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We will prove some new Opial dynamic inequalities involving higher order derivatives on time
scales. The results will be proved by making use of Holder’s inequality, a simple consequence of
Keller’s chain rule and Taylor monomials on time scales. Some continuous and discrete inequalities
will be derived from our results as special cases.

1. Introduction

In the past decade a number of Opial dynamic inequalities have been established by some
authors which are motivated by some applications; we refer to the papers [1-3]. The general
idea is to prove a result for a dynamic inequality where the domain of the unknown function
is a so-called time scale T, which may be an arbitrary closed subset of the real numbers R,
to avoid proving results twice, once on a continuous time scale which leads to a differential
inequality and once again on a discrete time scale which leads to a difference inequality. The
three most popular examples of calculus on time scales are differential calculus, difference
calculus, and quantum calculus (see [4]), thatis, when T = R, T = Nand T = g™ = {4 :
t € No} where g > 1. A cover story article in New Scientist [5] discusses several possible
applications of time scales. In this paper, we will assume that sup T = oo and define the time
scale interval [a,b]; by [a,b]y = [a,b] NT. Since the continuous and discrete inequalities
involving higher order derivatives are important in the analysis of qualitative properties of
solutions of differential and difference equations [6-8], we also believe that the dynamic
inequalities involving higher order derivatives on time scales will play the same effective
act in the analysis of qualitative properties of solutions of dynamic equations [2, 3, 9]. To the
best of the author’s knowledge there are few inequalities involving higher order derivatives
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established in the literature [10-13]. In the following, we recall some of these results that
serve and motivate the contents of this paper.

In [13] the authors proved that if y : [a,b]; — R is delta differentiable n times with
yA" (a)=0,fori=0,1,...,n -1, and h is a positive rd-continuous function on [a, b], then

fb nolyo |y o] st (S5 )o-a fb ho) |y o[ a (11)

In [10] it is proved thatif y : [a,b]; — R is delta differentiable n times (n odd) with y%i(a) =
0,fori=0,1,...,n—1, then

Jj|y(t)|At < <fb <ft hZ_l(t,o(s))As>q/PAt> fb

where p,q > 1 and satisfy 1/p + 1/q = 1. Also in [10] it is proved thatif y : [a,b]; — Ris
delta differentiable n times with y“i(a) = 0, fori = 0,1,...,n — 1, and |y~ (#)] is increasing,
then

fblyu)lly“(t)IAf < (b-a)/t (fb <f hZ_1<t,o<s>>As>l/pAt> <fb yA"<t>|2q“>1/qf

(1.3)

vy )| at, (12)

where p, g > 1 and satisfy 1/p+1/g = 1. As a generalization of (1.3) it is proved in [10] that if
y : [a,b]ly — Ris delta differentiable n times with yA"'“'(a) =0,fori=0,1,...,n—-m-1,and
ly2 (t)| is increasing, then

[y o]yt

b 1/p b
S(b—a)”q<f <f hZ_m_l(t,o(s))As> At> <f

where p, g > 1 and satisfy 1/p+1/q = 1. In [12] the authors proved that if r and s are positive
rd-continuous functions on [a, b] such that s is nonincreasing, and y : [a,b]; — R is delta
differentiable n times with y%i(a) =0, fori =0,1,...,n -1, then

(1.4)

2q Va
y* 0] At> ,

f:s<x)|y<t>|”|yA" (t)at

1 b A+p)/y b » (1+p)/v (1.5)
< (b—a>“<f rl—m)m> <f FB () |y o) At> ,

Tp+l a a

where p > 0 and 1/y + 1/v = 1. For contributions of different types of dynamic inequalities
on time scales, we refer the reader to the papers [1, 2, 14-17] and the references cited therein.



Discrete Dynamics in Nature and Society 3

Following this trend, to develop the qualitative theory of dynamic inequalities on time
scales, we will prove some new inequalities of Opial’s type involving higher order derivatives
by making use of the Holder inequality (see, [18, Theorem 6.13]):

h h 1/y h 1/v
flf(t)g(t)lAtsU |f<t>|*At] U |g<t>|”At] , (1.6)

wherea,h € Tand f;g € Ca(ILR), y >1and 1/v + 1/y = 1, the formula
1
) =y f [hx® + (1 - h)x]" ' dhx® (1), (1.7)
0

which is a simple consequence of Keller’s chain rule [18, Theorem 1.90], and the Taylor
monomials on time scales. The results in this paper extend and improve the pervious results
in the sense that our results contain two different weighted functions and do not require
the monotonicity condition on |y« (t)| (the results in [10] required that [y~ (t)| should be
increasing). Some results on continuous and discrete spaces, which lead to differential and
difference inequalities, will be derived from our results as special cases. This paper is a
continuation of the papers [3, 10-13, 16].

