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A discrete time two-nation arms race model involving a piecewise constant nonlinear control
function is formulated and studied. By elementary but novel arguments, we are able to give a
complete analysis of its asymptotic behavior when the threshold parameter in the control function
varies from 0% to co. We show that all solutions originated from positive initial values tend to
limit one or two cycles. An implication is that when devastating weapons are involved, “terror
equilibrium” can be achieved and escalated race avoided. It is hoped that our analysis will provide
motivation for further studying of discrete-time equations with piecewise smooth nonlinearities.

1. Introduction

In [1, pages 87-90], a simple dynamical model of a two-nation arms race based on
Richardson’s ideas in [2] is explained, and several interesting conclusions are drawn which
can be used to explain stable and escalated arms races. Roughly, let N = {0,1,2,...}, and let
A, and B, be the amount spent on armaments by two respective countries A and B in year
n € N. Assuming, A has a fixed amount of distrust of the other country, causing it to retain
arms, then

A, = (1 - 7’A)An—l +54By1 +u, (11)

where the constant s 4 measures country A’s distrust of country B in that it reacts to the way B
arms itself, r4 € (0,1) is a measure of A’s own economy, and u is the basic annual expenditure
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(e.g., maintenance expense). If we now assume a similar situation for country B, then we also
have

Bn = (1 - TB)Bn—l + SBAn—l + 0. (12)

Under the assumption that r4 = rg = r and s4 = sg = s, it is shown that if the initial
total expenditure A_; + B_; is large and that the distrust factor is also so large that s > r,
then no two countries can sustain exponentially increasing expenditures on arms, and the
alternative is war or negotiation. While this model is an oversimplification one, it could help
to understand plausible reasons behind World War I (see [2, 3] in which various aspects of
arms race modeling are discussed).

The above model cannot explain some of the observations we can make nowadays.
Therefore, we need to build various models and analyze their asymptotic behaviors. In this
paper, we will build one such model based on the idea that although the distrust factor is the
same as in the previous model, the expenditure by the other country in year n — 1 in (1.1) is
replaced by sa fi(B,-1) where

1 if B,.1€(0,1],
f1(Bua1) = { (1.3)
0 if B,-1 € (—o0,0] U (X, 00),

and the term A, in (1.2) is replaced by a similar one. The “discontinuous” function f, has a
clear physical meaning. Indeed, the positive parameter A may be treated as a cutoff threshold
indicator so that when the competitor is already spending an unreasonable amount of money
(such as stocking of hundreds of nuclear missiles that can annihilate our mother earth) or is
not spending any, there is no need to add the budget anymore. With this function at hand, we
may rewrite our new model as follows:

Xp = aXn-a +bfr(Yn-1) + ¢,
(1.4)

Yn =TYnp+Sfr(xn1) +t,

where we have introduced two “delays” a and f in order to reflect the fact that the
expenditure in a previous accounting period may not be recorded precisely, and hence
historical expenditure records may be more reliable for use in making future decisions.

Although (1.4) may seem to be a simple model, there are still too many parameters
involved. We therefore make further (reasonable) assumptions as follows:

c,t=0, a=p=2, T=1>0, r=ac(0,1), b=s=(1-a). (1.5)

The assumption that ¢,t = 0 means that the fixed expenditures are relatively low in both
countries, while we assume that « = = 2 so as to use the best up-to-date and “reliable”
accounting records x,,_» and y,—,. By choosing a € (0,1) and b = 1 — a, country A is making a
decision based on a convex combination of the expenditures x,_, and the blanket-ceiling sum
f1(Yn-1). If country B takes on a similar decision policy, then we end up with

Yn=aYp2+ (1 -a")fi(xn1), (1.6)
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where a* may or may not differ from a. The case a* # a is only more technically difficult, and
therefore, in this paper, we will assume the case a = a* (which is already nontrivial as we will
see) so that both countries play “symmetric” roles in the interactions.

By adopting these assumptions, we then settle on the following dynamical system:

Xn = axpa + (1-a)fi(yn1),

(1.7)
Yn = ayn-2 + (1= a) fa(xn-1),
for n € N, where in this model, a € (0,1), A > 0. Note that if we let z = (x, y) and
Fi(z) = (fi(y), u(x)), (1.8)
then the above system (1.7) can be written as
Zp=azpo+adFy(z,1), mneN, (1.9)

where we write z,, = (x,,, ¥,) and a’ = 1 — a for the sake of convenience.

The above vector equation is a three-term recurrence relation. Hence, for given z_,
and z_; in the plane, a unique sequence {zx};>_, can be calculated from it. Such a sequence
is called a solution of (1.9) determined by z_, and z_;. Among different z_, and z_j,
those lying in the positive quadrant are of special interests since expenditures are always
positive. Therefore, our subsequent interests are basically the asymptotic behaviors of all such
solutions determined by z_, and z_; with positive components.

