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We investigate the global convergence result, boundedness, and periodicity of solutions of the
recursive sequence X1 = ax,+((bxp-1+cxp2+dx,_3)/(ax,_1+Ppxp2+yxn3)), n=0,1,..., where

the parameters a, b, ¢, d, a, p, and y are positive real numbers and the initial conditions x_3, x_», x_1,
and xp are positive real numbers.

1. Introduction

Our goal in this paper is to investigate the global stability character, boundedness, and the
periodicity of solutions of the recursive sequence

bx,_1 + cxXp_n +dx,_3
7
AXp1 + PXn2 +YXn3

Xpel = AXy + (1.1)

where the parameters a,b,c,d,a,f, and y are positive real numbers and the initial
conditions x_3, x_», x_1, and x( are positive real numbers.

Recently there has been a lot of interest in studying the global attractivity, the
boundedness character and the periodicity nature of nonlinear difference equations, see for
example [1-15].

The study of the nonlinear rational difference equations of a higher order is quite
challenging and rewarding, and the results about these equations offer prototypes towards
the development of the basic theory of the global behavior of nonlinear difference equations
of a big order, recently many researchers have investigated the behavior of the solution of
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difference equations—for example, in [3] Elabbasy et al. investigated the global stability,
periodicity character and gave the solution of special case of the following recursive
sequence:

bx,

_ 1.2
CcxXy —dx, 1 (1.2)

Xn+l1 = Xy —

In [5] Elabbasy and Elsayed investigated the global stability character and boundedness of
solutions of the recursive sequence

p p
axy +b[ [ xn-r

. 1.3
sz + dl_[le Xn—r (13)

Xn+l =

Elsayed [11] investigated the global character of solutions of the nonlinear, fourth-order,
rational difference equation

bxnxn—2

=aXp o+ ——————. 14
Xl = @np + = (1.4)
Saleh and Alogeili [16] investigated the difference equation
Yn
el = A+ . 15
Yna1 Yok (1.5)

Yang et al. [17] investigated the invariant intervals, the global attractivity of equilibrium
points, and the asymptotic behavior of the solutions of the recursive sequence

ax,_1+bx,_»

. 1.6
Cc+dx,_1Xn— (16)

Xn+l =

For some related work see [16-26].
Here, we recall some basic definitions and some theorems that we need in the sequel.
Let I be some interval of real numbers and let

F:IM — (1.7)

be a continuously differentiable function. Then for every set of initial conditions
X_j, X_k+1, - - -, X0 € I, the difference equation

Xni1 = F(xy, xp-1,.-.,x0-x), n=0,1,..., (1.8)

has a unique solution {x,};. .
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Definition 1.1 (Equilibrium Point). A point x € I is called an equilibrium point of (1.8) if

¥=F(XX%,...,%). (1.9)

Thatis, x, = x forn > 0 is a solution of (1.8), or equivalently, x is a fixed point of f.

Definition 1.2 (Periodicity). A sequence {x,},._, issaid to be periodic with period p if x,,,, =
x, foralln>-k.

Definition 1.3 (Stability). (i) The equilibrium point X of (1.8) is locally stable if for every € >
0, there exists 6 > 0 such that for all x_x, x_js1,..., X_1, X0 € I with

|o_k = X| + |[X_ge1 = X| + -+ |x0 = X| < 6, (1.10)
we have

|x, —X| <e Vn2>-k. (1.11)

(ii) The equilibrium point X of (1.8) is locally asymptotically stable if X is locally
stable solution of (1.8) and there exists y > 0, such that for all x_i, x_g+1,...,x_1, x0 € I with

Xk~ X+ X — X+ + X0~ X <, (1.12)
we have
nlgr;) Xp = X. (1.13)

(iii) The equilibrium point x of (1.8) is a global attractor if for all x_,
X_k41,---,%_1,%0 € I, we have

lim x, = x. (1.14)
(iv) The equilibrium point x of (1.8) is globally asymptotically stable if x is locally
stable, and x is also a global attractor of (1.8).
(v) The equilibrium point x of (1.8) is unstable if X is not locally stable.

