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Cluster anticonsensus is another important type consensus of multiagent systems. In this paper, we
investigate the problem of impulsive cluster anticonsensus of discrete multiagent linear dynamic
systems. Firstly, an impulsive protocol is designed to achieve the cluster anticonsensus. Then
sufficient conditions are given to guarantee the cluster anticonsensus of the discrete multiagent
linear dynamic system based on the Q-theory. Numerical simulation shows the effectiveness of
our theoretical results.

1. Introduction

Recently, the consensus problem of multiagent systems has been intensively studied in the
literature [1-4]. In [1, 2], a systematical framework of consensus problem in networks of
agents was investigated. The problem of information consensus among multiple agents in
the presence of limited and unreliable information exchange with dynamically changing
interaction topologies was considered in [3]. In [4], the authors considered the consensus
problem for multiagent systems, in which all agents have an identical linear dynamic
mode that can be of any order. On the other hand, cluster anticonsensus is another
important type consensus of multiagent systems. When the multiagent systems achieve
cluster anticonsensus, the nodes in the same group achieve consensus with each other, but
there is no consensus between nodes in different groups. Very recently the signless Laplacian
has attracted the attention of researchers. Several papers on the signless Laplacian spectrum
have been reported since 2005 and a new spectral theory of graphs which is called the Q-
theory is developing by many researchers [5, 6]. To the best of our knowledge, however,
there are very few results on cluster anticonsensus of multiagent systems, which motivates
this study.
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Impulsive control is widely used in various applications, such as ecosystems, financial
systems, mechanical systems with impacts, and orbital transfer of satellite [7-12]. Very
recently, impulsive control protocol for multiagent systems has received much attention [13—
19]. In [14], the authors introduced impulsive control protocols for multiagent linear con-
tinuous dynamic systems. The convergence analysis of the impulsive control protocol for
the networks with fixed and switching topologies is presented, respectively. The proposed
impulsive control protocol is only applied to the multiagent system at certain discrete
instants, which is different from continuous control protocol [1, 2, 4]. In [15], the authors
investigated the problem of impulsive synchronization of networked multiagent systems,
where each agent can be modeled as an identical nonlinear dynamical system.

In this paper, we investigate the problem of impulsive cluster anticonsensus of discrete
multiagent linear dynamic systems. The main contribution of our paper includes (1) an im-
pulsive control protocol is introduced to seek the cluster anticonsensus of discrete multiagent
linear dynamic systems and (2) a new type consensus, that is, cluster anticonsensus is
studied.

This paper is organized as follows. In Section 2, we provide some results in the Q-
theory. In Section 3, we formulate the cluster anticonsensus problem for discrete multiagent
linear dynamic systems and introduce the impulsive control protocol. The convergence
analysis of the cluster anticonsensus problem is discussed in Section 4. In Section 5, numerical
simulation is included to show the effectiveness of our theoretical results. Some conclusions
are drawn in Section 6.

Notation 1. Throughout this paper, the superscripts “~1” and “T” stand for the inverse and
transpose of a matrix, respectively; R" denotes the n-dimensional Euclidean space; let R, =
[0,0), N = {0,1,2,...}, N, = {1,2,...}; R™™ is the set of all n x m real matrices; for real
symmetric matrices X and Y, the notation X > Y (resp., X > Y) means that the matrix X-
Y is positive semidefinite (resp., positive definite); I, € R™" is an identity matrix; Amin (P)
(Amax(P)) denotes the smallest (largest) eigenvalue of P. For a vector x € R"”, let ||x|| denote
the Euclidean vector norm, that is, || x|| = vxTx, and for A € R™", let || A|| indicate the norm of
A induced by the Euclidean vector norm, that is, ||A|| = v/Amax (AT A). The Kronecker product
of two matrices A = [a;;] € R™" and B = [b;;] € RP*7is denoted by A®B. For more properties
of the Kronecker product the reader is referred to [20].

2. Preliminaries

In this section, we provide some results in the Q-theory [4-6, 21].

An undirected graph G of order N consists of a vertex set V = {1,2,..., N} and an
edge set E = {(i,j) : i,j € V} C V x V. The set of neighbors of vertex i is denoted by
Ni = {j e V:(ij) € E j#i}. A path between each distinct vertices i and j is meant a
sequence of distinct edges of G of the form (i, k1), (ki, k2), ..., (ki j). A cycle is a path such
that the start vertex and end vertex are the same. If there is a path between any two vertices
of a graph G, then G is connected, otherwise disconnected. A graph G is a bipartite graph
if V(G) can be partitioned into two disjoint subsets U and W, called partite sets, such that
every edge of G joins a vertex of U and a vertex of W. A graph is bipartite if and only if it
does not contain an odd cycle.

