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The problem on global exponential stability of antiperiodic solution is investigated for a class
of impulsive discrete-time neural networks with time-varying discrete delays and distributed
delays. By constructing an appropriate Lyapunov-Krasovskii functional, and using the contraction
mapping principle and the matrix inequality techniques, a new delay-dependent criterion for
checking the existence, uniqueness, and global exponential stability of anti-periodic solution is
derived in linear matrix inequalities (LMIs). Two simulation examples are given to show the
effectiveness of the proposed result.

1. Introduction

Over the past decades, delayed neural networks have found successful applications in many
areas such as signal processing, pattern recognition, associative memories, and optimization
solvers. In such applications, the qualitative analysis of the dynamical behaviors is a
necessary step for the practical design of neural networks [1]. Many important results
on the dynamical behaviors have been reported for delayed neural networks, see [1-5]
and the references therein for some recent publications. Although neural networks are
mostly studied in the continuous-time setting, they are often discretized for experimental or
computational purposes. The dynamic characteristics of discrete-time neural networks have
been extensively investigated, for example, see [6-10] and the references cited therein.
Impulsive differential equations are mathematical apparatus for simulation of process
and phenomena observed in control theory, physics, chemistry, population dynamics,
biotechnologies, industrial robotics, economics, and so forth [11, 12]. Consequently, many
neural networks with impulses have been studied extensively, and a great deal of the
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literature is focused on the existence and stability of an equilibrium point [13-17]. In [18, 19],
the authors discussed the existence and global exponential stability of periodic solution of a
class of neural networks with impulse.

The study of antiperiodic solutions for nonlinear differential equations is closely
related to the study of periodic solutions, and it was initiated by Okochi in 1988 [20].
Arising from problems in applied sciences, it is well-known that the existence and stability of
antiperiodic solutions plays a key role in characterizing the behavior of nonlinear differential
equations as a special periodic solution [21, 22]. As pointed out in [23], antiperiodic
solutions arise naturally in the mathematical modeling of various physical processes. For
example, antiperiodic trigonometric polynomials are often studied in interpolation problems
[24, 25], the signal transmission process of neural networks can often be described as an
antiperiodic process [26], and antiperiodic wavelets are discussed in [27]. During the past
twenty years antiperiodic problems of nonlinear differential equations have been extensively
studied by many authors, for example, see [28-30] and references therein. Recently, the
problem of antiperiodic solutions for neural networks with or without time delays has
received considerable research interest, see for example [26, 31-38] and references therein.
In [31, 32], using some analysis skills and Lyapunov method, the authors studied the
existence and exponential stability of antiperiodic solutions for shunting inhibitory cellular
neural networks with time-varying discrete delays or distributed delays. In [33], some
sufficient conditions have been established for checking the existence and exponential
stability of antiperiodic solutions of high-order Hopfield neural networks with time-varying
delays. In [34], the recurrent neural networks with time-varying delays and continuously
distributed delays have been considered, and some sufficient conditions for the existence and
exponential stability of the antiperiodic solutions have been given. In [35, 36], the existence
and exponential stability of antiperiodic solutions have been studied for Cohen-Grossberg
neural networks with time-varying delays and continuously distributed delays. In [37], the
authors obtained some sufficient conditions to ensure existence and exponential stability of
the antiperiodic solutions for a class of Hopfield neural networks with periodic impulses.
In [38], several sufficient conditions are established for the existence and global exponential
stability of antiperiodic solutions to impulsive shunting inhibitory cellular neural networks
with distributed delays on time scale.

However, to the best of our knowledge, there are few papers published on the
existence and exponential stability of antiperiodic solutions for discrete-time neural networks
with mixed delays and impulses. Motivated by the above discussion, the objective of this
paper is to study the existence and exponential stability of antiperiodic solutions for
impulsive discrete-time recurrent neural networks with time-varying discrete delays and
distributed delays. Under more general description on the activation functions, we obtain
a new criterion for checking the existence, uniqueness, and global exponential stability of
antiperiodic solution, which can be checked numerically using the effective LMI toolbox in
MATLAB. Two simulation examples are given to show the effectiveness and less conserva-
tism of the proposed criteria.

Notations

The notation used here is quite standard. R” and R"" denote, respectively, the n-dimensional
Euclidean space and the set of all m x n real matrices. The superscript “T” denotes matrix
transposition. The notation X > Y (resp.,, X > Y) means that X and Y are symmetric
matrices, and that X - is positive semidefinite (resp., positive definite). || - || is the Euclidean
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norm in R". If A is a matrix, denote by Anax(A) (resp., Amin(A)) the largest (resp., smallest)
eigenvalue of A. For integers a, b, and a < b, N[a, b] denotes the discrete interval given by
Nla,b] ={a,a+1,...,b}. C(N[-T1,0],R") denotes the set of all functions ¢ : N[-7,0] — R".
In symmetric block matrices, the symbol * is used as an ellipsis for terms induced by
symmetry. Sometimes, the arguments of a function or a matrix will be omitted in the analysis
when no confusion can arise.