The linearized equation of (1.8) about the equilibrium x is the linear difference
equation

k
oF(x,x,...,x
Yni1 = Z = ax )]/n—i. (1.15)

i=

Theorem A (see [18]). Assume thatp; € R, i=1,2,...,k and k € {0,1,2,...}. Then

k
Spi| <1 (1.16)
i=1
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is a sufficient condition for the asymptotic stability of the difference equation

xn+k+P1xn+k—1+"'+kan=O n=0,1,.... (117)

Theorem B (see [19]). Let g : [a, b]*! — [a,b] be a continuous function, where k is a positive
integer, and where [a, b] is an interval of real numbers. Consider the difference equation

Xn+1 =g(xn/xn—lr-”/xn—k)r n= O/ 1/ (118)

Suppose that g satisfies the following conditions.
(1) For each integer i with 1 <i < k + 1; the function g(z1,z, ..., Zk+1) is weakly monotonic
in z; for fixed z1,z2, ..., Zi-1, Zisl, - - -, Zk+1-
(2) If (m, M) is a solution of thmhje system

m=g(my, my,..., Mi1), M = g(Mi, My, ..., Mia), (1.19)

then m = M, where for eachi=1,2,...,k + 1, we set

o 1M if gis nondecreasing in z;,
1 M if g is nonincreasing in z;,
(1.20)
M {M if gis nondecreasing in z;,
i=

m if g is nonincreasing in z;.

Then there exists exactly one equilibrium x of (1.18), and every solution of (1.18) converges to x.
The paper proceeds as follows. In Section 2, we show that when

[2a(c+d) -2b(B+7)|,[2y(b+c) - 2d(a+ )|,
[26(6 +d) ~2¢(a-+y)| } o

(a+ﬂ+y)(b+c+d)>max{

then the equilibrium point of (1.1) is locally asymptotically stable. In Section 3 we prove that the
solution is bounded and persists when a < 1 and the solution of (1.1) is unbounded if a > 1. In
Section 4 we prove that there exists a period two solution of (1.1). In Section 5 we prove that the
equilibrium point of (1.1) is global attractor. Finally we give a numerical examples of some special
cases of (1.1) and draw it by using Matlab.

2. Local Stability of the Equilibrium Point of (1.1)

This section deals with study of the local stability character of the equilibrium point of (1.1).
Equation (1.1) has equilibrium point and is given by

_  _ b+c+d
x—ax+m. (21)



Discrete Dynamics in Nature and Society 5

If a < 1, then the only positive equilibrium point of (1.1) is given by

- b+c+d 59
x_(a+[3+y)(1—a)' (2.2)

Let f: (O, w)* — (0,00) bea continuously differentiable function defined by

bv + cw + dt

f(u, v,w, t) =au+ m (23)
Therefore, it follows that
of (w,v,w,t)
v
of (u,v,w,t) _ (bp — ca)w + (by — da)t
ov (a0 + pw +yt)’
Of (u,0,w,t) _ —(bp - ca)v + (cy - dp)t 24
ow (a0 + pw +yt)’
of (u,v,w,t) _ —(by —da)v - (cy —dp)w
ot (a0 + fw +yt)’ .
Then we see that
of (x,x,x,x) (bp-ca)+ (bp~-da) [(bf-ca)+ (by-da)](1-a) .,
ov - (a+p+7y)°x B (a+p+y)(b+c+d) >
Of (5,%,%7) _ ~(bp=ca) + (cy=dp) _ [-(p-co)+ (cr=dpla-a) __ >
ow (a+p+7y)°% (a+p+y)(b+c+d) ’
of (x,x,x,x) _ —(by—da) - (cy-dp) _ [-(by-da)-(cy-dp)[(1-a)
ot (x+p+7)°% (a+p+y)(b+c+d)
Then the linearized equation of (1.1) about X is
Yns1 + A3Yn + Q2Yn-1 + A1Yn-2 + A0Yn-3 =0, (2.6)

whose characteristic equation is

M+ asA3 + apA? + ajd + ap = 0. (2.7)
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Theorem 2.1. Assume that

[2a(c+d) -2b(B+7)]|,
}. 2.8)

(x+P+y)(b+c+d)>max] [2y(b+c) -2d(a+ )|,
[26(b+d) - 2c(a+7)|
Then the positive equilibrium point of (1.1) is locally asymptotically stable.