2. Main Results

In this section, we will prove the main results. For completeness, we recall the following
concepts related to the notion of time scales. A time scale T is an arbitrary nonempty closed
subset of the real numbers R. We assume throughout that T has the topology that it inherits
from the standard topology on the real numbers R. The forward jump operator and the
backward jump operator are defined by

o(t) =inf{s €T :s>t}, p(t) =sup{seT:s<t}, (2.1)

where sup @ = inf T. A point ¢ € T is said to be left-dense if p(t) = t and t > inf T, is right-
dense if o(t) = t, is left-scattered if p(t) < t and right-scattered if o(t) > t. The three most
popular examples of calculus on time scales are differential calculus, difference calculus, and
quantum calculus (see [4]), that is, when T = R,T = Nand T = g'° = {g' : t € Ny} where
q > 1. For more details of time scale analysis we refer the reader to the two books by Bohner
and Peterson [18, 19] which summarize and organize much of the time scale calculus.

A function g : T — R is said to be right-dense continuous (rd-continuous) provided
g is continuous at right-dense points and at left-dense points in T; left-hand limits exist and
are finite. The set of all such rd-continuous functions is denoted by C,q(T).

The graininess function u for a time scale T is defined by u(t) := o(t) — t, and for any
function f : T — R the notation f“(t) denotes f(o(t)). We will assume that sup T = oo and
define the time scale interval [a,b]y by [a,b]; = [a,b] NT. Fixt € Tand lety : T — R.
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Define y“(t) to be the number (if it exists) with the property that given any € > 0 there is a
neighborhood U of t with

| [y(e®) - y()] -y Olo) - s]| <elot) =s|, VseU. (22)

In this case, we say y2(t) is the (delta) derivative of y at t and that y is (delta) differentiable
at t. We will frequently use the following results which are due to Hilger [20]. Assume that
y:T — Randlett e T.

(i) If y is differentiable at t, then y is continuous at ¢.

(ii) If y is continuous at t and ¢ is right-scattered, then y is differentiable at t with

y(o(®) ~y(t)

At = 23
y () (D (2.3)
(iii) If y is differentiable and t is right-dense, then
t) —
yA(t) = 111%%. (2.4)

(iv) If y is differentiable at t, then y(c(t)) = y(t) + u(Hy* (#).

We will make use of the following product and quotient rules for the derivative of
the product fg and the quotient f/g (where gg° #0, here g° = g o 0) of two differentiable
functions f and g:

A A oA
(f9)" =fog+f78" = fg" + F°°, (g) = %. (2.5)

In this paper, we will refer to the (delta) integral which we can define as follows: if G2 (t) =
g(t), then the Cauchy (delta) integral of g is defined by

ft g(s)As := G(t) - G(a). (2.6)

It can be shown (see [18]) that if g € C,4(T), then the Cauchy integral G(t) := ftto g(s)As exists,
to € T, and satisfies G2 (t) = g(t), t € T. An infinite integral is defined as

0 b
f f(t)At=blimf FHAL, 2.7)

and the integration on discrete time scales is defined by

b
[ swai= 3 uorro. 23)

te[a,b)
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Now, we define the Taylor monomials or generalized polynomials as defined originally
by Agarwal and Bohner [21]. These types of monomials are important because they are
intimately related to Cauchy functions for certain dynamic equations which are important
in variations of constants formulas. The Taylor monomials by : Tx T — R, k € Ny = NU {0}
are defined recursively as follows. The function hy is defined by

ho(t,s)=1, Vs, teT, (2.9)

and given hi for k € Ny, the function hy. is defined by

t
his1(t, s) = f hi(t,s)At, Vs, teT. (2.10)

If we let hﬁ (t,s) denote for each fixed s € T, the derivative of h(t, s) with respect to t, then
h2(t,s) = hka(ts), keN, teT, (2.11)

for each fixed s € T. The above definition obviously implies

hi(t,s)=t-s, Vs, teT. (2.12)

In the following, we give some formulas of hi(t,s) as determined in [18]. In the case when
T =R, then o(t) = t, u(t) =0, y*(t) = y'(t), and

(t-s)"

b, Vs teR (2:13)

hi(t,s) =

In the case when T = N, we see that o(t) =t + 1, u(t) = 1, y*(t) = Ay(t) = y(t + 1) — y(t), and