We remark that system (1.9) can be regarded as a discrete dynamical system with
piecewise smooth nonlinearities. Such systems have not been explored extensively (see,
e.g., the discussions on “polymodal” discrete systems in [4], and there are only several
recent studies on scalar equations with piecewise smooth nonlinearities [5-9])! Therefore,
a complete asymptotic analysis of our equation is essential in the further development of
discontinuous (in particular, polymodal) discrete time dynamical systems.

We need to be more precise about the statements to be made later. To this end, we
first note that given any z_,, z_; in the quadrant (0, oo)z, the solution {z,},., determined by
it also lies in the same quadrant (in the sense that z, € (0,00)” for n € N). Depending on
the locations of z_, and z_y, it is clear that the behavior of the corresponding solution may
differ. For this reason, it is convenient to distinguish various parts of the first quadrant in the
following manner:

A=(0,11%, B=(\0)x(0,1], C = (A, ) x (A, ), D = (0,A] x (A, ),
(1.10)

where A is a fixed positive number, then

P ={A, B,C D} (1.11)

is a partition of the quadrant (0, o0)?.
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Note that these subsets depend on A, but this dependence is not emphasized in the
sequel for the sake of convenience.

For any solution {z,},._, originated from z_, and z_; in the above subsets, our main
conclusion in this paper is that {z»,} will tend to some vector u and {zp,.1} will tend to
another vector v (which may or may not be equal to u). This implication is important since
it says that escalated arms race cannot happen and World War III should not happen if our
model is correct!

For the sake of convenience, we record this fact by means of

zn — (u,v). (1.12)

In case u = v, {2, } is convergent to u, and hence we may also write

Zyp — U or z,— (u). (1.13)

To arrive at our main conclusion, we note, however, that since f, is a discontinuous
function, the standard theories that employ continuous arguments cannot be applied to yield
asymptotic criteria. Fortunately, we may resort to elementary arguments as to be seen below.

Before doing so, let us make a few remarks. First, note that our system (1.9)
is autonomous (time invariant) and also symmetric in the sense that under two sets
of “symmetric initial conditions,” the behaviors of the corresponding solutions are also
“symmetric.” This statement can be made more precise in mathematical terms. However,
a simple example is sufficient to illustrate this: suppose that A = 1. If {z, },._, is a solution of
(1.9) with (z_3,z-1) € A x B, then as will be seen below, z;, — (1,0) and z5,41 — (1,1). If we
now replace the condition (z_»,z-1) € A x B with the symmetric initial condition (z_,z_;) €
AxD, then we will end up with the conclusion that z,, — (0,1) and zp,+1 — (1,1). Such two
conclusions will be referred to as dual results. We will see some tables which contain some
obvious dual results later.

Next, by (1.8), we may easily see that

Fy(A) =Kk, F,(B) =i, F,(C) =0, F\(D) =j, (1.14)
where
0=(0,0), i=(1,0, j=(,1), k=(@11). (1.15)

Therefore, in case {z} is a solution of (1.9) such that, say, zx € A for all large k, then (1.9) is
reduced to

Zn = azZy +ad'k, (1.16)

for all large n. Hence, linear systems and their related properties will also appear in later
discussions. More precisely, two groups of bounding quantities a; and f; are needed:

A-1 A .
aj = 1+ 7, ﬂ] = E, ] € N. (117)
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Note that they satisfy ap = fy = A and the recurrence relations

1 a-1 1 .
Aj1 = Ea]' + T, ﬁ]’+1 = Eﬂ]’, ] € N. (1.18)

We also need the following two properties of linear systems. Let {xi} ¢ _, be real scalar (or
vector) sequences that satisfy
X2k = AXok-—2 + d, ke N, (1.19)

X2k+1 = AX2k-1 + d, ke N, (1.20)

where a € (0,1), and d is a real number (resp., a real vector).

(1) If {2, ),y is @ sequence which satisfies (1.19), then

k+1 (1 B ak+1)

Xop =a“"x_o,+ -2 d, keN. (1.21)

(ii) If {x, },-_, is a sequence which satisfies (1.20), then

k+1 (1 B ak+1)

Xok+1 = A X1+ 1-a d, k eN. (1.22)

Finally, we need to consider various ordering arrangements for three or four
nonnegative integers k,p,l, and m. First, the ordering arrangements of three integers
k,p,and | can be classified into 6 cases: (1) k = p < [, )l = k < p, Q) p =1 <
k, (4) k < min{p,I}, (5) p < min{k,!}, and (6) I < min{k,p}. In fact, let a, b € R. Then
eithera<b,a=b,ora>b.Leta,b,c € R, then

a<b=ce(-w,a), c=a, c€(ab), c=b or ce (b ),
a=b=ce(-mw,a), c=a or cé€(a x), (1.23)

a>b=ce(-wo,b), c¢c=b, ce((b,a), c=a or cé€(a ).