Proof. 1t is follows by Theorem A that (2.6) is asymptotically stable if all roots of (2.7) lie in
the open disc |A| < 1, that is, if

las| + |az| + [a1| + |ao| < 1.

[(bB - ca) + (by —da)](1 - a) [-(bB —ca) + (cy —dp)| (1 - a)

|af +

(a+p+y)(b+c+d) (a+p+y)(b+c+d) (2.9)
[-(by —da) — (ey —dp)]1-a)|
(a+p+y)b+c+d) !

and so

| [(b - ca) + (by —da)] (1 - a)| + [[-(bp - ca) + (cy - dp)] (1 - a)|

(2.10)
+|[-(by —da) = (cy —dp)|(1-a)| < [(a+B+y)(b+c+d)]|(1-a).
Dividing the denominator and numerator by (1 — a) gives
| (bp = ca) + (by —da) | +[~(bp — ca) + (cy ~dp)|
(2.11)

+|-(by —da) = (cy —dp)| < (a+B+7y)(b+c+d).
Suppose that

By = (bp - ca) + (by - da),
B, = —(bp —ca) + (cy - dp), (2.12)
B; = —(by —da) — (cy — dp).

We consider the following cases.
(1) By >0, B, >0, and B; > 0. In this case we see from (2.11) that

(bp - ca) + (by —da) — (bp — ca) + (cy — dp) — (by — da)
—(cy-dp) <(a+p+y)(b+c+d),

(2.13)
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if and only if

(a+p+y)(b+c+d) >0,

which is always true.
(2) By >0, B, >0,and B; <0. It follows from (2.11) that

(bp = ca) + (by — da) = (bp = ca) + (cy —dp) + (by —da) + (cy - dp)

<(a+p+y)(b+c+d),
if and only if
2y(b+c)-2d(a+p) < (a+p+y)(b+c+d),

which is satisfied by (2.8).
(3) B1 >0, B, <0, and B; > 0. We see from (2.11) that

(bp - ca) + (by — da) + (bp - ca) — (cy — dp) — (by — da)

—(cy-dp) <(a+p+y)(b+c+d),
if and only if
28(b+d)-2c(a+y) <(a+p+y)(b+c+d),

which is satisfied by (2.8).
(4) B1 >0, B, <0, and B; < 0. It follows from (2.11) that

(bp - ca) + (by —da) + (bp — ca) — (cy — dp) + (by — da) + (cy — dp)

<(a+p+y)(b+c+d),
if and only if
2b(B+y) —2a(c+d) < (a+p+y)(b+c+d),

which is satisfied by (2.8).
(5) B1 <0, B, >0, and B; > 0. We see from (2.11) that

= (bp ~ca) = (by — da) = (bp — ca) + (cy — df) = (by - dax) — (cy — df)

<(a+p+y)b+c+d),

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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if and only if
2a(c+d)-2b(+y) < (a+P+y)(b+c+d), (2.22)

which is satisfied by (2.8).
(6) B1 <0, B, >0,and B; < 0. It follows from (2.11) that

— (bp - ca) — (by — da) — (bp — ca) + (cy - dp) + (by — da)

(2.23)
+(cy-dp) <(a+p+y)(b+c+d),
if and only if
2c(a+y)-2pb+d) < (a+p+y)(b+c+d), (2.24)
which is satisfied by (2.8).
(7) B1 <0, B, <0,and B; > 0. We see from (2.11) that
= (bp ~ ca) = (by —da) + (bp — ca) = (cy — df) = (by - dax) - (cy - df) 225
<(a+p+y)(b+c+d), '
if and only if
2d(a+p) -2y(b+c) < (a+p+y)(b+c+d), (2.26)
which is satisfied by (2.8).
(8) B; <0, B, <0, and B3 < 0. It follows from (2.11) that
— (bp - ca) = (by - da) + (bp - ca) = (cy - dp) + (by - da) + (cy - dp) 2.27)
<(a+p+y)(b+c+d), '
if and only if
(a+p+y)(b+c+d) >0, (2.28)
which is always true. The proof is complete. O

3. Boundedness of Solutions of (1.1)

Here we study the boundedness nature and persistence of solutions of (1.1).
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Theorem 3.1. Every solution of (1.1) is bounded and persists if a < 1.

