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At first we find the solution of the functional equation Df(x1,...,x,) = ZZLZ(Z,-’Z o Zik;lil REEE

—k+1 - ; .
ZZI,,,h]:im,kH)f(Z::l,i#il,m,im,;ﬂl Xi — ;rﬂ=1 * xi,) + f(Zfil x;) = 2" 1f(xl) = 0, where m > 2 is an in-
teger number. Then, we obtain the generalized Hyers-Ulam-Rassias stability in random normed
spaces via the fixed point method for the above functional equation.

1. Introduction and Preliminaries

A basic question in the theory of functional equations is as follows: “when is it true that a
function that approximately satisfies a functional equation must be close to an exact solution
of the equation?”

If the problem accepts a solution, we say the equation is stable. The first stability
problem concerning group homomorphisms was raised by Ulam [1] in 1940 and affirmatively
solved by Hyers [2]. The result of Hyers was generalized by Aoki [3] for approximate addi-
tive function and by Rassias [4] for approximate linear functions by allowing the difference
Cauchy equation || f(x + y) — f(x) — f(y)|| to be controlled by e(||x|[P + ||y||"). Taking into
consideration a lot of influence of Ulam, Hyers, and Rassias on the development of stability
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problems of functional equations, the stability phenomenon that was proved by Rassias is
called the Hyers-Ulam-Rassias stability. In 1994, a generalization of Rassias theorem was
obtained by Gavruta [5], who replaced £(||x||” + ||y||") by a general control function ¢(x, y)
(see also [6-24]).

In the sequel we adopt the usual terminology, notations, and conventions of the theory
of random normed spaces, as in [25-29]. Throughout this paper, let A* be the space of
distribution functions, that is,

A" :={F:RU{-00,00} — [0,1] : F is left-continuous,

1.1
nondecreasing on R, F(0) = 0 and F(+o0) =1} (L)

and the subset D* C A* is the set
D* ={Fe A" :I"F(+0) =1}, (1.2)

where [ f(x) denotes the left limit of function f at the point x. The space A* is partially
ordered by the usual pointwise ordering of functions, that is, F < G if and only if F(t) < G(t)
for all t € R. The maximal element for A* in this order is the distribution function given by

0 ift<0,
f) = 8 13
“o®) {1 if £> 0. (19

Definition 1.1 (see [28]). Amapping T : [0,1] x[0,1] — [0, 1] is a continuous triangular norm
(briefly, a t-norm) if T satisfies the following conditions:

(a) T is commutative and associative,

(b) T is continuous,

(c) T(a,1)=aforalla € [0,1];

(d) T(a,b) <T(c,d) whenever a<cand b <dforalla,b,c,de][0,1].

Typical examples of continuous t-norms are Tp(a,b) = ab, Tap(a,b) = min(a,b), and
Tr(a,b) = max(a+b-1,0) (the Lukasiewicz t-norm).

Recall (see [30, 31]) that if T is a t-norm and {x,} is a given sequence of numbers in
[0,1], T7, x; is defined recurrently by

ifn=1,
T'xi= 10 . o (1.4)
T(T! xi, x,) if n>2.

T x;is defined as T%) x+..
It is known [31] that for the Lukasiewicz t-norm the following implication holds:

lm (Tp) 2 X = 1 &= D (1 - xp) < 0. (1.5)

n=1
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Definition 1.2 (see [29]). A random normed space (briefly, RN space) is a triple (X,A,T),
where X is a vector space, T is a continuous t-norm, and A is a mapping from X into D* such
that the following conditions hold:

(RN1) Ax(t) = eo(t) forall t > 0 if and only if x =0,
(RN2) Ayx(t) = Ax(t/]a]) forall x € X, a#0,
(RN3B) Aysy(t+8) > T(Ax(t),Ay(s)) forallx,y € X and t,5 > 0.

Definition 1.3. Let (X, A, T) be an RN space.

(1) A sequence {x,} in X is said to be convergent to x in X if, for every € > 0 and A > 0,
there exists positive integer N such that Ay,-x(€¢) > 1 - X whenever n > N.