These are equivalent to

a=b<c, c=a<b, b=c<a,
(1.24)
a <min{b,c}, b <min{a,c}, ¢ <min{a,b},

by comparing the two sets of statements.
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By similar reasoning, there are 12 ordering arrangements for four integers
k,p,1, and m: (1) k = p < min{l,m}, (2) k < min{p,l,m}, (3) p < min{k,I,m},(4)p=1<
min{k,m}, 5) p=1=m <k, (6) I <min{p,k,m}, (7) ] =m <min{k,p}, ) I=m=k<
p, (9) m < min{l, k,p}, (10) m = k < min{l,p}, (11) p = m < min{l, k},and (12) k = I <
min{p, m}.

Our following plan is quite simple. We will treat our A as a bifurcation parameter and
distinguish four different cases (i) A > 1, i) A =1, (ili) 0 < A <1-g,and (iv) 1 —a< A <1,
and consider different z_,z_; in A, B, C, or D and discuss the precise asymptotic behaviors
of the corresponding solutions determined by them.

2. The Case A > 1

This case is relatively simple.

Theorem 2.1. Suppose, A > 1. Let {zy };2._, be any solution of (1.9) with (z_,z-1) € (0, )% Then
z, — k.

Proof. By (1.9), we may see that x,, < ax, + a’ and y, < ay,—» + a’ for n € N, then lim,x, <
1 < A and lim,y, < 1 < A. Thus, there exists an integer m such that (zx, zx+1) € (0, A]? for all
k > m. Therefore, zx,» = azx + a'k for all k > m. In view of (1.21) and (1.22), z, — k. The
proof is complete. O

3. The Case A =1

In this section, we assume that A = 1. If {zc};2_, is a solution of (1.9) and if zx € A and
zrs1 € (0, oo)z, then in view of (1.14), F)(zk+1) € {i,j, k, 0}, and hence

Zk+2 = AZ) + a’F)L(zkﬂ) € A. (31)

By similar reasoning, we may consider all other possible cases and collect our findings in
tables. To simplify the description of these tables, we first note that {p; }]f'io = {1/d };ZO is a

strictly increasing and divergent sequence. Therefore, if we let

10 = (Bi, Bis1], B® =19 x (0,1], DY = (0,1] x I?, Clh) = 1 x 1, (3.2)
then

(Lo =%, B=JB®, D=Jyp®, Cc=[Jc. (3.3)
i=0 i=0 i=0 i,jeN

First of all, the fact that zx € A and zj41 € A implies, zi.2 € A is recorded as the (A, A)
entry in Table 1. In this table, we may also find other entries which are self-explanatory.
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Table 1
A B®) Csb) D®)

A A A A A

B® B B aB® aB® + a'j
ch C aC%h +4'i aCtd) aClh) + a'j
DO D aD® + g'i aD® D

Table 2

Initial condition Condition Conclusion
(z_2,2z-1) € BB x Clop) 0<k<p (zak, Zak+1) € Ax C
(z_2,2-1) € BO) x ClP) 0<p<k (z2p, Z2ps1) € BX B
(z_2,2z.1) € B® x DP 0<k<p (z2k, Zok+1) € Ax D
(z—2,z-1) € B®) x DP) 0<p<k (z2p, z2p+1) € BXx A
(z-2,2z-1) € CF x BP) 0<k<p (22K, zok+1) € Bx B
(z—2,2-1) € CK) x B®) 0<p<k (zap, Z2ps1) EC x A
(z_p,2-1) € D® x CP®) 0<k<p (z2k, z2k41) € AXC
(z2,2_1) € DW) x CP?) 0<p<k (z2p, Z2ps1) € D x D
(z-2,2_1) € D% x B® 0<k<p (zok, z2k+1) € A X B
(z-2,z-1) € D® x B®) 0<p<k (zop, Zopr1) ED x A
(z—2,z-1) € Cks) x D®) 0<k<p (zak, Zok+1) € D x D
(z—2,z1) € Cks) x D®) 0<p<k (zap, Z2ps1) EC x A

Table 3: Initial condition: (z_5,z_1) € C*P) x Cbm),

Condition

Conclusion

0 <k =p <min{l, m}
0 < k <min{l,m,p}
0 <p <min{k,l, m}
0<p=I1<min{m,k}
0<p=l=m<k

0 <1< min{m,k,p}
0<1=m<min{p, k}
0<l=k=m<p

0 <m <min{l k,p}
0 <k =m<min{l,p}
0 <p=m<min{l, k}
0<k=I<min{p, m}

(22K, z2k41) € AX C

(Zak, Zoks1) € DP*D x CER-1D for some t € N
(z2p, Z2p1) € BEP7D 5 CmP~) for some t € N
(22p, Z2p+1) € Bk-p=1) 5 Ctm=p=1) for some t € N