2. Model Description and Preliminaries

In this paper, we consider the following impulsive discrete-time neural networks with time-
varying discrete delays and distributed delays

xi(k +1) = a;x;(k) + Zbijgj (x]-(k)) + Zcijgj (xj(k - Tl(k)))

j=1 j=1

n o k-l (2.1)
+>.di > gi(xj(m—m)) +Li(k), k#k

j=1 m=k

xi(k, +1) = x;(k;) + eir(xi(ky)), r=1,2,...
or, in an equivalent vector form

x(k +1) = Ax(k) + Bg(x(k)) + Cg(x(k — T (k)))

k+‘[‘2*1

+D Y glx(m-m))+1(k), k#k, (2.2)

m=k

x(ky +1) = x(k;) + er(x(ky)), r=1,2,...

for k = 1,2,..., where x(k) = (x1(k),x2(k),..., x,(k))" € R", x;(k) is the state of the ith
neuron at time k; g(x(k)) = (gl(xl(k)),gg(xz(k)),...,gn(xn(k)))T € R", gj(xj(k)) denotes
the activation function of the jth neuron at time k; I(k) = (Il(k),Iz(k),...,In(k))T € R%,
Ii(k) represents the external input on the ith neuron at time k; the positive integer 7 (k)
corresponds to the transmission delay and satisfies ¥ < 7i(k) < T (¥ and T are known
integers such that 7 > 7 > 0); the positive integer 7, describes the distributed time delay;
A = diag(ai, az,...,cy), ai (0 < a; < 1) describes the rate with which the ith neuron will
reset its potential to the resting state in isolation when disconnected from the networks and
external inputs; B = (b;}),,, is the connection weight matrix, C = (cij) 5, and D = (d;j),,,, are
the delayed connection weight matrices; k, are the impulse instants satisfying 0 = ko < ky <
o<k <kp <---and kp -k, > 1 e, : R — R" (r =1,2,...) denotes a sequence of jump
operators.

Remark 2.1. The delay term qu f,i_l g(x(m—m,)) in the system (2.2) is the so-called distributed
delay in the discrete-time setting, which can be regarded as the discretization of the integral
form f:_Tz g(x(s))ds for the continuous-time system.
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The initial condition associated with system (2.2) is given by
x(s) = ¢(s), ¢ € C(N[-7,0],RY), (2.3)

where 7 = max{7, i, }.
Throughout this paper, we make the following assumptions.

(H1) g(u) and e,(u) are odd functions, 7 (k) and I(k) are w-periodic function and w-
antiperiodic function, respectively, that is,

g(-u)=-gu), e (-u)=-e(u), uelk®, r=12,...,

(2.4)
Ti(k) =n(k+w), I(k)=-Ik+w), k=1,2,....
And there exists a positive integer p such that
kiip =k +w, enp(u)=e(u), uelR", r=12,.... (2.5)
(H2) There exist constants 7] andlA]- (j =1,2,...,n) such that
. i(a1) — gi(a ~
l]' < M < l]', V(Xl,az eR, my #ay. (26)
a1 — Ay
(H3) There exist constants f; and fli (i=1,2,...,n) such that
hiSMSfli, Yaq,a, € R, ay#ay, r=1,2,.... (27)

a1 —az

Definition 2.2. The antiperiodic solution x*(k) of system (2.2) with (2.3) is said to be globally
exponentially stable if there exist two positive constants M > 0 and 0 < £ < 1 such that

lx(k) = x*(k)|| < M sup ||p(k) - " (k)], (2.8)
keN[-7,0]

forall k = 1,2,..., where x(k) is any solution of system (2.2) with (2.3), ¢(k) and ¢*(k) are
the initial functions of solutions x(k) and x*(k), respectively.