(n- s)(k)

e k=0,1,2,...,t>s, (2.14)

hi(n,s) =

where t®) = t(t —1)--- (t — k + 1) is the so-called falling function (cf. [22]). When T = {t: t =

q",neN,qg>1}, wehaveo(t) = qt, u(t) = (g - 1)t, yA(t) = Aqy(t) =@t -y@)/(g-1t,
and

=~

1y q"s

Zj"io g’

he(t,s) = Vs, teT. (2.15)

3
I
o

If T =hN, h > 0,wesee that o(t) =t + h, u(t) = h, y*(t) = Ay (t) = (y(t+ h) —y(t))/h, and

[ (t—ih—s)

= , Vs, teT,t>s. (2.16)

hi(t,s) =
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In general for t > s, we have that ki (t,s) > 0, and

(t-s)*
k'

hi(t,s) < Vt>s, keN. (2.17)

We also consider the Taylor monomials g : T x T — R, k € Ny = NU {0}, which are defined
recursively as follows. The function g is defined by

(t,s)=1, Vs, teT, (2.18)

and given g for k € Ny, the function gi.1 is defined by
t
Sk+1(t,8) = I gk(o(T),s)Ar, Vs, teT. (2.19)
S

If we let gkA (t, s) denote for each fixed s € T, the derivative of g(t, s) with respect to t, then
g (t,s) = gea(o(t),s), keN, teT, (2.20)
for each fixed s € T. By Theorem 1.112 in [18], we see that
hi(t,5) = (=1)"gi(s, b). (221)

We denote by C(T) the space of all functions f € Cya(T) such that f2 € Cg(T) for i =
0,1,2,...,n for n € N. For the function f : T — R, we consider the second derivative f =
provided f2 is delta differentiable on T with derivative f22 = (f2)*. Similarly, we define the
nth order derivative f2 = (f2+1)%. Now, we are ready to state the Taylor formula that we
will need to prove the main results in this paper. This formula as proved in [23] states the

following. Assuming that f € C'(T) and s € T, then
f(t) = Z A% (s)hk(t, s) +f hy1(t,0(T)) f2 (T) AT (2.22)

As a special case if m < n, then

n-m-1

t
fhn(t) = Z Rk (s)hk(t, s) +f hy-m-1(t,0(1)) f2(T) AT (2.23)

Now, we are ready to state and prove our main results in this paper. Throughout the
rest of the paper, we will assume that all the integrals that will appear in the inequalities exist
and are finite.
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Theorem 2.1. Letting T be a time scale with a,b € T and y € Cig)([a,b] NT). If y*i(a) = 0, for
i=0,1,...,n-1, then

J‘bly(t)l|yA"(t)|AtS\/g <fb<ft Ihn_l(t,a(s))|2As>At>1/2 f ’ yA"(t)|2At, (2.24)

Proof. From the Taylor formula (2.22), since yAf (a)=0,fori=0,1,...,n—1, we have

y(t) ::f hy1(t,0(s))y™ (s)As. (2.25)

This implies that

|y )| lyo| < |y @) ﬂlhn1(t,0(s))|‘yA"(s)|As. (2.26)

Applying the Holder inequality (1.6) with y = v = 2, we have

1/2
v )| lyo] < |y @) (f |hn1(t,o(s>>|2As> ( f |

, 172
yh(s) | As> . (2.27)
Then

f b|yA"<f>lIy(t>|At < fb <f |hn1<t,o<s>>|2As>l/2)yA" (t) ( f | |yA"<s>)2As>l/2At. (2.28)

Define z(t) := Ltl |yA"(s)|2As. This implies that z(a) = 0 and |yAﬂ(t)|2 = z2(t). From this and
(2.28), we have

/
fh|yA"(t)|Iy(t)|At < fb <It Ihn_l(t,o(s))|2As>l 2<z(t)zA(t)>1/2At. (2.29)

Applying the Holder inequality again y = v = 2, we obtain

b b t 1/2 b 1/2
f |yA"(t)||y(t)|At§ (J <j |hn_1(t,0(s))|2As> At> (I z(t)zA(t)At> . (230)

From (1.7), we have (note that z(t) > 0 and z*(t) > 0) that

(zz(t)>A =2zt fl [hz® + (1 - h)z]dh > 2z° (£) z(b). (2.31)
0
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Then

b

fb z(H)z2 () At < %f <zz(t)>AAt - %zz(b), (2.32)

a a

where z(a) = 0. Substituting (2.32) into (2.30), we have

b A 1 b t , 1/2
L|y "(t)|ly(t)|AtS \@(J <J‘u|hn—1(tr0(5))| As> At> z(b)
1/2
= \/%(Ib <I;|hn_1(t,o(s))|2As> At> J’b yA"(t)|2At,

which is the desired inequality (2.24). The proof is complete. O

(2.33)