(ZZp/ Z2;94—1) €BxB
(221, zo1p1) € CI=Lp=1=1)  plm=I-1)
(z21,z2141) EC X A
(za1, z2141) € Dx D
(Zom, Zoms1) € Clom=Lp=m=1) , p(l-m-1)

(22K, Zoks1) € DPF1 x CUF-LY for some t € N

(ZZp/ 22p+1) €BxB
(z2k, z21+1) € D x D

By similar considerations, we may also obtain Tables 1 and 2.
For instance, let us show the third data row in Table 2. Suppose that z_, € B% and

z.1 € D), where 0 < k < p. By Table 1, if 0 = k < p, then

zo=az,+dFy(z1) =az,+djeaB? +djCA,

(3.4)

z1 =az_1 +aF)\(z0) =az_+akeaD® +akCD.



8 Discrete Dynamics in Nature and Society

If 0 < k < p, then

zo=azy+aFy(z_1) = az_, +aj € aB® + a'j c Bk,

z1 =az_1 +a'F\(z) =az_+aie€aD® +a'icDPD,

(3.5)
zp = azo + a'F\(z1) = azo + a'j € aB*V + a'j ¢ B&2),
z3 = az, + A F\(z,) = az; + di € aD?P V) + 4'i C D2,
and by induction,
Zok = Azok— + A'F)\(2ok-1) = azok2 + d'j € aB© + ajcaA,
(3.6)

Zoks1 = AZok—1 + A F\(22k) = azok_1 + ak € aDWP ) + g’k C Dk,

thatis, zor € A and zyk,1 € D.
As another example, let us show the second data row in Table 3. Suppose that
(z-2,2z-1) € C*P) x Cl™)  where 0 < k < min{l, m, p}, then by Table 1, if 0 = k < min{l, m, p},

zo=az_,+aF\(z_1) =az_, € aCOr) c pr-1),

3.7)
z1 = az i +dFy(z) = az +aj € aCl™ 1+ a'j C I x (1, 00).
If 0 < k < min{l,m, p}, then
20 =az_ + a'Fy(z_1) = az_, € aC*») c ck-1r-1),
z1 = az_1 + adFy\(z0) = az_; € aCltm ¢ Ccl-1m-1),
(3.8)
zp = azo + a'Fy(z1) = azg € aCk-1p-D) ¢ Ck=2p-2),
z3 = az; + A F\(z) = az; € aCl-m-D ¢ c(F2m-2),
and by induction,
Zok = azok—z + @' F(2zax-1) = azok—n € aCOP™ c pr-k-D),
(3.9)

Zoki1 = AZok + @ F)(zak) = azop1 + a'j € aClRmK) 1 g'j ¢ 1°FD x (1, 00),

that is, zor € D®P %D and zpk,1 € CE*-1D for some t € N.
By means of the information obtained so far, let {z, },._, be a solution of (1.9), we will
be able to show the following result.

Theorem 3.1. Suppose that A = 1. Let {z,}%_, be a solution of (1.9) originated from (0, 00)?. Then

zn — (i), (j), (k), (0, k), (k,0), (i, k), (k, i), (j, k) or (k,j). (3.10)
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Table 4
A B®) Clsh D)
A (k) (i, k) (0, k) (i, k)
B® (k,i) (i) {0,k) or (i) (j, k) or (k,i)
(o) (k,0) (i) or (k,0) (0,k), (k,0), (i) or (j) (j) or (k,0)
D® (k,j) (i, k) or (ki) (0,k) or (i) G4y

To this end, let us consider first the case where (z_»,z_1) € A x A, then by the (A, A)
entry in Table 1, zy € A. By induction, we may then see that z; € A for all kK > -2. Hence, by
(1.9), we see that

zy=azy,2+(1-ak, neN, (3.11)
from which we easily obtain

Zok = alz, + <1 - ak”)k, neN,
(3.12)
Zoka1 = alz_y + (1 - ak”)k, n e N.

By (1.21) and (1.22), we see that zok, zok+1 — k so that z, — k. We record this conclusion in
the (A, A) entry of Table 4.

Consider another case where z_, € A and z_; € BY. Then by the (A, B") entry of
Table 1, we see that zg € A. Since z_; € BY") and z; € A, then by Table 1 again,

z1 € aB? + d'’k € B?, (3.13)

for some i € N. By induction, we may then see that zox € A and zk+1 € B for k > 1. Hence,
by (1.9), we see that

Zop = AZopo + d'i,
3.14
) N (3.14)

Zon+l = AZop-1 + AK,

for n € N. We may then easily see that z;, — iand zy,s1 — k.