Lemma 2.3. Let M € R™" be positive definite matrix, a; € R"*(i = 1,2,...,m). Then the following
inequality holds:

m T m m
I:Zal] M[Zai] < mZaiTMai. (2.9)
i=1 i=1 i=1

The proof of Lemma 2.3 can be carried out by following a similar line as in [10], and
hence it is omitted.
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3. Main Result

The main objective of this section is to obtain sufficient conditions on the existence, unique-
ness, and exponential stability of antiperiodic solution for system (2.2). For presentation
convenience, in the following, we denote

Lz = diag( 1h, 2,---,anAn>, (3.1)
3 71+ZA1 i2+lA2 in+7n
L4—d1ag< I SR >,
H1=diag<le,f12,...,fzn>,

breeemax ][]}

Theorem 3.1. Under assumptions (H1), (H2), and (H3), there exit exactly one w-antiperiodic
solution of system (2.2) with (2.3) and all other solutions of system (2.2) with (2.3) converge
exponentially to it as k — +oo, if there exist ten n x n symmetric positive define matrices fD,
Ri(i=1,2,3),Q; (i=1,2,3,4,5,6), and four nxn positive diagonal matrix C;(i =1,2), S;(i =1,2)
such that the following LMIs

//I:ll ,7’\12 hn,i\ln

H, = diag(max{ |f11

},max{ |f12

II+Q; <0, Z+Q;<0, i=1,2 (3.2)
hold or
Im+Q; <0, =Z+Q;<0, i=3,4 (3.3)
hold, where
[Tl ITpp ITiz3 Ty O 0 Ry 0 7
*  Ilp Il Iy O 0 0 0
* * H33 H34 H35 0 0 0
x * % Il O 0 0 0
H = 7
x x x x IIss 0 0 0
* * * * * —-Q; 0 0
* * * * * x —-Q 0
| * * * * * * * —Q3]
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=2 0 0 0 0 R 017
E» 0 0 0 0 0 0

* Sz 0 Z35 0 0 0

*x % 24 0 0 0 0

x  x  * =55 0 0 0|

*x % % x -1 0 0

« x x x x -Q 0

x ok k% * * —Q3]
00 O 0 0 0 T
00 O 0 0 0
00 O 0 0 0
* 0 0 0 0 0
* x —3R, 2R, Ry 0
x x % 2R, —Rj3 0 R;
* %k * -R1-R, O
* % % * * —R3]
00 O 0 0 0 7
00 O 0 0 0
00 O 0 0 0
* 0 0 0 0 0
x *+ 3Ry Ry 2R, 0
*x x  x —Rp—Rj3 0 R3
x ok %k * -R1-2R, O
T * * —R3 ]
00 O 0 0 0 7
00 O 0 0 0
00 O 0 0 0
*x 0 0 0 0 0
* * —3R;3 R3 0 2R3
*x ¥ * —Ro—Rj3 R> 0
* ok %k * -Ri1-R, O
x % % * * —2R3 ]
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with

[0 000 O 0 0 0 7
*+ 000 O 0 0 0
* x 0 0 0 0 0 0
* x x 0 0 0 0 0
94 = 7
* * * x —3R3 2R3 0 Rs3

(3.4)

I =APA-D+ Qi+ Q+ Qs
+(1+7—%)(Qq —2L1.8y +2L,.5,)
+(A-E)R(A-E)-Ry - LsT,,
I = APB+ (1+7—%)(S1 - $2) + (A- E)RB + L,Ty,
IT;3 = APC + (A - E)RC,
[Ty = APD + (A - E)RD,
Iy, =B'PB+B'RB+ (1+7 -%)Qs5 + Qs — T,
ITy; = BTpC + B'RC,
I,y =B'pPD+B'RD,
My =CTPC+CTRC-Qs - Ty,
I3, = CTPD + C'RD,
I35 = S, = 81 + Ly Ty,

1
Iy =D'PD+D'RD - T—Q6,
2

[55 = Q4 + 20151 — 2125, - L3 C,
En=Hip+P"H + HPHy + Q1+ Q2+ Q3
+(1+7-7)(Qs—2L151 +2L,5)
+ H,RH, - Ry — L34,
E=0+T-7)(51-5) + LT,

S = (1 +7T-— %)QS + TZQ6 -Gy,
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Ss5 = Iss,

R =¥%Ri+ (T-¥%)*Ry + (T - T)°Rs.

(3.5)
Proof. Let X = {¢ | ¢ € C(N[-T,0],R")}. For ¢ € X, define
ol = S[l_lpo]||4>(5) , (3.6)

then X is a Banach space with the topology of uniform convergence.
For ¢, ¢ € X, let x(k, ¢) and x(k, ¢r) be the solutions of system (2.2) with initial values
¢ and ¢, respectively. Define

x® () (t) = x(k+t,¢), Vte N[-7,0L,k=1,2,..., (3.7)

and then x®)(¢) € A for all k = 1,2,.... It follows from system (2.2) that
x(k+1,¢) - x(k+1,¢) = Alx(k, ¢) - x(k,¢)] + B[g(x(k, §)) - g(x(k, ¢))]
+Clg(x(k-m(k),¢)) - g(x(k - n(k),¢))]
+D3 (k- m ) - sek-ma))], krk

x(ky +1,¢) —x(ky +1,¢) = x(ky, §) — x(ky, )