Proof. Let {x,},._5 be a solution of (1.1). It follows from (1.1) that

bx,_1 +cxp0 +dx, 3 bx,_1
Xpsl = Xy + =ax, +
AXp-1 + PXn-2 +YXn3 AXn-1 + PXn-y +YXn3
CXp 2 dx,-3

+ .
AXp-1 + PXn-g + YXn-3  AXn-1 + PXn-2 +YXn3

Then

bx,-1 Xy dx,—3
Xpep < AxXp + —— 4 02 T8

axXp-1 PXno  YXn-3 a Y
By using a comparison, we see that

) bpy + cay + dap
limsupx, < ————— =
n—>oop apy(l-a)

Thus the solution is bounded.
Now we wish to show that there exists m > 0 such that

x,>m Yn>1.
The transformation

Xy = —

will reduce (1.1) to the equivalent form

:axn+é+£+é Vn>1.

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

1 a(@Yn2Yns + PYn1Yns + YYn1Yn-2) + Yn(bYn-2yns + CYn-1Yn-s + dyn-1yn-2)

Yn+ Yn(@Yn-2Yn-3 + PYn-1Yn-3 + YYn-1Yn-2)

or

Yn(@Yn-2Yn-3 + PYn-1Yn-3 + YYn-1Yn—2)

Yn+l

B a(“yn—Zyn—Ci + pyn—lyn—3 + Yyn—lyn—2) + Yn (byn—Zyn—3 + CYn-1Yn-3 + dyn—lyn—2) .

(3.6)

(3.7)
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It follows that

Y (@Yn-2Yn-3 + PYn-1Yn-3 + YYn-1Yn—2)

il <
I (OYnaYns + CYn1Yns + Y1y 2)
_ AYn2Yn-3 + ﬁ Yn-1Yn-3
byn-2Yn-3 + CYn-1Yn-3 + AYnaYn2  bYn-2Yn-3 + CYn-1Yn-3 + AYn-1Yn-2
N YYn-1Yn-—2 (3.8)
byn-2Yn-3 + CYn-1Yn-3 + AYn-1Yn—2
< Wn2Yns Pyniyns  YYniyno _a P Y
byn-2Yn-3  CYn-1Yn-3 AYnaYyno b c d
d + pbd + yb
_acd+pbd+ybe .. >1.
bed
Thus we obtain
1 1 bcd
n=— > == = V > 1 .
x Yo H  acd+pbd+ybe e (39)
From (3.3) and (3.9), we see that
m<x, <M Vn>1. (3.10)
Therefore, every solution of (1.1) is bounded and persists. O

Theorem 3.2. Every solution of (1.1) is unbounded if a > 1.

Proof. Let {x,},._5 be a solution of (1.1). Then from (1.1) we see that

bx,_1 +cxpn +dx,_3
AXp1 + PXn + YXn-3

Xps1 = Xy + >ax, Vn>1. (3.11)

We see that the right-hand side can be written as follows:

Ynil = AYn = Yy = a"Yo, (3.12)

and this equation is unstable because a > 1, and lim, ..y, = oo. Then by using ratio test

{x4}5-_3 is unbounded from above. O

4. Existence of Periodic Solutions

In this section we study the existence of periodic solutions of (1.1). The following theorem
states the necessary and sufficient conditions that this equation has periodic solutions of
prime period two.
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Theorem 4.1. Equation (1.1) has positive prime period two solutions if and only if

() b+d-c)(a+y-P)(A+a)+4(apb+d)+c(a+y)) >0, a+y>p, b+d>c.

