following from q > rp, (4.27) and (4.28). Consequently, by (4.18)—(4.28), Theorem 3.1 and
inequality above, (3.3) holds true.
Now, we turn to prove (3.4). Similar to the proof of (3.2), we have that

= an‘zf P(sup e Rl t> dt
1/
n=1 0 k>n
o 2M-1 ®© B
= Z Z nr’z’[ P( sup | <7 > e22/P + t )dt
m=1 p=2m-1 0 k>n kt/p
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< 22_72 f < sup
m= k>2m- 1

< 22—r < 2m(r—1) J‘00 P su
> ) P

m=1 k>2m-1

= 22’r22m(r’1)j P<sup max
0

el I>m 2F1<k<2!

< 2% Zm(r ”ZI (max |Sk| > <522/p + t>2(l‘1)/7">dt

1<k<2!

2m-1

> 22/P 4 t> dt 2m(r-2)

n=2m-1

Sk
klp

kl/ >522/”+t>dt

kll;p > 22/P 4 t>dt

o pwo 1
- zz—rzj (max Skl > (227 +£)20- 1)/"’>dt22m("1)
=170 m=1

1<k<2!

<2273 2100 | p( max |Si| > (522/P +t)2<’-1>/P dt <let s= 2(1-1>/Pt>
=1 0 1<k<2!

0] [ee]
< ClzZI("l‘l/”) f P(max Sk| > e2BD/P 4 s)ds =
0

= 1<k<2!
(4.30)
If r <2+1/p, then
o) 21+1 1
F =2&/p- ’)Clz Z D=2 ”’”J‘ P(max |Sk| > e2 /P 4 s)d
= / 0 1<k<2!
n=2
o 2l+1 1
< 2@ /r )y Z Z n2" U’”f P(max |Sk| > en'/P + s>ds (4.31)
I=1 n=2! 0 \lsksn
n=.
(o) +
< 2(2+1/P")Clznr‘2‘l/’”l§<max |Sk| - snl/”) < co.
“~ 1<k<
Otherwise,
& ir21/p) 1)/
F=C 2’21PJ P(maxS >52+1’”+S>d
1121: nz;l max |Sk|
o 21+1 1
< 12 Z n UPI <max |Sk| > en!/P + s)d (4.32)
o = 1<k<
o0 +
< Clzn’"z_l/”’E<max |Sk| - gnl/”) < 0.
=1 1<k<n

Therefore, (3.4) holds true following from (3.3). O
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