By similar arguments, we may then derive the (A,C s9), (A, D®)),
(BD,A), (BY,B®), (Ct),A), (DD, A)and (D, D®) entries in Table 4.

To see why the other entries are correct, we consider a typical case where z_, € B®
and z_; € D® for some i,s € N. Suppose that 0 < i < s. By Table 2, zy; € A and z;,1 € D.
Hence by the (A, D) entry in Table 4, we see that zpx — j and zprs1 — k. Whileif 0 < s <4,
then zp; € B and z34,1 € A. Hence, by the (B, A) entry in Table 4, we see that zox — k and
Z2k+1 — L
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Table 5
A B C D
A C B A D
B C B aB aB + d'j
C C aC+a'i aC aC +a'j
D C aD +a'i aD D

4. The Case L € (0,1 -a)

Suppose that A € (0,1 - a). Then al +1-a >\, and {a;}7, is a strictly decreasing sequence

which diverges to —oo. Hence, there exists M € N such that ay,...,ap > 0 and aprq < 0. Let
Dj=a;j forj=0,...,M, and let D11 = 0, then

M
(0,01 = J(Djs1, Dj]. (4.1)
j=0

We denote

AP = (Dp+1,Dp] x (0,1], AP = (0,4] x (Dp+1, Dp], APD = (Dps1,Dp] x (Dygs1, Dy,
B = (), 00) x (Dps1,Dy], BPY = [P x (0,4], BP?P =1® x (Dq+11Dq]/
CUP) = (A, 00) x IV, CPY =P x (N, 00), CPD =[P x[@D,

DY) = (0,A] xI®,  DPY = (D,.1, D, x (A, 0), DP4 = (Dy1,D,] xI?,

(4.2)
then
M M M M © M w M
A= UA(P/)L) = UA(MJ) = U UA(M), B = UB(M) = UB(MJ) = U UB(W]),
p=0 p=0 p=04=0 p=0 p=0 p=04=0
(4.3)
o [’ ® M 0 M o
C= UC(PM\) = UC(W) = U Uc(w)/ D= UD(M) = UD(M?) = U UD(M)_
p=0 p=0 p=04=0 p=0 p=0 p=04=0

In Table 5, we record the fact that z, € B and z4+1 € B which implies z,,» € B as the
(B, B) entry, and so forth.

Tables 6 and 7 are similar to Tables 2 and 3.

For example, let us show the first data row in Table 6. Suppose that z_, € C*?) and
z_1 € B™Y where 0 < p < m. Then by Table 5,if 0 = p < m,

zo=az_p+adFy(z_1) = az_, +ai€aC* +aiCB,
(4.4)
z1=az_1+a'Fy\(zo) = az_ + d'i € aB™Y + 4'i C B.
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Table 6

Initial condition Condition Conclusion
(z2,z_1) € COP) x BmY) 0<p<m (z2p, Z2ps1) € BX B
(z-2,2-1) € COP) x BUm) 0<m<p (zom, Zom+1) EC x A
(z2,z_1) € BPY x Cm) 0<p<m (z2p, zop11) € AXC
(z-2,2-1) € BPY x Chm) 0<m<p (zam, Zams1) € Bx B
(z-2,z_1) € DXO) x BPY 0<k<p (z2k, Zok+1) € Bx B
(z-2,z-1) € DWWk « BpH 0<p<k (22;;/ Zzp+1) eCxA
(z0,z_1) € CPA) x DO 0<p<m (z2p, 22p11) € D x D
(z2,z_1) € CPY x DO 0<m<p (zom, Zoms1) €EC x A
(z_2,z_1) € DOV x CmY) 0<p<m (z2p, zop11) € AXC
(z-2,z_1) € DUP) x Clm) 0<m<p (zom, Zoms1) € D x D
(z-2,z_1) € B&Y x DUP) 0<k<p (22K, z2k41) € D x D
(z_2,z_1) € B&Y x DU 0<p<k (zap, Z2ps1) EC x A

Table 7: Initial condition: (z_, z_1) € CkP) x Cbm)