+e(x(ky, P)) —er(x(kr, ), r=12,....
(3.8)

Letting

y(k) = x(k,¢) - x(k,¢),
fk) =g(x(k,¢)) - g(x(k,¢)), (3.9)
ur(y(kr)) = er(x(kr, §)) = er (x(kr, ),
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system (3.8) can then be simplified as
y(k+1) = Ay (k) + Bf (k) + Cf (k - 71(k))
+Di1f(k—m), k#k, (3.10)
y(k, +1) = y(k,) +u, (y(k,)), r=12,....

Defining (k) = y(k + 1) — y(k), we consider the following Lyapunov-Krasovskii
functional candidate for system (3.10) as

VR = SV, (311)
i=1

where

Vi(k) = y" ()Py k),

Va(k) = Z V() + 3. v () () + _Z v (NQy (i),

j=k-1
k-1 k-7 k-1
V)= 3, vy () + X 2y (HQy (),
j=k-11(k) m=k-T+1j=m
k-1 k-t k-1
Vatk) = >, fT()Qsf() + FH(asf ().
j=k-1(k) m=k-T+1j=m
™ k-1
Vs(k) = 2, 2 f1(1)Qef(j),
m=1j=k-m

k-1
Vsk)=2 S (f() - Liy() Sy ()

j=k—r1 (k)

77.

-1

(fG) - Liy()) Sy (),

M”
"l)

I
R
-
i
3

Vi) =2 z (Lay () - F () Say ()

j=k-71 (k)

k-t k-1

Z 2 (Lay () = F()) Sy (),

m=k-T+1 j=m
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k-1 -1 k—*-1 k-1
Vs(k)y=% > S (NRun(G)+T@-%) D Dn" (j)Ran(j)
m=k—% j=m m=k-Tj=m
k-7-1 k-1

+(@-7) D, D (jHRan(f).

m=k-T j=m

(3.12)

We proceed by considering two possible cases of k # k, and k = k.

Case 1 (k#k, (r = 1,2,...)). Calculating the difference of Vi(k) (i = 1,2,..., 8) along the
system (3.10), by Lemma 2.3 we have

AVi(k) = y" (k+ )Py(k +1) - y' (k)Dy (k)

= y" () (A"PA-P)y(k) +2y" (k) AT DBF (k)

+ 2y () ATDCF (k— (k) + 25" (R)ATPD S f (k — m)

m=1

+ fT (k)BT PBf (k) +2f" (k)B" PCf (k — 71 (K))

L2fT(OBTPD S f(k —m) + £ (k - 11 (k) CTOCf (k — 71 (K))
m=1

£ 2fT (k= (k)CTPD S, Fk - m)
+ [mzzlf(k - m)] DTDD%f(k - m),
(3.13)
AVy (k) = y" (k) (Q1 + Q2 + Qa)y (k) - y" (k - T)Quy (k - T)

(3.14)
~y (k-1 Qy(k-7) -y (k-T)Qsy(k - 7),

k-7

k-1
AVs(k) = > yT(hQu()+ D, v (HQuy () +y" (k) Quy(k)

j=k+1-1 (k+1) j=k-T+1

k-1
- 3 V() -y (k- 71 (k) Quy (k - 71 (k)
j=k—71 (k)+1 (3.15)

k-7
+ (7 -1y ()Quyk) - > v (j)Quy(j)

j=k-T+1

< (1 +7-7)y" (k) Quy (k) -y (k = 71(k)Quy (k - 1 (k)),
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AVi(k) < (1+7 =) fT(K)Qsf (k) = fT (k = 1(k))Qs f (k - 71(K)),

AV(k) = 3 [T (R)Quf () ~ F7(k ~m)Qof (k ~m)],
m=1

2 T Ty
< of (k) Qe f (k) - %[Zf(k - m)] Qs [z flk- m)],
m=1 m=1

AVs(k) < 2(1+7 = #)(f (k) - Liy (k) Sy (k)
~2(f(k =7 (k)) - Liy(k = 1(K)) Siy(k - 11 (K)),
AVy(k) <2(1+7 — ) (Lay (k) - f(k))" Sy (k)

= 2(Lay(k = 1(k)) - f(k = 71 (K)))" Say (I - 71 (K)),

k-1
AVs(k) =" (k)Rn(k) =% > " (j)Rin(j)
j=k—*
k-1-1 ] k-7-1
-(T-%) > 1" (HRan(j) - @-7) X 0" ()Ran(j).
j=k-T j=k-7