Proof. First suppose that there exists a prime period two solution

B P (4.1)

of (1.1). We will prove that condition (i) holds.
We see from (1.1) that

+bp+cq+dp g ep+cq

=a = —————, wheree=b+d, f=a+y,
P ap v Bayp - Fp+pa d !
(4.2)
bgq+cp+dg eq+cp
=ap+ ———— =ap + .
T g g fa+pp
Then
fp*+PBpq = afpq+apq’ +ep+cq, (4.3)
fq2 +Ppq =afpq+ a,ﬁp2 +eq+cp. (4.4)
Subtracting (4.3) from (4.4) gives
f(p*- ) = -ap(p* - 7*) + (e =) (p - q)- (4.5)
Since p # g, it follows that
(e-¢)
p+q= . (4.6)
(f +ap)
Again, adding (4.3) and (4.4) yields
f(p*+a*) +26pq = 2afpq+ ap(p* + @) + (e + ) (p + ) (4.7)

or

(f-ap)(p*+ ) +2(p=af)pa = e+ o) (p +4). (48)
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It follows by (4.6), (4.8) and the relation

p+q'=(p+q)°-2pq Yp,qeR (4.9)
that
2(eaf+cf)(e-c)
2(8-f)(1+a)pq = : (4.10)
(f +ap)’
Thus
pq = (eap+cf)(e-c) @11

(f+ap)(B-f)(1+a)

Now it is clear from (4.6) and (4.11) that p and g are the two distinct roots of the quadratic

equation
) (e-c) > < (eap+cf)(e-c) >_
- t =0, 4.12
<(f+“ﬂ) ' (f+ap)*(p-f)(1+a) 1
5 (eap+cf)(e-c) ~
(f +ap)t _(e_c)t+((f+aﬂ)(ﬂ—f)(l+a)>_0 (4.13)
and so
e_c2_4(ea[3+cf)(e—c)
[e—c] G-Ha+a) >0, (4.14)

4(eap+cf)(e-c) .
(f-p)1+a) ' (4.15)

(e-c)(f-P)(1+a)+4(eap+cf)>0.

[e—c]*+

Therefore, inequality (i) holds.
Second, suppose that inequality (i) is true. We will show that (1.1) has a prime period
two solution.
Assume that
p= e—-c+¢
~2(f +ap)’
(f +af) (4.16)
e—-c—¢

= 2(f+ap)

where § = \/[e—c]z—4(eaﬂ+cf)(e—c)/(ﬂ—f)(1 +a).
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We see from inequality (i) that
(e-o)(f-B)A+a)+4(eap+cf)>0, e>c, f>P, (4.17)
which is equivalent to

, 4(eap+cf)e-c)
(e-c)> CERTETIR (4.18)

Therefore, p and g are distinct real numbers.
Set

X-3=p, X_p = q/ X-1=p, xXg = q (419)
We wish to show that
X1 =X_1=p, X2 = X0 =4g. (4.20)

It follows from (1.1) that

b d
. p+cq+ p_a +ep+cq

T ap gy T o
(4.21)
~ <e_c_g> e((e-=c+¢)/2(f+ap)) +c((e-c—¢)/2(f +ap))
=a + .
2(f+ap) ) fle=c+8)/2(f +ap))+p((e-c—§)/2(f +ap))
Dividing the denominator and numerator by 2(f + aff) gives
- ae—ac—-ai ele—-c+{)+cle—-c—¢)
YT 2(frap)  fle-c+g)+Ple—c-)
(4.22)

_ae—ac-ajg (e=c)[(e+c)+¢]

T 2(f+ap) | (FP)e-o+(f-P)
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Multiplying the denominator and numerator of the right side by (f + ) (e —c) — (f - B)¢ gives
ae—ac-ag  (e-olle+o) +{[(f+h)(e—c) - (f-P)

2(f+ap)  [(f+P)e-a+ (f-P(f+P)le-c)-(f-P)i]

_ae—ac-ajg

 2(f +ap)

.\ (e=)(f+P)(e =) +L[(f+B)e—c) = (f-P)le+0)] - (f - )}
(f+B)(e=0) - (f-B)’¢
ae - ac - ag . (e-o){(f+P)(e*-c?) +2¢(Pe—cf) - (f-P)A}
2(f +ap) (f+P) (-0~ (f -B) A

ae —ac—-ag . (e—o){(f+P)(e* —c*) +2{(Be—cf) - B}
2(f + ap) (F+B)(e-c) - (f-P)°S

ae —ac - a( . (e—c){2(e—c)[fc+Pe-2(eap+cf)/(1+a)] +2{(Be—cf))
27 + ap) He-Olpfle-a+ (B-NleapreN/Ara]

X1 =

(4.23)

where &/ denotes to [e — c]2—4(eaﬂ+cf)(e—c)/(ﬂ—f)(1+a) and B denotes to (f—f)(e - o)+
4(eap+cf)(e—-c)/(1+a).