Condition Conclusion
0 <k =p <min{l, m} (z2k, z2k+1) € AXC
0<k <min{l,m,p} (22, Zoks1) € DOPK-D) 5 CU-K-1Y)
0 < p < min{k,I,m) (z2p, Z2p1) € BEP7LA) 5 COUm=p-1)
0<p=1<min{m,k)} (22p, Zop+1) € BEPTIN 5 CAm=p-D)
O<p=l=m<k (z2p, z2p+1) € BX B
0 <1< min{m,k,p} (201, Zo101) € CEI-LY) 5 pALm=1-1)
0<1=m<min{p, k} (za1,z2141) ECX A
0<l=k=m<p (z21,z21:1) € Dx D
0 <m <min{l, k,p} (Zom, Zoms1) € CAP=m=1) 5 Bl=m=1.0)
0 <k =m<min{l,p)} (Zom, Zoms1) € DOPED)  CU=k=1Y)
0<p=m<min{l, k} (z2p, z2p+1) € BX B
0<k=1<min{p, m) (z2k,z2141) € D x D
Table 8
A B C D
A (k,0) (i) (0,k) (i)
B (k,0) (i) (0,k) or (i) (j) or (L,0)
C (k,0) (i) or (k,0) (0,k), (k,0), (i) or (j) (j) or (k,0)
D (k,0) (i) or (k,0) (0,k) or (j) G
Table 9
Assumption Conclusion
(z_»,z.1) € Bx B (22K, zok+1) € Bx B

( )EAXC (22K, Z2k41) € AXC
(z2,z.1) € Dx D (22K, 22k41) € D x D
( J)ECxA (22K, 22k41) €EC X A

Z.2,Z1

Z-2,Z-1
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If 0 < p < m, then

z0=azo+adFy(z_1) = az +die€aC%) +4'icCchrD),

z1 = az_ + a' Fy(z) = az_; € aB™Y ¢ Bim-14),

(4.5)
2o = azg + a'Fy(z1) = azg + d'i € aCM™ + g'i c CWr2),
z3 = azi + A’ F\(22) = az; € aB"™ 1Y ¢ pim=24),
and by induction,
Zop = AZppy + a'Fy(22p-1) = azppr +dli € aC*0 4 g'i C B,
(4.6)

Zop+1 = AZpp-1 + A'Fy(22p) = azpp +dli € aB™PY 4 gi C B,

that is, zo, € B and z3,,1 € B.
As another example, let us show the second data row in Table 7. Suppose that
(z-2,2z-1) € C*P) x C™ where 0 < k < min{l, m, p}. Then by Table 5, if 0 = k < min{l, m, p},

zp = az_o + d'Fy(z-1) = az_, € aC%) c pUrD),

4.7)
z1=az.1+adFy(z) =az+d]je actm 4 ajc IED % (A, 00).
If 0 < k < min{l,m, p}, then
zo=az,+aFy(z_1) =az, € aCr) c clk=1p-1),
z1=az_1+aFy(zy) =az_q € actm c cl-tm-1)
(4.8)
2o = azg + a'Fy(z1) = azg € aC*k 177D ¢ ck-2p-2),
z3 = azi + d'F\(22) = az; € aCEVm-D) ¢ c-2m-2)
and by induction,
Zok = zak—a + @' Fi(20k-1) = azax—p € aCOPK) ¢ pUpk-D),
(4.9)

Zoks1 = Azokq + @' Fy(2ox) = azopq + aj € aCUR PP 4 g'j € 1FD (), 00),

that is, zox € DWP~*D and zpp,q € CUK-14),

Theorem 4.1. Suppose that A € (0,1-a). Let {z, },._, be a solution of (1.9) originated from (0, w0)?.
Then

zn — (i), (j), (0,k) or (k,0). (4.10)
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Table 10

Initial condition Condition Conclusion
AP 5 gm) 0<p<m (z2p, zop+1) € Bx B
AN x gim) 0<m<p (z2m, zome1) € Ax C
COp) 5 BimA) 0<p<m (22p, z2p+1) € BX B
Clp) x BmA) 0<m<p (z2m, Z2me1) € C x A
DPY 5 Am) 0<p<m (z2p, 22p+1) EC X A
DPY x Am) 0<m<p (zom, zom+1) € D x D
B x clhm) 0<p<m (22p, Zop11) € Ax C
B®A) y cAm) 0<m<p (z2m, Z2m+1) € Bx B
AWp)  pimd) 0<p<m (z2p,22p11) € D x D
AWP) % DmY) 0<m<p (z2m, zoams1) € AX C
Crh) x pm) 0<p<m (z2p, Zop11) € Dx D
CceV) x pm) 0<m<p (z2m, Zome1) € C x A
BOP) 5 A(m) 0<p<m (z2p, z2p+1) EC X A
B x AmY) 0<m<p (z2m, Zom+1) € Bx B
DWp) « Clmd) 0<p<m (ZZp,ZZp+1) €AxC
DUP)  Clmd) 0<m<p (z2m, Zomn1) € D x D

Table 11: Assumption: (z_p,z-1) € AKP) x AU,

Condition Conclusion

0 <k =p <min{l, m} (22K, Zok41) €C x A
0<p=l=m<k (z2p, z2p+1) € D x D
0<I=m<min{k,p} (za1,z2111) € AxC
0<l=m=k<p (za1,z2141) € BX B

0 <p=m<min{k,l} (22p, 22p+1) € D x D

0 <k =1<min{p,m} (zok, z2k41) € Bx B

0 <k <min{p,l,m) (22k, Zaks1) € BUPFT) 5 AUKLY)
0 <p < min{k,l,m} (z2p, Zops1) € Dk=p=LD) x AQm=p-1)
0<p=1<min{k, m} (22p, Zop1) € DEPTA) x Amp=1)
0 <1< min{p, k,m) (za1, z2131) € AR 5 Um=I-1)
0 <m < min{p,k,I} (22m, Zams1) € ALPm1) x DU=m=1)
0 <k =m<min{p,I} (zam, Zam1) € BOPFD x ALY

As in the proof of Theorem 3.1, we may construct Table 8.