From the definition of 7(k) and (3.10), we have

7 (K)Rn(k) = y" (k)(A - E)'R(A - E)y(k) + 2" (k)(A - E) RBf (k)

+2yT (k) (A - E)"RCf (k - 71(k)) + 2y (k) (A - E)TRDi flk—m)

m=1

+ fT(k)B"RBf (k) +2f" (k)B'RCf (k - 71 (k))

+ 2fT(k)BTRDif(k —m) + f' (k= 71(k))CTRCf (k - 71 (k))

m=1

+2fT (k- Tl(k))CTRDif(k - m)

m=1

T T T2
+ [Zf(k - m)] D'RD f(k —m).
m=1 m=1

From Lemma 2.3, it can be shown that the following inequality holds:

k-1

]

=[ y(k) ]T’—m Rl][ y (k) ]
yk-7)] | + -Ri]lyk-9]

j=k-1t T

‘f:iﬂT(i)Rm(f)S-[ n(j) Rl[:in(i)]

11

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)



12 Discrete Dynamics in Nature and Society

When 7 < 71(k) <7, let a(k) = (ti(k) = 7)/(T — 7). Then 0 < a(k) < 1. Itis easy to get
that

k-t-1 k-1 (k)-1 k—¥-1
~@-7) 21 (DRan(j) =-T-1) X, n" (NRan(G) - T -7 3 1" (HRa1(f)
j=k-T

j=k—7 j=k-71(k)

k-1 (k)-1

<~ -7(k)) 1" (j)Ran(j)

j=k—T

k-1 (k)-1
—a(k)(T-n(k) > 7" (j)Ran(j)
j=k-T

k-1-1

- (-a()(mk)-%) > 1" ()Ran(j)

j=k-11(k)

k-7 (k)-1
-(mk) =% >, 71" ()Ran(j)
j=k-T

- k-7 (k)-1
" (HR2 >, 1))
jok—7

k- (k)-1 k-7 (k)-1

~at) 3 TR S aG)

-7 j=k-7

k-t-1 k-t-1

-(-ak) > 7 (HR2 >, 1)

j=k-T1(k) j=k-mi(k)
k—#-1 k—#-1

- D TR >, 1)

j=k-1(k) j=k=71(k)
y(k-7(k)] [-2R2 R2 Ry [y(k-7i(k))
=| yk-7) * Ry 0 y(k-7)
y(k-17) y(k - %)

y(k - Tl(k)):|T [—R2 Ry ] [y(k - Tl(k)):l
y(k-7) * -Ro)| yk-7)

y(k - n(k»]T [—Rz R ] [yac - T1(k))]
y(k - ) x Rl yk-% |

* *  —Ry

4 a(k)[

+(1- a(k))[

(3.23)

F_T &' . . y(k_?) ! —Rg R3 y(k_f)
—(T = T
RO O] I B | -
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For positive diagonal matrices C; > 0 and T, > 0, we can get from assumption (H2)

that
o< [r® "T-LyTy Ly [y(k) (325)
"l Lo+ T lrw] '
o [y(k - n(k»]T [—L3t2 L4t2] [y(k - mk))] (326)
Tlk-ntn] |+ T fk-nk)
Denoting

a(k) = |yT(k)/fT(k),fT(k -ni(k)), szT(k -m),
e (3.27)

T
y' (k=71(k),y" (k-7),y" (k-%),y" (k- ?)] ,
it follows from (3.13)—(3.26) that

AV(H) = 380

i1
<y"(K)[ADPA-P+Q1+ Q2+ Qs
+(1+7-7)(Qs —2L1581 +2L,5,)
+(A-E)R(A-E)-Ry - L:Cq]y(k)
+ 2yT(k) [APDB+ (1+7T-7)(81-352) + (A-E)RB+ LysTy]f (k)

+2y" (k)[APC + (A - E)RC] f (k — 71 (k))

+2y" (k)[APD + (A - E)RD] if(k —m)

m=1

+ fT(k)[BTPB + BTRB+ (1+7 - #)Qs + 12Qs — T f (k)

+2f7 (k) [BTpc +BTRC ]f(k —171(k))
+2fT (k) [BTDD +BTRD ] if(k —m)
m=1

+ fT(k - 11(Kk))[CTPC + CTRC - Qs - Ty| f (k - 71 (K)