(2) A sequence {x,} in X is called Cauchy if, for every € > 0 and A > 0, there exists
positive integer N such that Ay, (€) >1— A whenever n > m > N.

(3) An RN space (X, A, T) is said to be complete if and only if every Cauchy sequence in
X is convergent to a point in X. A complete RN space is said to be a random Banach
space.

Theorem 1.4 (see [28]). If (X, A, T) is an RN space and {x,} is a sequence such that x, — x, then
limy, —, o Ax, (t) = Ax(t) almost everywhere.

Theorem 1.5 (see [32, 33]). Let (S, d) be a complete generalized metric space, and let | : S — S
be a strictly contractive mapping with Lipschitz constant L < 1. Then, for each given element x € S,
either

d( J'x, ]"+1x) - (1.6)

for all nonnegative integers n or there exists a positive integer ny such that

(1) d(J"x, J™*x) < oo, for all n > ny,

(2) the sequence { J"x} converges to a fixed point y* of J,

(3) y* is the unique fixed point of | in theset Q = {y € S| d(J™x,y) < oo},
(4) d(y,y*) < (1/(1-L1))d(y, Jy) forall y € Q.

The theory of random normed spaces (RN spaces) is important as a generalization
of deterministic result of linear normed spaces and also in the study of random operator
equations. The notion of an RN space corresponds to the situations when we do not know
exactly the norm of point and we know only probabilities of possible values of this norm.
The RN spaces may also provide us the appropriate tools to study the geometry of nuclear
physics and have important application in quantum particle physics. The generalized Hyers-
Ulam stability of different functional equations in random normed spaces (RN spaces) and
fuzzy normed spaces has been recently studied in, Alsina [34], Mirmostafaee et al. [35-38],
Mihet and Radu [26, 27, 39, 40], Mihet et al. [41, 42], Baktash et al. [43] and Saadati et al. [44].
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In this paper, we consider the m-dimensional additive functional equation
m k  k+1 m m m—k+1 m
S(E5 - 8 (L E wEw)er(Ee) 2
k=2 \i1=2 ip=ir+1 ki1 =imi+1 i=Li i1 i r=1 i=1
(1.7)

where m > 2 is an integer number. It is easy to see that the function f(x) = ax is a solution of
the functional equation (1.7).
As a special case, if m = 2 in (1.7), then the functional equation (1.7) reduces to

flx1+x2) + f(x1 = x2) = 2f (x1). (1.8)

Also by putting m = 3 in (1.7), we obtain

3 2 3 3 3
f< > xi—in,> +Zf< > xi—xi1> +f<in> =22 f(x1), (1.9

MI\J
Me

i1=2 ir=iy+1 i=1,i#11,i2 i1=2 i=1,i#1; i=1
that is,
f(x1 — X7 — X3) + f(X1 — X7 + X3) + f(X1 + X — X3) + f(x1 + X7 + X3) = 4f(x1). (1.10)

The main purpose of this paper is to prove the stability of (1.7) in random normed
spaces via the fixed point method.

2. Results in RN spaces via Fixed Point Method

Lemma 2.1. Let X and Y be real vector spaces. A function f : X — Y with f(0) = 0 satisfies (1.7)
ifand only if f : X — Y is additive.

Proof. Let f satisfy the functional equation (1.7). Hence, according to (1.7), we get

3 m m m-1
HDIRCED YT (D VT ¥
i1=2 ip=i;+1 im-1=im-2+1 l‘=1,i#i1,4..,im_1 r=1

+i i i f< i xi—rgxir>+--~+if< i xl-—xil> (2.1)

i1=2 =i +1 Im—2=im-3+1 i=1,i#11,.,im2 i1=2 i=li#i;