For example, the (B, B) entry states that if (z_»,z_1) € B x B, then the solution {z,} of
(1.9) originated from it will tend to (i). Indeed, by Table 5, zy € B, and then by induction,
zx € B for all k > -2. Hence, by (1.9), we see that

zp=azy,o2+(1-a)i, neN, (4.11)

from which we easily obtain

zok = a*lz, + (1-a*1)i, neN,
(4.12)
Zoks1 = Az + <1 — ak”)i, n e N.
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Table 12: Assumption: (z_»,z-1) € Ckp) x Clm),

Condition Conclusion

0 <k =p <min{l, m} (22K, 22k41) € A C
0O<p=l=m<k (z2p, zop+1) € Bx B
0<1=m<min{k,p} (za1,z2111) ECx A
0<l=m=k<p (z21,22111) € Dx D

0 <p=m < min{k,I} (z2p, z2p11) € Bx B

0 <k =1<min{p, m} (z2k, Z2k+1) € D x D

0 < k <min{p,1,m} (22K, Z2ks1) € DOPTHD 5 CURLY
0 <p < min{k,I,m} (22p, Zap1) € BPKI 5 Cmp1)
0<p=1<min{k,m) (22p, Zop+1) € BEPTA 5 CAm=p=D)
0 < I <min{p, k, m) (za1, zo11) € CHATIA) 5 plm=I=1)
0 < m < min{p, k,1} (Zom, Zome1) € CHP7m=D) 5 BU=m=10)

0 <k =m <min{p,l} (Zom, Zoma1) € DWPE=1) 5 CU=k-10)

Hence zok, zpks1 — 1 so that z, — i. By similar reasoning, we may show the validity of the
(A,A),(A,B), (AC),(A D), (B,A),(C A),(D,A),and (D, D) entries.

Next, suppose that (z_5,z_1) € B?Y x C4™_ Then the solution {z,} of (1.9) originated
from it will tend to (0, k) or (i). Indeed, by Table 6, if 0 < p < m, then (z2,, z2p+1) € A x C and
by induction, (z2n42p, Z2n+2p+1) € A x C for all n € N. Hence, by (1.9), we have

Zonszp = "2y, NEN, (813)
Zonsop+1 = @"2opy1 + (1 —a")k, neN.

Hence, zp, — 0,z0441 — k. If 0 < m < p, then (22, Zom+1) € B x B. By previous argument,
we see z, — i. By similar reasoning, we may show the correctness of the other entries. The
proof is complete.

5. The Case L € [1-4,1)

Suppose that A € [1-a, 1), then al+1-a > ). Therefore, we may continue to use the notations
described in the previous case A € (0,1 — a) and proceed as in the previous two sections and
derive Tables 9, 10, 11, 12, 13 and 14.

By means of these tables, we may then derive the following result.

Theorem 5.1. Suppose that A € [1 - a,1). Let {z,} be a solution of (1.9) originated from (0, o).
Then

zn — (i), (j), (k,0) or (0, k). (5.1)

The proof amounts to showing the validity of Table 15.
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Table 13: Assumption: (z_»,z-1) € D&p) x glm)

Condition Conclusion

0 <k =p <min{l, m} (z2k, Z2k+1) € Bx B
0O<p=l=m<k (z2p, 22p+1) € Ax C
0<1=m<min{k,p} (z21, z2141) € D x D
0<l=m=k<p (z2z2111) €C x A

0 <p=m < min{k,I}
0<k=I1<min{p,m}
0 <k <min{p,,m}
0 <p <min{k,l, m}
0<p=1<min{k, m}
0 <1< min{p, k,m}
0 <m <min{p, k,1}
0 <k =m <min{p,l}

(z2p, Zopr1) € AxC
(zak, zok+1) EC x A
(zak, Zaks1) € CHPE=D)  BUEk-LA)
(22p, Z2ps1) € AGPIY x BOmp-D
(Zzp, Zzp+1) € A(kfpfl”\) X B()”’mfpfl)
(221, za11) € DKL 5 ACmI-1)
(Z:Zm/ sz+1) c D(,\,p—m—l) x C(l—m—l,,\)
(Zam, Z2m1) € COPHD x BIH1Y