Remark 2.2. Let 0 < k < n, but fixed, and let x(t) € Cfgik) ([a,b] N'T) be such that x(4)(a) = 0,
0 <i<n-k-1.Then from (2.24) it follows that

b 1/ 0/ ¢t /2 )
f Ix(t)||xA"k(t)|At5\[§ <f <I Ihn_k_1(t,o(s))|2As>At> j |xAn—k(t)| At.  (2.34)

Thus for x = y2%, where y € Cig_k) [a,b], y®) =0, k < i< n-1;then we have the following
result.

Corollary 2.3. Let T be a time scale with a,b € T and y € CES)([a, bl Nn'T). If y*)(a) = 0,
k<i<n-1,then

1/2
ﬁ?f“(” || ()| at < \@ <fb <f i (8 o<s>>|2As> At> fb

Note that Theorem 2.1 can be extended to a general inequality with two different
constants p and g that satisfy 1/p + 1/g = 1, to obtain the following result.

yA () |2At. (2.35)

Theorem 2.4. Letting T be a time scale with a,b € T and y € CE;’)([a,b] NT). If y*i(a) = 0, for
i=0,1,...,n—1, then

Jz|y(t)||yAn(t)|At < (%)Uq<ﬁ <J: |hn_1(t,0(5))|pAS>At>

1/p

}

v () 'th. (2.36)
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Theorem 2.5. Let T be a time scale with a,b € T and let I,m be positive real numbers such that
l+m>1,andy € Cig)([a,b] NT). IfyA"(a) =0,fori=0,1,...,n—1; then
’[b

b . " m \m/m) /b
Ol |y )| at< ( —— H®™D (¢ ) At
¥ y l+m

where

1/(l+m) Lom
y | At

(2.37)

t
H(t,s) := f (hp1(t, 0(s))) T/ Bm=D A g (2.38)
Proof. From the Taylor formula (2.22) and since yAi (a)=0,fori=0,1,...,n—1, we have
t
v < f hr(t,0(5) |y ()| as. (2.39)

Applying the Holder inequality withy =+ mand v = (I + m) /(I + m — 1), we have

; (Lem=1)/(l+m) , . 1/ (1+m)
|y<t>IS<f (hn-1<t,o<s>>><’*’">/<’*m”As> (f [y s) As>  (240)

This implies that
lyO!'|y* o)

m ¢ I((I+m-1)/ (I+m)) ¢
< |yAn (t)| <I (hn—l (t’G(S)))(Hm)/(Hml)AS) <J‘

v (s)

1/ (I+m)
l+m
As> .

(2.41)

Then
b m I
f |y o lvol'at

b ! 1((1+m=-1)/ (I+m)) . ¢ Lo 1/ (1+m)
< f (f (hn_l(t,o(s»)(“’")/‘”m‘%s) |y o) <f |y As> At
(2.42)

Define z(t) := f{i |yA"(s)|l+mAs. This implies that z(a) = 0, and

|yA"(t)|m _ (ZA(t))m/(l+m) > 0. (2.43)
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From this and (2.42), we have

fb v |y o] at
(2.44)

o 1((l+m=1)/ (1+m)) m/ (1+m)
. f <J' (hn_l(t,G(S)))(l+m)/(l+m_1)As> <zA (t)> (Z(t))l/(l+m)At-

Applying the Holder inequality again y = (I + m)/l and v = (I + m)/m, we have

fb vy ] at

b /o 1((l+m=1) / (L+m)) ((L+m) /1) 1/(l+m)
< <f <I (hn_l(t,O'(S)))(l+m>/(l+m‘l)As> At> (2.45)
a a
b m/ (m+l)
x U zA(t)(z(t))<’/m>At> .
a

From (1.7), we have (note that z(t) and z*(t) > 0; see also, page 116 [17]) that

A 1

(Z(l+m)/m(t)> > l;m J‘ [hZU + (1 _ h)z]((l+m)/m)—1ZA(t)
0

(2.46)

l+m

> ——(z() ™25 ().