Multiplying the denominator and numerator of the right side by (1 + a), we obtain

ae —ac—ag . (e—o)[(fe+Pe)1+a)—2(eap+cf)] +¢(1+a)(fe—cf)
2(f +ap) 2[fe—c)(+a)+ (B~ f)(eap +cf)]
_ae-—ac-a} . (e-c)(Pe-fc)(1-a)+ ¢ +a)(fe—-cf)

2(f+ap)  2[pfle-c)(1+a)+ (B~ f)(eap+cf)]
=ae—ac—a§+(,Be—fc){(e—c)(l—a)+§(1+a)} (4.24)
2(f +ap) 2(pe—cf)(f +ap)
ae —ac—ag . (e=c)(1-a)+¢(1+a)

X1 =

2(f + ap) 2(f + ap)
:ae—ac—a§+(e—c)(l—a)+§(1+a): e—c+¢ _
2(F + ap) 2(f+ap) "

Similarly as before one can easily show that

Xy =q. (4.25)



Discrete Dynamics in Nature and Society 15

Then it follows by induction that

Xon=q, Xopu=p VYn>-L (4.26)

Thus (1.1) has the prime period two solution

PP G (4.27)

where p and q are the distinct roots of the quadratic equation (4.13) and the proof is complete.
O

5. Global Attractor of the Equilibrium Point of (1.1)
In this section, we investigate the global asymptotic stability of (1.1).

Lemma 5.1. For any values of the quotient b/a, ¢/, and d/y, the function f(u,v,w,t) defined
by (2.3) has the monotonicity behavior in its three arguments.

Proof. The proof follows by some computations and it will be omitted. O

Remark 5.2. It follows from (1.1), when b/a = ¢/ = d/y, that
Xps1 = ax, + A Vn > -3 and for some constant . (5.1)

Whenever the quotients a/A, /B, and y/C are not equal, we get the following
result.

Theorem 5.3. The equilibrium point X is a global attractor of (1.1) if one of the following statements
holds:

b ¢ _ d
1) =>—->—, d>b+c,
a p Ty
b d_c
2)->2->-, c>b+d,
a~y P
m%z%z% d>b+c,
o (5.2)
@ S>%52  bxc+d,
Py «a
d ¢ b
(5)—2—2—, bZC+d,
Yy P a
d b _ ¢
6) =>—>=, c>b+d.
Yy a p
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Proof. Let {x,};._5 be a solution of (1.1) and again let f be a function defined by (2.3).
We will prove the theorem when case (1.1) is true, and the proof of the other cases is

similar and so will be omitted. O

Assume that (5.2) is true, then it is easy from the equations after (2.3) to see that the
function f(u,v,w,t) is nondecreasing in u, v and nonincreasing in t and it is not clear what
is going on with w. So we consider the following two cases.

Case 1. Assume that the function f(u,v,w,t) is nondecreasing in w.
Suppose that (m, M) is a solution of the system M = f(M,M,M,m) and m =
g(m,m,m, M). Then from (1.1), we see that

bM +cM +dm bm+cm+dM

M:aM+m, m:am+m, (5.3)
or
s TR
Then
(a+p)(1-a)M?>+y(l-a)Mm = (b+c)M +dm,
(a+p)(1-aym? +y(1 - a)Mm = (b +c)m + dM. (5
Subtracting this two equations, we obtain
M-m){(a+p)1-a)M+m)+(d-b-c)} =0, (5.6)
under the conditions d > b + ¢, a <1, we see that
M =m. (5.7)

It follows by Theorem B that x is a global attractor of (1.1) and then the proof is complete.