+ 27 (k - 71.(k)) [CT/)D + CTRD] if(k —m)
m=1
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+ [;f(k - m)]T [DT/)D +DIRD - %Qﬁ] [gf(k - m)]
+2y" (k)Riy" (k —7)
+2fT(k = 71(k))[S2 - 81 + Ly Toly (k — 1 (K))
+ " (k - 71(k))[-Qq + 2L1.81 — 21185 — L3Ty - 3Ra]y (k — 71(k))
+2y" (k- 71(k))[R2 + a(k)Ry ]y (k - 7)
+2y" (k = 71(k))[R2 + (1 - a(k))R2]y (k — )
-y (k-7)[Q1 + (1 +a(k))Ry + R3]y(k - T)
+2y" (k-T)Rsy(k - 7)
—yT(k=#)[Q2+ Ry + Ry + (1 - a(k))Ra]y (k — )
~y'(k-7)[Qs + Rs]y(k - 7)
= a (k) [a(k)(IT + Q1) + (1 — a(k)) (IT + Q)] (k).
(3.28)

When 7 < 71(k) <7, let b(k) = (T —71(k)) /(T = 7). Then 0 < b(k) < 1. In the similitude
of the proof of inequality (3.23), we have

. y(k-71(k)] [-2Rs Rs R3] [y(k-7i(k))
-7-7) 2 (HNRan(j) < | y(k-7) * Ry 0 || y(k-7)
j=k-%

y(k-7) y(k-7)

* *  —R3

b [y(k - n(k))]T [-R3 Rs ] [y(k - T1(k))]
y(k -7) * -Rs3|| yk-7)
b [y(k - T1(k))]T[—R3 Rs ] [y(k - Tl(k))]
y(k -7) « Rs|[ yk-7) [
kg . (k-9)1"[-R, R» y(k—i‘)]
—(T — % TR < Y .
(T T)]':zk;?n (]) 271(])— I:y(k_?):l [* _RZ:I [y(k—?)

(3.29)

By using similar method in (3.28), it follows from (3.13) to (3.22), and (3.25) to (3.26), and
(3.29) that

AV (k) < a” (k) [b(k)(IT + Q3) + (1 - b(k))(IT + Q4)]a(k). (3.30)
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Case 2 (k = k, (r = 1,2,...)). Note that the inequalities from (3.13) to (3.26) except (3.13)
and (3.21) hold for k = k,. Calculating AV; (k,) and 5” (k,)R7(k,) along the system (3.10), we
have

AVi (k) = y" (ke + Py (K, +1) =y (k) Py (K,)
= [y(kr) + ur(y(kr))]Tp [y(kr) + ur(y(kr))] - yT(kr)py(kr)

(3.31)
<y (ky)(2H1P + HoDHo)y (kr)
' (kn)Ri(kr) = ] (y (k) Rutr (y (kr) < yT (ki) HoR Hoy (ky).
By using similar method in Case 1, we can obtain that
AV (k) = a (k) [a(k)(E+ Q1) + (1 - a(k))(E + Q) ]a(k) (3.32)
or
AV (k) = al (k) [b(k)(E + Q3) + (1 = b(k))(E + Q4)]a(k). (3.33)

Combining the above discussions in Case 1 and 2, we obtain from (3.2), (3.3), (3.28),
(3.30), (3.32), and (3.33) that

AV (k) < -plla(k)|* < —ylly (k)17 (3.34)

where y1 = mini—1 234 { Amin (-I1 = &), Amin (-2 - &)} > 0.
From the definition of V (k), it is easy to verify that

k-1
V() < dmax D)y O +12 3 v DI, (3.35)

j=k-1
where

Y2 = /\max(Ql) + )‘max(QZ) + )‘max(Q3) + (1 +T— %)[ )Lmax(Qél)
+himax (@) Amax (LTL) + 4himax (LS1) + Shmax (L52)] + T2kmax (Q) (3.36)

+ 47 max (R1) + 4(T = 7)* Amax (R2) + 4(T = T)*Amax (R3),

where L = diag(max({[l}|, ||}, max{|], |2}, - . ., max{| L], [1]}).
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For any scalar p > 1, it follows from (3.34) and (3.35) that
prIV(i+1) = p'V(i) = p" AV (i) + p'(p = 1)V (i)

< [P (P = 1) hmar (D) = 119" [y D |

(3.37)
i-1
i A 12
1 (e -1) X lv(MHII™
j=i-T
Summing up both sides of (3.37) from 0 to k — 1 with respect to i, we have
k-1 )
PV (k) = V(0) < [(p = DAmax (D) = 11p] 2P Iy D) |
i=0
(3.38)
k-1i-1 o
-1 2 Plly)I
i=0 j=i—T
Note that
k-1i-1 ) -1 j+T  k-1-t j+T k-2 k-1 ) )
221y ={ X2+ X 2+ X Ally(il
i=0 j=i-T j=-7i=0 j=0 i=j+1  j=k-Ti=j+1
k=1-1
<7p’ Z ly () + 7o Z PlyG)I” + o7 Z Py ()P (3.39)
j=k-1
<" e ly(s)|* +p Zp’lly(f) I
IS ]_
From (3.35), we have
V(0) € [Amax (D) + 127] sup ||y(s)|| (3.40)
seN
It follows from (3.38)—(3.40) that
PV (k) < Kip) Sup [y s)|* + Ka(p) Zp’lly(J) I (3.41)
j=0
where
Ki(p) = Amax(D) + 127 + 12(p ~ 1)7°p
(3.42)