> R ()2
Then

b b
I 20/m) ()22 (1) At < ij <z(l+"‘)/’”(t)>AAt = M em)/m ) (2.47)
“l+m), l+m ’

a
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where z(a) = 0. Substituting (2.47) into (2.45), we have

fb vl |y o| st

m \ /) [ b/ 1((1+m=1)/ (m)) ((+m) /1) H/0+m)
<(+—— (huer (t, 0 (s))) Hm/Bm=D A g At z(b)
<l +m) f a U o

m m/ (l+m) b t (I+m-1) 1/(l+m)
= (hu1 (t,O'(S)))(l+m)/(l+m"1)As At
<l+m> L <L n
b
g
a

I+m
v @] At

(2.48)

which is the desired inequality (2.37). The proof is complete. O
Following Remark 2.2, we can obtain the following result.

Corollary 2.6. Let T be a time scale with a,b € T and let I,m be positive real numbers such that
l+m>1landy € CEZ)([a,b] NT). Ify®)(a) =0,k <i<n-1;then

b I m m m/ (l+m) b Vim) b l+m
f |y )| |y o) At§<m> <f H<’+"’—1>(t,s)At> f y o] A

‘ (2.49)

where

t
Hit,s) == f (s (£, 0 (5))) /D A g (2.50)

Note that Theorem 2.5 cannot be applied when [ + m = 1. In the following theorem we prove
a new inequality which can be applied in this case.

Theorem 2.7. Let T be a time scale with a,b € T and let I, m be positive real numbers such that
l+m=1andy e C"([a,b]NT). I[fy*(a) =0, fori=0,1,...,n—1, then

Jb ly(t) |’|yA"<t)|mAt < m" <Ib ha(t, a)At>l jb|yA"(t)|At. (2.51)
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Proof. Using the fact that |h,(t,s)| is increasing with respect to its first component for ¢ >
o(s) > a, we have from the Taylor formula (2.22) and yA"(a) =0,fori=0,1,...,n-1, that

Y] < s (t,@) j |y (s)| s, (252)

This implies that

1
ly®|'|y>®)|" < (e, a))l|yA"(t)|m<ft|yAn (s)|As> . (2.53)

Now applying the Holder inequality (1.6) with y = 1/] and v = 1/m, we obtain

I 1/m m
fb|y<t>|’|yA"<t>|mAts<jbhn_1<t,a>m> <fb yA"<t>|<f|yA"<s>|As> At> . (259)

Let z(t) = fi ly27(s)|As. Then z(a) = 0 and z2(t) = [y*"(t)| so that

}

a

yo (t)| <ft |yA" (s) | AS>1/mAt = jb 22 (D) (z(1) ™ At, (2.55)

and hence

b m b 1 b m
_[ Iy(t)|’|yA"(t)| At < <f hn1(t,a)At> <f zA(t)(z(t))l/mAt> . (2.56)

As in the proof of Theorem 2.5, we have that

b b b A
J' 22 (1) (z(1)/ ™ At < J' zl/m(t)zA(t)Atgmf (zU*m)/m(t)) At

a a

) . (2.57)
= mzV/™(b) = m<f yAn(t)(At> .
Substituting into (2.56), we have
b l . b Ly
f ly ()] |yA” (t)| At <m™ <I haa(t, a)At> (f yh (t)|At>, (2.58)
which is the desired inequality (2.51). The proof is complete. O

Following Remark 2.2, we can obtain the following result.
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Corollary 2.8. Let T be a time scale with a,b € T and let I, m be positive real numbers such that
l+m=1,andy € Cig)([a,b] NT). Ify)(a) =0,k <i<n-1,then

1
fb 2 0| [y 0] at < mm <fb|hn_k_1(t, a)|At> <jb

In the following, we will prove some inequalities with two different weighted func-
tions.

v (t) | At> : (2.59)

Theorem 2.9. Let T be a time scale with a,b € T and let I, m, r be positive real numbers such that
l+m > 1and r > 1. Further, let p(t) and q(t) be positive rd-continuous functions defined on

[a,b]NnTand y € Cig)([a,b] NT).If y*i(a) =0,fori=0,1,...,n -1, then

b m b , (I+m)/r
f q(t)ly(t)ll|yA"(t)| At < A(I,m,1,p,q) <f p(s)|yAn(s)| As> ) (2.60)

where

l+m

m/r b (r-m)/r
m —-m -m/(r-m r-1)/(r-m
M(Lm,p,q,r) = ( ) (I g (pp~ T (1) (P()) (D ))At> ,

P(t) = j p VD () (hyea (8, 0(5))) 7 As.