A weighted adjacency matrix A = [a;;] € RV*N, where a; = 0 and a;; = a;; > 0,
i#j. a;j > 0if and only if there is an edge between vertex i and vertex j. For an unweighted
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graph G, A is a 0-1 matrix. The out-degree of vertex i is defined as follows deg,,, (i) = 3.7 a;j.
Let D be the diagonal matrix with the out-degree of each vertex along the diagonal and call
it the degree matrix of G. The signless Laplacian matrix of the weighted graph is defined as
Qg = D + A. For an unweighted graph G, Qg = [gi;] n.xn, Where

|-/vi|/ i= j/
gii=131, je N, (2.1)
0, otherwise,

here | ;| denotes the cardinality of the set ;.

Let G be an undirected graph on N vertices, having m edges. Let R be its vertex edge
incidence matrix which is an N x m matrix such that r;; = 1 if the vertex i and edge e; are
incident and 0 otherwise. The following relations are well-known: RR" = D + A = Q. Thus
the signless Laplacian is a positive semi-definite matrix, that is, all its eigenvalues are non-
negative. Let G be a graph with Q-eigenvalues g1,42,...,gn (1 < g2 <+ < gn).

Lemma 2.1. Let Q be the singless Laplacian matrix of an undirected graph G with N vertices, and
q1 < g2 < -+ < gn be the eigenvalues of Q. Suppose that the graph G is bipartite. Let U and W be
two subsets of graph G. Define ¢ € RN, ¢ =1,ie U, ¢(j)=-1,jeWande; € R", e;(i) = 1,
ei(j)=0,j#i,i,j=1,...,n Then
(1) if G is connected, then q1 = 0 is the algebraically simple eigenvalue of Q and the
corresponding eigenvector is &;

(2) if 0 is the simple eigenvalue of Q, then it is an n multiplicity eigenvalue of Q ® I,, and the
corresponding eigenvectors are ¢ ® e;, i =1,2,--- ,n.

3. Problem Formulation

Here we consider a system consisting of N agents indexed by i = 1,2,..., N. The dynamics
of each agent is

xi(t+1) = Ax'(t), t>t>0,i=1,2,...,N, (3.1)

where x/(t) = (x} (£), x5(t), ... ,x;(t))T € R" is the state of agent i at timet,t e N, A€ R"™" is a
constant matrix. We assume that || A|| #0.
The following impulsive control protocol is applied to agent i

W)= Axi() =X () -2 () =By 3 () +x(0)), b=t keN, (g
JEN:(t)

where Br € R™", k € N,, are impulsive matrices to be determined later, /;(t7) is the set of
neighbors of agent i at time ¢7, the discrete instants t, € N, satisfy 0 <ty <t; <fr < - <t <
te < -+, and limg_, ootk = +oo. When t = t;, k € N, t* and t~ denote the instant just after ¢
and just before t, respectively, which is also considered in [8, 10]. Without loss of generality,
we assume that x'(t7) = x/(t), t = t, k € N,.
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Under the impulsive control protocol (3.2), the dynamics of agent i satisfies the fol-
lowing equations

x(t+1) = Ax'(t), t#t,

Ax'(t)=-Bc D, <xf (t) +xi(t)>, t=t, keN,. (33)

jEN;(t)

Definition 3.1. For the system (3.1), the cluster anticonsensus is said to be achieved under the
impulsive control protocol (3.2) if

lim |xj1 () - x (1) || =0,

i1,i€Ut— +oo

“(H - (1) =0, li
| (1) = x2 () odim

(3.4)

lim
iel,jeW,t— +oo

|x"(t) + xf(t)n =0,

where U and W are two nonempty subsets of V(G) and UNW =0, UUW =V (G).
Consider the following discrete impulsive system

x(t+1) = Ax(t), t#tg,
3.5
Ax(t) =x(t") —x(t") = Bex(t), t=t, keN,, 49

where x € R", A € R™™", B € R™". Then the solution x(f; ty, xo) satisfies

k
x(t;to, x0) = AW T + Bi) Ao, (3.6)
i=1

where f; <t <tr,1, ke N,
The representation (3.6) implies the following.

Lemma 3.2. All solutions of the system (3.5) are asymptotically stable if the conditions (H1) and
(H2) hold,

(H1) 0< 6 <t —ti1 <6 <00, k€N,

(H2) [|2kll <7 <1, keN,,
where Z = (I, + Bx) A% 1) k € N,.

4. Main Results

In this section, we provide convergence analysis of the cluster anticonsensus problem of
discrete multiagent linear dynamic systems.