+f<§:xi> =21 f(x1)
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forall xy,...,x, € X. Setting x; =0 (i =2,...,m—1) in (2.1), we have

fern=xa) + ("] 2) 0=+ (0 5) fl )

oot <<z:§>f(3q—xm)+ <m2—2>f(x1 +xm)) (2.2)
+ <<Z:§>f(aq — X)) + <ml—2>f(x1 + xm)> fF (4 xm) = 27 f(x),

that is,

m-2
<1 2 <mg_ 2>> (f (o1 + 2m) + f(x1 = 2x)) = 277 f (1) (2.3)

o=1
for all x1, x,,, € X. On the other hand, we have the relation
1SN S () g 24
+ ¢ )= > ¢ )= (2.4)
=1 £=0
for all m > J. Hence, we obtain from (2.3) and (2.4) that

fx+xm) + f(x1 = xm) = 2f (1) (2.5)

for all x1,x,, € X. Setting x,, = x1 in (2.5) we get f(2x;) = 2f(x1) for all x; € X. Replacing
x1 and x,, by x1 + x;, and x1 — x,, in (2.5), respectively, and then using f(2x1) = 2f(x1), we
obtain that

[l +xm) = fox1) + f(xm) (2.6)

for all x1, x,,, € X, which implies that f is additive.

Conversely, suppose that f is additive, and thus f satisfies the equation f(x; + x3) =
f(x1) + f(x2). Hence we have f(0) = 0 and f(2x;) = 2f(x1) for all x; € X. Replacing x; and
X2 by x1 + x and x; — x; in the additive equation and then using f(2x;) = 2f(x1) lead to

flxr+x2) + f(x1 —x2) = 2f (x1) (2.7)

for all x1,x, € X.
Now, we are going to prove our assumption by induction on m > 2. It holds for m = 2;
see (2.7). Assume that (1.7) holds for the case, where m = p; that is, we have

(35 5 V(L5 w5 (B

k=2 \i1=2 ir=i1+1 iy pur=ipi+1 i=1,i # i esdpokent r=1

(2.8)
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for all x1,...,x, € X. Replacing x1 by x1 + xp41 in (2.8), we obtain

i(Z E i >f<x1+xp+1+ i xi—p_zmxi,>

k=2 11=2 ir=i1+1 Ip —k+1 :ip—k+1 l‘=2,i#i1,...,l‘p_k+1 r=1

(2.9)

p+1
+ f (lei> = 2’”_1f(x1 + xp+1)

for all x1,...,x, € X. Replacing x,,1 by —x,.1 in (2.9), we obtain

k=2 \ i1=2 ir=i;+1 ip-fe1=ip-k+1 =20 #1010 lpkn r=1

p k+1 P p p-k+1
5(28 5 Y(nme B 2En)
(2.10)
+ f (lei - xp+1> = 2p_1f(X1 - xp+1)

for all x1,...,x,1 € X. Adding (2.9) to (2.10), one gets

k+1 p+1 p+1 p-k+2 p+1
Sz 5 (5 wywm)es(E)
k=2 \ 11=2 ir=i1+1 ip-k+2=Ip-ks1+1 i=1i# i1, ipks2 r=1 i=1 (211)

=or-l (f (o1 + xp+1) + f(x1 _xp+1))

forall x1,..., xp:1 € X. Therefore, it follows from (2.7) and (2.11) that (1.7) holds for m = p+1.
This completes the proof of the theorem. O

From now on, let X be a linear space and (Y, A, Tp1) a complete RN space. For con-
venience, we use the following abbreviation for a given function f : X — Y:

k=2 \i1=21i=i1+1 Tm—k+1=Im-k+1 i=1,0# 11,0 lmk+1 r=1

+f<le> 2m= 1 x1)

m k  k+1 m m m—-k+1
Df(xl,...,xm):z<z Z Z >f< Z Xi — le-r>
(2.12)

forall xy,...,x;, € X, where m > 2 is an integer number.