(2.61)
Proof. From the Taylor formula (2.22), we see that
t
O < [ PO, )|y o) a5 (262)
Applying the Holder inequality on the right hand side with r and r/r — 1, we have
t
O < [ PGt o )P )|y )] as
(2.63)

t (r-0/r s 4 . 1/r
5<f p”“1’<s><hn_1<t,o(s)))”‘f‘”As) <f p(s) |y (s)| As> :

a

This implies that

I/r
aOly®| |y ®]" < qy P @ |y 0] <f p(s) |y (s) |rAs> . (2.64)
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Integrating from a to b, we have

fbq(t>|y<t>|l|yA"<t>|’"At
’ (2.65)

b " t , 1/r
< f q(t) P )|y (1) <f )|y )] As> At.
Let
t r
z(t) :=I p(s)|yA"(s)| As. (2.66)
Then z(a) = 0, z2() = p(t)|y2* (t)|" and |y2 (£)" = (z2(£))™"p~™/" (t). This implies that

fb Q(t)|3/(t)|l|yA”(t)'mAt
a (2.67)

b /r
< [ atP e apm (2 0) " @0) At
Applying the Holder inequality (1.6) with indices /m and r/r — m, we obtain

b m/r
[ awprevmap (2 )" o) s

b m/r b (r-m)/r
< <J‘ <ZA (i’)) (Z(t))l/mAt> <J‘ qr/(rfm) (t)Pl((rfl)/(rfm)) (t)pfm/(rfm) (t)At> )
(2.68)

Substituting into (2.67), we have

b m
L q(t)ly(t)|’|yA"(t)| At

b (r-m)/r b m/r
< < J‘ qr/(r—m)(t)Pl((T—l)/(T—m))(t)p—m/(r_m)(t)At> <I (ZA(t))(z(t))’/mAt> .
(2.69)
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As in the proof of Theorem 2.5, we have

b m/r
(J zA(t)(z(t))l/"’At>
m (" 4 A m/r
. <1+mL () Af> (2.70)
m \"'" m \™/T /[ (b L\
) () ([ )

This implies that

b m b , (I+m)/r
J‘u q(t)ly(t)|l|ym (t)| At< A (I,m,p,q,7) <L p(s) |yAn (s)' As> , (2.71)

which is the desired inequality (2.60) where A;(l,m, p, q,r) is defined as in (2.61). The proof
is complete. O

Following Remark 2.2, we can obtain the following result.

Theorem 2.10. Let T be a time scale with a,b € T and let I, m be positive real numbers such that
l+m > 1and r > 1. Further, let p(t) and q(t) be positive rd-continuous functions defined on
[a,b]NTand y € C%([a,b] NT).If y®)(a) = 0,k <i <n—1, then

b I m b LN\ e/
LQ(t)|yA’<(t)| |y )| At < no(lm,7,p,q) (Lp(s)|yAn(s)| As> . @7)

where

l+m

m/r b (r-m)/r
m -m -m/(r-m r-1)/(r-m
Az(l,m/p, q, r) = ( ) (J qr/(r )(t)P /( )(t)(P(t))l(( 1)/( ))At> ,

P(t) = f t p D ()R (¢, 0(s)) As.
(2.73)

Note that Theorem 2.10 cannot be applied when r = 1 and r < m. In the following
theorem we prove an inequality which can be applied in this case.
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Theorem 2.11. Let T be a time scale with a,b € T and let a, B be positive real numbers such that

a+p > 1,and let p, q be nonnegative rd-continuous functions on (a,b)r and y € CES)([a, b]nT).
IfyAf(a) =0,fori=0,1,...,n-1, then

b a+
"st<mabap) [ polyo] s (274)
where
As(a,b,a,p)
atfie a/(a+p)
- (£ )W% RO f (s, 0(s)) /D | NP
= s t .
a+p a pPet) pl/(@p-1)(s)
(2.75)

Proof. From the Taylor formula, we see that

lp] < f a5y (5)| s = f %( p(s)" "

y>s)|as. @76)

Now, since p is nonnegative on (a, b)r, it follows from the Holder inequality (1.6) with

hn—l (t, O-(S))

fio) = GO ge) = (p) Py )],
(p(s)) 2.77)
+

that

¢ (@+p)/ (a+p-1) (a+p-1)/(a+p) 1/ (a+p)
ly®)| < U (h“((r(’s()s))l)/)wl) As> <f P(s)|y (s)| As> )

(2.78)

Then, we get that

¢ (a+p)/ (a+p-1) a((a+p-1)/(a+p)) ¢ a/(a+p)
a (hua(t,0(s))) RN Rl
|y(t)| : (Ia (p(s))l/("”ﬂ*l) AS> <J‘aP(S))yA (S)| As> .