Case 2. Assumes that the function f(u, v, w,t) is nonincreasing in w.
Suppose that (m, M) is a solution of the system M = f(M,M,m,m)and m =
g(m,m, M, M). Then from (1.1), we see that

bM +cM +dm bm+cm+dM
M=aM+ o pnieym’ ™ et pm M (5:8)
or
bM +cm+dm bm+cM+dM
M=) = S pmrym ™D i pM M (59)
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Plot of x,41 = axy, + (bx,_1 +cxpo + dx,3)/
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Figure 2

Then
a(l-a)M?*+ (B+y)(1—a)Mm =bM + (c + d)m,

(5.10)
a(l-aym*+ (B+y)(1 - a)Mm = bm + (c + d) M.

Subtracting these two equations we obtain

(M —m){a(l-a)(M+m)+(c+d-b)} =0. (5.11)
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Plot of x,41 = axy, + (bxp-1 + cxXpp + dx,-3)/
x101 (aXp1 + X + YXno3)
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Plot of x41 = ax, + (bxp-1 + cxXp—p + dxy-3)/
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Figure 4

Under the conditions d > b + ¢, a < 1, we see that

M =m. (5.12)

It follows by Theorem B that x is a global attractor of (1.1) and then the proof is complete.
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Plot of x,41 = axy, + (bxy—1 + cxpn + dx,-3)/
(axp-1 + Pxn-2 +yYXu-3)
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6. Numerical Examples

For confirming the results of this paper, we consider numerical examples which represent
different types of solutions to (1.1).

Example 6.1. Weassume x_3 =2, x, =3, x.1 =8, x0=5,a=06,b=7,¢=3,d=9,a=
3.8, p=0.2, and y = 1.2. See Figure 1.

Example 6.2 (see [Figure 2]). Since x.3 =5, x, =6, x.1 =3, x0 =4, a=13,b=5,c
3,d=8a=6 pf=4and y=7.

Example 6.3. We consider x_3 =5, x =7, x.1 =11, x0=3,a=5,b=2,c=3,d=4, a
3, p =2, and y =7. See Figure 3.

Example 6.4 (see [Figure4]). Since x.3 =7, xp =2, x.1 =3, x =5 a=01,b=2c¢
5 d=14, a=13, p=2, and y =3.

Example 6.5 (see [Figure 5]). It shows the solutions when x3=x_1=p, x o =x)=¢q, a =
06, b=7,¢c=3,d=9, a=38, p=02, y=12

(e—c)i\/[e—c]z—4(eaﬁ+cf)(e—c)/(ﬁ—f)(1+a)

2(F + ap) (D

Since p,q =

References

[1] R. P. Agarwal and E. M. Elsayed, “On the solution of fourth-order rational recursive sequence,”
Advanced Studies in Contemporary Mathematics, vol. 20, no. 4, pp. 525-545, 2010.

[2] E. M. Elabbasy, H. El-Metwally, and E. M. Elsayed, “Some properties and expressions of solutions for
a class of nonlinear difference equation,” Utilitas Mathematica, vol. 87, pp. 93-110, 2012.