Theorem 2.2. Let @ : X x X x ---x X — D* be a function (D(xy,...,Xy,) is denoted by @y, )
—_— ,

m-terms

such that, for some 0 < a < 2,

2%, (llt) > (qu,...,xm (t) (213)

.....
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forall xi,...,%x, € X and all t > 0. Suppose that a function f : X — Y with f(0) = 0 satisfies the
inequality

ADj(x,) (£) 2 Doy, (H) (2.14)

,,,,,

forall x1,...,%x, € X and all t > 0. Then, there exists a unique additive function A : X — Y such
that

Afw-am® 2 D0 0(2" 22 - a)t) (2.15)
——

m-2
forallx € X andall t > 0.
Proof. Letting x; =0 (i =3,...,m) in (2.14), we get

A(1+ZZ’55("’E 2D (Fx)+f 2t ey (D) 2 Prie00 () (2.16)

for all xq,x, € X and all t > 0. Setting x1 = x, = x in (2.16), we obtain from (2.4) and f(0) =0
that

Agm2 fx)-om1£(x) (£) 2 Do 0,..,0(F) (2.17)
forallx € X and all £ > 0, or

Af@x)/2-fx) (1) 2 Pxxp,..0 <2m‘1t> (2.18)

for all x € X and all t > 0. Let S be the set of all functions h : X — Y with h(0) = 0 and
introduce a generalized metric on S as follows:

d(]’l, k) = inf{u eR*: Ah(x)—k(x)(ut) > q)x,x,O,...,O(t)/ Vx e X, Vi > 0}, (2.19)

where, as usual, inf( = +oo. It is easy to show that (S,d) is a generalized complete metric
space [26, 45].
Now we consider the function | : S — S defined by

h(2x)

forallh € Sand x € X.
Now let g, f € S such that d(f, g) < €. Then,

ae
AJgo-1f(x) (?f> = Ng(x)-fx) (agt) > Doypxp,..0(at) > Dy xo,..0(t), (2.21)



8 Discrete Dynamics in Nature and Society

thatis, if d(f, ) <&, wehave d(Jf,]Jg) < (a/2)e. This means that
d(Jf,J8) < 54(f,3) 222)

for all f, g € S, that s, ] is a strictly contractive self-function on S with the Lipschitz constant
a/2.
It follows from (2.18) that

t
AJf(0-f () <2m—_1> > Dy x0,..0() (2.23)

for all x € X and all t > 0, which implies that d(J f, f) <1/ om-1,

Due to Theorem 1.5, there exists a function A : X — Y such that A is a fixed point of
J, thatis, A(2x) = 2A(x) for all x € X.

Also, d(J"f,A) — 0asn — oo, implies the equality

Jim £ (izx) - A(x) (2.24)

n—oo

for all x € X. If we replace x1, ..., x,, with 2"xy,...,2"x,, in (2.14), respectively, and divide by
2", then it follows from (2.13) that

2\" 2\"
Ap;@nxy,.2nx,) /20 (8) 2 Doy, ony, (2") = Donyy, ooy, (ll"<;> t) >Dy oy <<;> t>
(2.25)

,,,,,

forallt > 0, which implies D4 (x1, ..., X;) = 0, and thus A satisfies (1.7). Hence by Lemma 2.1,
the function A : X — Y is additive.

According to the fixed point alterative, since A is the unique fixed point of J in the set
Q={geS:d(f g) <o}, Ais the unique function such that

Afx)-a) (ut) > Dy xp,..0(t) (2.26)

for all x € X and all t > 0. Again using the fixed point alterative gives

1 1 1
d(f,4) S g d(fJf) = 2mI(1-L) 27 1(1-a/2)’ (2.27)

which implies the inequality

t
Af)-A) <m) > Dy 0,..0() (2.28)
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forall x € X and all t > 0. So,
m-2
Ase-a (£) 2 Do, 0 (2722 - @)t (2.29)

for all x € X and all ¢ > 0. This completes the proof. O

Now, we present a corollary that is an application of the last theorem in the classical
case.