(2.79)
Setting z(t) := f:; p(s)|yA"(s)|“+ﬂAs, we see that z(a) = 0, and

20 =p0|y> o™ >o. (2.80)
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This gives us

AT
ly> o] = < 0 > . (2.81)

Since g is nonnegative on (a, b)y, we have from (2.79) and (2.81) that

1 \P/ @) /ot 1t o(s (a+p)/ (a+p-1) a((a+p-1)/ (a+p) o b
‘q()< (t)> . 1(p1/((“33’)‘1)(s) As =)/ P m)

(2.82)
This implies that
b 3 8
[Cawivol At
1 \P/@p
.[ ¢ )<p(t)>
a((a+f-1)/(a+p))
(hua (t,0(5))) (a+ﬁ)/(a+ﬂ 1) ) (@+p) ﬁ/(a+ﬁ)
(I T (s) As (z(t))/(@*P ( A(t))
(2.83)

Applying the Holder inequality (1.6) with indices (a + ) /a and (a + ) /B, we have
)|ﬁAt
_ af (a+p)
b (”H'ﬂ)/"l(t) (hp1(t,0(s))) (a+p)/ (a+p-1) (a+p-1)
5 n-1(t,0(5
: <L pP/a(t) f pl/ @ f-1)(s) As At (2.84)
b B/ (a+p)
x <f z“/ﬁ(t)zA(t)At> _

From (2.80), the chain rule (1.7) and the fact that z%(s) > 0, we obtain

2P ()22 (1) < a% (z<“+ﬂ>/ﬂ(t))A. (2.85)
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Substituting (2.85) into (2.84) and using the fact that z(a) = 0, we have
ﬁAt
(a+f) (a+p)/ (a+p-1) (a+p-1)
. f (0 < f (a1, ?/(S)))l AS) I
a PP (@+f1) ()
pllasp) [ b A\ PP
a
X <a+ﬂ) <I <Z(a+ﬂ)/ﬂ(s)> AS> (2.86)
b q@DIay [ [ (et o(s)) @B/ @\ @D NP
- j pla(t f U/ (@spT) As At
a PPt (s)

. <a€ﬂ>ﬂ/(v¢+ﬂ)z(b)'

a/ (a+p)

Using z(b) : f p(s)|y> (s)|”* *# As, we have from the last inequality that

)|ﬁ At < As(a,b,a,p) fb p(t) |yA"(t)|“+ﬁ At, (2.87)

which is the desired inequality (2.74). The proof is complete. O
Following Remark 2.2, we can obtain the following result.

Theorem 2.12. Let T be a time scale with a,b € T and let a, B be positive real numbers such that

a+p>1,and let p, q be nonnegative rd-continuous functions on (a,b)r and y € C (")([a b]NT).
If y®)(a) =0,k <i<n-1,then

Ib q(t) |yAk(t) |a|yA"(t)|ﬂAt < Ay(a,b,a,p) fbp(t) |yAn (t) |u+ﬂAt, (2.88)

where

Ay(a,b,a,p)

a a a a a (a+p-1) u/(u+ﬂ)
B NP q@ P ) [ (B (0 (5))) @ @) As ! At
“\a+p o pPa) p/ P (s) .

(2.89)
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Instead of (2.25), we can use the relation between g, and h,, and define

b
y(t) = (—D"f gn-1(0(s), )y (s) As. (2.90)
t

Proceeding as pervious by using the same arguments and using (2.90) one can obtain some
results when yAi (b) =0, fori=0,1,...,n—1. For example one can get the following results.

Theorem 2.13. Letting T be a time scale with a,b € T and y € Cﬁg) ([X,b] N'T). If y2i(b) = 0, for
i=0,1,...,n—1, then

b 1/ 0/ (b 12 )
Lly(t)||yA"(t)|At5\[§ <I <L gﬁl(o(s),t)As>At> f e ofan @O

Theorem 2.14. Let T be a time scale with a,b € T and let I, m be positive real numbers such that
I+m>1. Lety € C([a,b] NT). If y2 (b) = 0, fori=0,1,...,n— 1, then

fb ly®)'y> 0] at

b/ b (1+m-1) V{em)
<(] <f gL’fT’/(l*m‘l)<a(s>,t>As> a)
a t a

Remark 2.15. Similar results as in Theorems 2.13 and 2.14 can be obtained from the results in
the rest of the paper, but in this case one will use yAf (b)=0,fori=0,1,...,n—1, instead of If
yA"(a) =0,fori=0,1,...,n -1, and g,(s,t) instead of h,(t,s).