Ka(p) = (p = 1) dmax(D) = 1ip + 12(p = 1) 7"
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Since K;(1) < 0, by the continuity of function K;(p), we can choose a scalar ¢ > 1 such that
K>(¢) < 0. Obviously, K;(¢) > 0. From (3.41), we obtain

&V(k) < Ki(¢) sup ]||y<s>||2. (3.43)

seN[-1,0

From the definition of V (k), we have

V (k) > Lin(D) |y () || (3.44)

Let M = VK1 (&) / dmin (D), € = \/1/¢,then M > 0,0 < € < 1. It follows form (3.43) and (3.44)
that

ly()|| < Me* sup ||y (s)]|- (3.45)
seN[-1,0]
That is
[|x(k, ¢) - x(k, ¢) || < Me*||§p - o]|. (3.46)

We can choose a positive integer N such that

MeNv < }L. (3.47)
Define a Poincaré mapping I' : X — A by
L(¢) =-x“)(¢). (3.48)
Then, we can derive from (3.46) and (3.47) that
[T @) -t @) < 319 -1l (3.49)

which shows that T™) is a contraction mapping and therefore there exits a unique fixed point
¢* € X of T™) which is also the unique fixed point of T such that

T(¢) =¢" (3.50)
Therefore,

~x(w+k,¢*) = ¢*(k), Vke N[-,0]. (3.51)
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Let x(k, ¢*) be the solution of system (2.2) through (0, ¢*). From assumption (H1)
we know that —x(k + w, ¢*) is also a solution of system (2.2). It follows from (3.51) that
-x(k + w, ¢*) is also through (0, ¢*). By the uniqueness of solution we can know

x(k,¢*) = -x(k+w,p*), (3.52)

for k =1,2,..., which indicates that x(k, ¢*) is exactly one w-antiperiodic solution of system
(2.2). To this end, it is easy to see that all other solutions converge exponentially to it as
k — +oo. The proof is completed. O

Remark 3.2. The conditions are dependent on both the lower bound and upper bound of
delays. It has been shown that the delay-dependent stability conditions are generally less con-
servative than the delay-independent ones, especially when the size of the delay is small.

Remark 3.3. In this paper, the model includes both discrete and distributed delays simultane-
ously, and can be used to describe some well-known neural networks owing to its generality.
In [38], only one kind of delay has been considered, which is a special case of neural networks
with mixed delays. Furthermore, in [38], the activations were assumed to be bounded
functions, while the boundedness condition is removed in this paper.

4. Examples

In this section, some examples and numerical simulations are provided to illustrate our re-
sults.

Example 4.1. Consider a discrete-time neural networks (2.2) with two neurons, where

02 0 0.06 0.01 0.1 -0.05 —-0.02 0.02
A= , B = , C= , D= ,
0 03 -0.06 0.1 -0.05 -0.02 -0.05 0.07
. [k
g1(u) = arctan(2u), (1) = —arctan(4u), L (k) = -3sin 5 )

Iz(k)=4cos<k?]r), 71(k) =3+sin<’%->, T =2,
k, =8r -3, e1r(u) = exr(u) =0.08sin(u) — 0.68u, r=1,2,....
(4.1)

It can be verified that assumptions (H1), (H2), and (H3) are satisfied with L =014 =2,
L= 4L =0%=27%=4w=28Hh =h =-07,h = h = -06 Thus,
L, = diag(0,-4), L, = diag(2,0), L3 = diag(0,0), Ly = diag(1,-2), H; = diag(-0.6,-0.6),
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H, = diag(0.76,76). By the MATLAB Control Toolbox, we find a solution to the LMI in (3.2)
as follows:

3.5412 -0.8274 2 0.0254 -0.0149 2 0.1931 -0.0932
~ [-0.8274 85025 | b —-0.0149 0.0106 ~ [-0.0932 0.1155 |’

o _[019m 00937 o, [01396 -0.0553 01762 —-0.0693
T - ’ ' " [-0.0693 0.0917 |’