Corollary 2.3. Let (X, || - ||) and (Y, || - ||), normed linear spaces, define

t

A= R

(2.30)

for x € X and t > 0. Define

- L (2.31)
t+ 3 [l

forall xi,...,xp € X and all t > 0 in which p < 1. Now, for a = 2P, (2.13) holds for all x1,...,x,, €
X and all t > 0. Suppose that an odd function f : X — Y satisfies (2.14) for all x1,...,x, € X and
all t > 0. Then, by the last theorem there exists a unique additive function A : X — Y such that

t t
> 2.32
T [f ) =A@ -+ 17272 (= 27 Y (2.32)
forall x € X and all t > 0. Hence,
1£G) = A € gt el 233)
T 2am2(1-2r71) '
forall x € X.
Theorem 2.4. Let @ : X x X x --- x X — D* be a function such that, for some 0 < a < 3,
—_—
m-terms
(I)Bxl ..... Sxm(at) > (I)xl,...,xm (t) (234)

forall x1,...,x, € X and all t > 0. Suppose that an odd function f : X — Y satisfies (2.14) for all
X1,..., %X, € X and all t > 0. Then, there exists a unique additive function A : X — Y such that

Af-am® 2,0, 0(2" B -a)t) (2.35)
—

m-3

forall x € X and all t > 0.
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Proof. Letting x; =0 (i =4,...,m) in (2.14), we get

A (2.36)

(1+Z?=_13<n23>)(f(x1 +x+203)+ f (X1 =22+23) + f (X1 +200=23) + f (X1-x2-23) ) =21 f (x1) (t) 2 @u, 5y, 2,0,..0(F)

for all x1,x7,x3 € X and all t > 0. Setting x; = x» = x3 = x in the last inequality, we obtain by
using oddness of f and (2.4) that

Agn=s £ 3yt f ()21 £(20) () 2 Pox e x,0,..,0 () (2.37)
forallx € Xand all > 0, or

A(f(3x)/3),f(x)(t) > Dy xx0,.0 (3.2m_3t> (2.38)

forall x € X and all t > 0. Let S be the set of all odd functions h : X — Y, and introduce a
generalized metric on S as follows:

d(h, k) = inf{u eR": Ah(x)—k(x) (ut) > (Dx,x,x,O,‘..,O(t)/ Vx e X,Vt > 0}. (2.39)

It is easy to show that (S, d) is a generalized complete metric space [26,45]. Let ] : S — S be
the function defined by

Jh(x) = @ (2.40)
forall h € S and x € X. One can show that
d(Jf,Jg) < 5d(f8) (2.41)

for all f, g € S, that s, ] is a strictly contractive self-function on S with the Lipschitz constant
a/3.
It follows from (2.38) that

t
AJf)-f ) (W) 2 Dy xx0,..0(t) (2.42)

for all x € X and all t > 0, which implies that d(J f, f) < (1/3.2™73).
Due to Theorem 1.5, the sequence {J"} converges to a fixed point A of J, that is,

f3"x)
3’

A: X —Y, A(x) = lim J"f(x) = lim (2.43)

and A(Bx) =3A(x) forall x € X.
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Also, A is the unique fixed point of ] intheset Q = {g € S : d(f, g) < oo}, and

1 1

1
d(f,4) < ﬁd(f’]f) < 32m3(1-L) 32m3(1-a/3) 244)

implies the inequality
t
Afx)-Aw <m> 2 O x,x0,..,0(F) (2.45)

for all x € X and all t > 0. This implies that inequality (2.35) holds. Furthermore, we can
obtain that the function A : X — Y satisfies (1.7). Hence by Lemma 2.1, we get that the func-
tion A : X — Y is additive. O

Now, we present a corollary that is an application of the last theorem in the classical
case.

Corollary 2.5. Let (X, || - ||) and (Y, || - ||), normed linear spaces, define

ot
£+ [l

Ax(t) (2.46)

for x € X and t > 0. Define

= (2.47)
t+ 3l

forall xi,...,xp € X and all t > 0 in which p < 1. Now, for a = 3, (2.34) holds for all x1,...,x,, €
X and all t > 0. Suppose that an odd function f : X — Y satisfies (2.14) for all x1,...,x, € X and
all t > 0. Then, by the last theorem there exists a unique additive function A : X — Y such that

t t
24

@ - A@] -t 172731 -3 ) P (249

forall x € X and all t > 0. Hence,
1
- —  IxlP
If )= A < 575 = B (249)

forall x € X.
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