(2.92)

I+m

At.

yo ()

Remark 2.16. It is worth mentioning here that the results in this paper can be used to derive
some inequalities on different time scales based on the definition of the corresponding
function hi(t, s).

For example if T = R, then from Corollary 2.8, Theorems 2.11 and 2.12 and using (2.13),
we get the following inequalities of Opial’s type in R.

Theorem 2.17. Let a,b € R and let I, m be positive real numbers such that 1 + m = 1, and y €
C™([a,b] NR). IfyD(a) =0,k <i<n-1,then

f: y(k)(t)'l|y(")(t)'mdt < % <Jf y<”>(t)|dt>. (2.93)
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Theorem 2.18. Let a,b € R and let a, p be positive real numbers such that a + p > 1, and let
p,q be nonnegative continuous functions on (a,b) and y € C™([a,b] NR). If y@(a) = 0, for
i=0,1,...,n—1, then

b a+
ﬂdt < As(a,b,a,p) f p(t) |yA"(t)' ﬂdt, (2.94)
where
A5(a, b, a,ﬂ)
a n—1)(a+ a+B— (a+p-1) a/(a+p)
:< B >[3/( +p) J—b q(a+ﬂ)/zx(t) t(t—s)( 1)(a+p)/ (a+p 1)ds +B y

atp o PPt \Ja (n-1)lpV/ehD(s) :

(2.95)

Theorem 2.19. Let a,b € R and let a, B be positive real numbers such that a + > 1, and let p, q be
nonnegative continuous functions on (a,b) and y € C™([a,b] NR). IfyD(a) =0,k <i<n-1,
then

Ib q(t) |y(k> (t) |u |y<n) (t) |pdt < Ag(a,b,a,p) Ib p(t) |y<n> 0 |u+pdt, (2.96)

where

g\ 1 B/ (ac+p)
Noabiab) = Gip (o=e=)
b @ /a(t) [ (t (- )k D@ gy \ @D\ LD
. f f ds dt .
. P P )

When T = Z, we have y* (t) = Ay(t) = y(t+1)-y(t) and AD = A(AED). Using the fact
that hi(t,s) < (t— s)k/k!, we get from Corollary 2.8 and Theorems 2.11 and 2.12 the following
discrete inequalities.

(2.97)

Theorem 2.20. Let a,b € N and let 1, m be positive real numbers such that I+m = 1. If ADy(a) =
k<i<n-1,then

@‘

-1 m(b a)l(n k) b-1

| yo|[a7yo]" < oy 22| (298)

-
Il
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Theorem 2.21. Let a,b € N and let a, p be positive real numbers such that a + p > 1, and let p, q be
nonnegative sequences. If ADy(a) =0, fori=0,1,...,n -1, then

b-1 3 8 b-1 atp
Al [aADy 0| < Ar(abap) Y pm|ay @], (2.99)
t=a t=a
where
A7(a1 b/ a/ﬂ)
_ ( P )MW) biq(“*ﬂ)/“(t) i(t—s)(n—lxmﬂ)/(mﬁ—l) @rp-0\ P (2.100)
“\a+p o pPet) \S (n-1)lpV/@FD(s) '

Theorem 2.22. Let a,b € N and let a, B be positive real numbers such that a + p > 1, and let p, q be
nonnegative sequences. If Ay(a) =0,0 <k <i<n-1, then

b-1 « b-1 a+
Sam]a®y)| 'A(")y(t)lﬂdtsAg(a,b,a,ﬂ)Zp(t)|A(”)y(t)' g (2.101)
t=a t=a

where

As(a,b,a,p) = _h ﬂ/(uﬂ)(;)ﬂ/(mﬂ)
8 r Yy /,B - <a+‘[5) (n_k_l)!
— g\ 4 — n—k=1) (e a+p- (a+p-1) a/(a+p)
» Eq( +ﬁ)/ (t) i (t _ S)( k-1)( +ﬂ)/( ﬂ 1) +
t=a Pﬂ/“(t) s=a pl/(m—ﬂ—l)(s) '

Similar results when T = hZ and T = g™ = {q' : t € Ny} where g > 1 and different time
scales can be obtained as in Theorems 2.17 and 2.22. The details are left to the reader.

(2.102)

Problem 1. It will be interesting to extend the pervious results and prove some inequalities of
the form

X t
a p a+
f a0y )| [y 0] at< Ada b a p) f Py )| at, (2.103)
where A is the constant of the inequality that needs to be determined.
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