Table 14: Assumption: (z_p,z-1) € BP*) x DD,

Condition

Conclusion

0 <k =p <min{l, m}
O<p=l=m<k
0<I1=m<min{k,p}
0<l=m=k<p
0<p=m<min{k,l}
0<k=I1<min{p, m}
0 < k <min{p,1,m}
0 < p <min{k,1,m}
0<p=I1<min{k,m}
0 <1< min{p, k, m}
0 <m <min{p, k,I}
0 <k =m<min{p,l}

(zok, Z2k+1) € D x D

(z2p, z2ps1) € Ax C

(z21,z2141) € Bx B

(za1, z2141) EC x A

(z2p, 22ps1) € AxC

(zok, Zok+1) €EC X A
(2ok, Zoks1) € CPK-1Y) 5 DALI-k-1)
(z2p, Z2ps1) € AWk-p-1) o D(m-p-1,1)
(z2p, Z2ps1) € AWk=p=1) o D(m-p-1,1)
(za1, Zo141) € BWKD) 5 Alm-1-1,0)
(Zom, Zome1) € BP1A) 5 cWl-m-1)
(Zom, Zoma1) € CPR-LA) x DALI-k=1)

For example, the (B?%), D)) entry states that if (z_5,z.1) € B¥P* x D™D where
0 < p < min{k,[,m}, then the solution {z,} of (1.9) originated from it will tend to (j) or
(0,k). Indeed, by Table 14, (zp, zop+1) € ANFP=D x DUm=P=1Y)_ Furthermore, by Table 10, if
0<k-p-1<m-p-1,then (2, z2k+1) € D x D. Hence, by (1.9), we see that

Zy=azpp+(1-a)j, n>2k+2, (5.2)

from which we easily obtain

Zopsok = a"zok + (1 —a")j, meN,
(5.3)
Zonsokel = A" 201 + (1 —a")j, meN.

Hence, z, — j.
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Table 15
A B C D
A (k,0),(0,k), (i) or (j) (i) or (0,k) (0,k) (j) or (0, k)
B (k,0) or (i) (i) (0,k) or (i) (k,0),(0,k), (i) or (j)
c (k,0) (i) or (k,0) (0,k), (k,0), (i) or (j) (j) or (k,0)
D (k,0) or (j) (k,0),(0,k), (i) or (j) (0,k) or (j) ()

If0<m-p-1<k-p-1, then (zom, Zom+1) € AxC. By Table 9 again, (224, zon+1) € AxC
for all n > m. Hence, by (1.9), we see that

Zop = AZyp-2, N>Mm,
(5.4)
Zopn = azopa + (1-a)k, n>m,

from which we easily obtain

Zonsam = 0" Zom, MEN,
(5.5)
Zons2mil = A" Zoma1 + (1 —a")k, neN.

Hence, z5, — 0,2z, — k. By similar reasoning, we may derive the other entries of Table 15.
The proof is complete.

6. Conclusions and Remarks

We have discussed a simple two-nation arms race model with a positive threshold A hidden in
a nonlinear piecewise constant control function. Treating A as a bifurcation parameter which
varies from 0* to +oo, we have discussed the limiting behaviors of all possible solutions of
(1.9) originated from the positive orthant (0, o).

Let0=(0,0), i=(1,0), j=(0,1),and k = (1,1).

(i) For A > 1, all solutions of (1.9) originated from the positive orthant tend to (k).

(ii) For A = 1, all such solutions must either be tending to (i), (j), or (k) or to
(0,k), (k,0), (i, k), (k,i), (j, k), or (k,j).

(iii) For 0 < A < 1, all such solutions must either be tending to the steady states (i) or
(j), or to (k,0) or (0, k).

Recall that a sequence {z,},._, is asymptotically w-periodic if it can be expressed as
the sum of two sequences {p,},. , and {g,},._,, where p, — 0and {g,},. , is periodic with
prime period w. Therefore, as a direct consequence of our investigations, all solutions of (1.9)
originated from the positive orthants must either tend to limit 1-cycles (i), (j), or (k) or
to limit 2-cycles (0,k), (i, k), or (k,j). Such a conclusion meets our expectation of a “terror
equilibrium” in nuclear arms races.

We conclude our investigations with the following remarks. One may object that
the above east-west view of conflicts has less bite nowadays and that this way of thinking

of the problem is far too simple. Indeed, there is now a second-generation literature that
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incorporates real strategic thinking, with sound foundation in decision theory and game
theory (see, for instance, [10-12]). Yet to the best of our knowledge, there is no complete
mathematical analysis similar to those described above. We hope that our results will be
useful in furthering the mathematical investigation of arms race models based on more recent
and realistic social models.
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