20 Discrete Dynamics in Nature and Society

[3] E. M. Elabbasy, H. El-Metwally, and E. M. Elsayed, “On the difference equation x,,1 = ax, —
(bxy)/ (cxp — dx,-1),” Advances in Difference Equations, vol. 2006, Article ID 82579, 10 pages, 2006.
[4] E. M. Elabbasy, H. El-Metwally, and E. M. Elsayed, “Global behavior of the solutions of difference
equation,” Advances in Difference Equations, vol. 2011, article 28, 2011.
[5] E. M. Elabbasy and E. M. Elsayed, “On the global attractivity of difference equation of higher order,”
Carpathian Journal of Mathematics, vol. 24, no. 2, pp. 45-53, 2008.
[6] E. M. Elabbasy and E. M. Elsayed, “Global attractivity and periodic nature of a difference equation,”
World Applied Sciences Journal, vol. 12, no. 1, pp. 3947, 2011.
[7] E. M. Elsayed, “On the solution of some difference equations,” European Journal of Pure and Applied
Mathematics, vol. 4, no. 3, pp. 287-303, 2011.
[8] E. M. Elsayed, “Dynamics of a recursive sequence of higher order,” Communications on Applied
Nonlinear Analysis, vol. 16, no. 2, pp. 37-50, 2009.
[9] E. M. Elsayed, “Solution and attractivity for a rational recursive sequence,” Discrete Dynamics in
Nature and Society, vol. 2011, Article ID 982309, 17 pages, 2011.
[10] E. M. M. Elsayed, “Behavior of a rational recursive sequences,” Studia. Universitatis Babes-Bolyai
Mathematica, vol. 56, no. 1, pp. 27-42, 2011.
[11] E. M. Elsayed, “On the global attractivity and the solution of recursive sequence,” Studia Scientiarum
Mathematicarum Hungarica, vol. 47, no. 3, pp. 401-418, 2010.
[12] E. M. Elsayed, “On the dynamics of a higher-order rational recursive sequence,” Communications in
Mathematical Analysis, vol. 12, no. 1, pp. 117-133, 2012.
[13] E. M. Elsayed, “Dynamics of recursive sequence of order two,” Kyungpook Mathematical Journal, vol.
50, no. 4, pp. 483-497, 2010.
[14] E. M. Elsayed, “Solutions of rational difference systems of order two,” Mathematical and Computer
Modelling, vol. 55, no. 3-4, pp. 378-384, 2012.
[15] E. A. Grove and G. Ladas, Periodicities in Nonlinear Difference Equations, vol. 4, Chapman & Hall/CRC,
Boca Raton, Fla, USA, 2005.
[16] M. Saleh and M. Alogeili, “On the rational difference equation x,.1 = A + x,/xn-x,” Applied
Mathematics and Computation, vol. 171, no. 2, pp. 862-869, 2005.
[17] X. Yang, W. Su, B. Chen, G. M. Megson, and D. ]J. Evans, “On the recursive sequence x,.+1 = (ax,-1 +
bx,_5)/(c + dx,1x,-2),” Applied Mathematics and Computation, vol. 162, no. 3, pp. 1485-1497, 2005.
[18] V. L. Koci¢ and G. Ladas, Global Behavior of Nonlinear Difference Equations of Higher Order with
Applications, vol. 256, Kluwer Academic Publishers Group, Dordrecht, The Netherlands, 1993.
[19] M. R. S. Kulenovi¢ and G. Ladas, Dynamics of Second Order Rational Difference Equations With Open
Problems and Conjectures, Chapman & Hall/CRC, Boca Raton, Fla, USA, 2002.
[20] T. Sun and H. Xi, “On convergence of the solutions of the difference equation x,,1 = 1 + x,-1/%y,”
Journal of Mathematical Analysis and Applications, vol. 325, no. 2, pp. 1491-1494, 2007.
[21] N. Touafek and E. M. Elsayed, “On the solutions of systems of rational difference equations,”
Mathematical and Computer Modelling, vol. 55, no. 7-8, pp. 1987-1997, 2012.
[22] I Yalginkaya, “On the difference equation x,+1 = a+ X,/ x5,” Discrete Dynamics in Nature and Society.
An International Multidisciplinary Research and Review Journal, Article ID 805460, 8 pages, 2008.
[23] X. Yang, X. Liu, and L. Wang, “Stability of a generalized Putnam equation,” Applied Mathematics
Letters, vol. 22, no. 4, pp. 565-568, 2009.
[24] X. Yang, D. J. Evans, and G. M. Megson, “Global asymptotic stability in a class of Putnam-type
equations,” Nonlinear Analysis A, vol. 64, no. 1, pp. 42-50, 2006.
[25] X. Yang, “Global asymptotic stability in a class of generalized Putnam equations,” Journal of
Mathematical Analysis and Applications, vol. 322, no. 2, pp. 693-698, 2006.
[26] E. M. E. Zayed and M. A. El-Moneam, “On the rational recursive sequence x,,1 = ax, — (bx,)/(cx, +
dx,_x),” Communications on Applied Nonlinear Analysis, vol. 15, no. 2, pp. 47-57, 2008.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