0.0937 0.1158 ~0.0553 0.0807 |’
0.1197 0.0554
~ 0.0554 0.0274|

o, [01877 00 o, [00230 00077
> 1200771 0.0986 |’ " [=0.0077 0.0222

0.1370 -0.0709 2.5687 0 1.2461 0
Qé = s t1 = s tz = s
-0.0709 0.1201 0 0.8572 0 0.0252
0.0056 0 0.0756 0
S = , Sy = .
0 0.0102 0 0.0034
(4.2)

Therefore, by Theorem 3.1, we know that system (2.2) with above given parameters
has exactly one 8-antiperiodic solution and all other solutions of the system converge

exponentially to it as k — +oo, which is further verified by the simulation given in Figure 1

Example 4.2. Consider a discrete-time neural networks (2.2) with three neurons, where

015 0 O 0.05 0.04 -0.04

A=1]10 02 0], B=1]0.08 0.04 -0.04],
0 0 03 —0.04 -0.08 0.04;

-0.04 -0.02 0.06 -0.02 0.05 0.02

C=1009 -0.02 0.02], D=|-0.05 0.02 -0.01

0.06 0.01 0.01 0.02 -0.05 -0.02

(4.3)
. . [k
g1(u) = p(u) = g3(u) =sin(Qu) —u, Li(k)=-2 sm<ﬁ),
L(k) = I(k) = cos(kﬁ-> (k) =2+ cos(k—ﬂ-), T =2,
12 6

k, = 12[r > U is1y+7,  en) =en) =en@) =-u, r=1,2,....
It can be verified that assumptions (H1), (H2), and (H3) are satisfied with L=0hL=105=-3,
11—12—13—17'—17'—3(,0—12”11—hz—h3——1h1—h2=fl3 -1.
Thus, Ly = diag(-3,-3,-3), L, = diag(1,1,1), L3 = diag(-3,-3,-3), Ly = diag(-1,—
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Figure 1: State responses of the discrete-time neural networks with initial conditions (x4 (s),xz(s))T =
(1,007, s € N[-4,0].

H; = diag(-1,-1,-1), H, = diag(1,1,1). By the MATLAB Control Toolbox, we find a solution

to the LMI in (3.3) as follows:

41.8020 —4.3473 4.5690 [ 0.4005 -0.2958 0.1172
P = |-4.3473 30.0757 0.2682 R, =1-0.2958 0.8118 0.29421,
45690 0.2682 25.8887 | | 0.1172  0.2942 0.6825
[ 0.5178 -0.2326 —0.1006] [ 0.4881 -0.2381 —0.1038]
R, =1-0.2326 0.6843 0.2146 R;=|-0.2381 0.7032 0.2240 |,
| -0.1006 0.2146 0.6101 | | —-0.1038 0.2240  0.6280 |
[ 1.0470 -0.1515 0.4772] [ 1.0644 -0.1626 0.4402 ]
Q; = |-0.1515 0.6361 -0.1655 Q, =|-0.1626 0.6310 -0.1597],
| 0.4772 -0.1655 1.0423 | | 0.4402 -0.1597 0.9820 |
[ 1.2250 -0.1486 0.6129 ] [ 1.7504 -0.3124 0.7392 ]
Qs = |-0.1486 0.8285 —0.1864 Q4 =1-03124 0.3251 -0.45401, (4.4)
| 0.6129 -0.1864 1.2586 | | 0.7392 -0.4540 0.9975 |
0.2637 0.0305 -0.0300 0.5803 -0.1963 0.1481
Qs =1 0.0305 0.0846 -0.1291], Qs = |-0.1963 0.8232 0.3296],
-0.0300 -0.1291 0.2397 0.1481 0.3296 0.3495
[3.4923 0 0 ] [0.9595 0 0 ]
C = 0 34632 0 G = 0 0457 0 |,
0 0 2.3878] 0 0 0.3671]
[0.6575 0 0 7 [0.3709 0 0
S = 0 0483 0 S, = 0 00163 O
0 0 0.2337] 0 0 0.0507]
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Figure 2: State responses of the discrete-time neural networks with initial conditions (x(s), x2(s), x3 (sNHT =
(-1,0,1)7, s € N[-3,0].

Therefore, by Theorem 3.1, we know that system (2.2) with the above-given parame-
ters has exactly one 12-antiperiodic solution and all other solutions of the system converge
exponentially to it as k — +oo, which is further verified by the simulation given in Figure 2.

5. Conclusions

In this paper, the discrete-time neural networks with mixed delays and impulses have been
studied. A delay-dependent LMI criterion for the existence and global exponential stability
of antiperiodic solutions has been established by constructing an appropriate Lyapunov-
Krasovskii functional, and using the contraction mapping principle and the matrix inequality
techniques. Moreover, two examples are given to illustrate the effectiveness of the results.
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