Let x(t) = (x'(t), x2(t), ..., xN(t))", then the system (3.3) can be described as

x(t+1)=(Un®A)x(t), t#t,
4.1
Ax(t) = (IN®Br)(-Q@® L,)x(t), t=ty, ke N,. (D
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Since Q is symmetric, there is an orthogonal matrix Y € RN*N such that
YQYT = A = diag(q1,92,---,9n), (4.2)

where {q1,q2,...,q9n} = x(Q) is the spectrum of Q.
Let

X(t) = (Y @ I))x(t). (4.3)
Using the properties of Kronecker product, we have when t #t;, k € Ny,
Ft+1) = (YolL)xt+1) = (Yol,)(InyeA) (Y L) '%(t) = (Iy © A)X(t), (4.4)
and when t =t;, k e N,,
AX(t) = (Yo L)Ax(t) = (Y I,)(In ® Bo) (-Q® L) (Y ® I,) 'X(t) = (<A ® BR)X(t). (4.5)
Thus (4.1) becomes

X(t+1) = (In® AF(), t#h,
46
A%(H) = (-A®B)X(t), t=tr, keN,. (o)

Therefore

Xt+1)= AX(t), t#t,
y y (4.7)
AX'(t) = —qiBix'(t), t=t, keN,, i=1,2,...,N.

Theorem 4.1. Consider the system (3.1). Assume that the graph G of the network is connected
and bipartite. If there exist discrete instants ti and impulsive matrices By such that the conditions
(H3) and (H4) hold, then the cluster anticonsensus is achieved under the impulsive control protocol
(3.2),

(H3) 0 <6y <ty —t1<60, <0, keN,,
(H4) |Vl <r<1,i=2,...,N keN,,

where Vi, = (I, — qiBx) A%, i=2,... N, keN,.

Proof. Since the graph G is connected and bipartite, by Lemma 2.1, g; = 0 is the algebraically
simple eigenvalue of Q. All the other eigenvalues of Q are positive. Then we have 0 = g; <
G < < gN.

By Lemma 3.2, it follows that if there exist discrete instants t; and impulsive matrices
By such that the conditions (H3) and (H4) hold, then the system (4.7) is asymptotically stable,
thatis, ¥'(t) — 0,t — +o0,i=2,...,N.
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Figure 1: The time histories of x'1 t),i=1,2,3,4.

It can be verified that

Qe Lyx(t)= (Yo L) (Yo L)(Qo L) (Y™ & L) %(t)

5. Simulations

= (Yo I,) (Ao L)X(t)
0
X2 (t)

(4.8)

=(Ye In)_l

gNxN (1)

Hence (Q ® I,)x(t) — 0,t — +oo. Since the graph G is connected and bipartite, by
Lemma 2.1, 0 is the eigenvalue of Q ® I,, with multiplicity n. The n linearly independent
eigenvectors associated with the eigenvalue 0 of Q ® I, are ¢ ® e;,i = 1,2,--- ,n. Therefore
X — ¢®s,t — +oo,wheres = 3 yie; € R, y; € R, i =1,2,...,n Thus the system (3.1)
achieves the cluster anticonsensus under the impulsive control protocol (3.2). This completes
the proof.

O

Remark 4.2. For simplicity, we usually choose the equidistant impulsive interval Aty =ty —
tr = A, k € N,. The impulsive matrices B, k € N,, are chosen as pI,,, p € R. If ||(1 - qip)AA|| <
r<1,i=2,...,N, then the conditions (H3) and (H4) are satisfied.

Consider the following multiagent discrete linear dynamic system

xit+1) = Ax'(t), x'(tH)eR? i=1,2,34, (5.1)
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Figure 2: The time histories of x'2 t),i=1,2,3,4.
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Figure 3: The time histories of x‘3 t),i=1,2,3,4.

1/2 v3/20
where A = [,\/5/2 1/2 0] . Simulation results for the system (5.1) are shown in Figures 1, 2,
0 0 1
and 3. From Figures 1-3, we know that the system cannot achieve the cluster anticonsensus
without the impulsive control protocols.

The control input of agent i is designed as (3.2). The graph is considered as a simple

1100
path on four vertices and the singless Laplacian matrix of graph G; is Q; = [é 21 (1)] For

0011
simplicity, the impulsive matrices Bk, k € N, are chosen as 0.43 * I3. Choose the equidistant

impulsive interval Afx = t — k-1 = 2, k € N,. It is easy to check that ||V, || = 0.7481 < 1,
V3]l = 0.1400 < 1, || V4, || = 0.4681 < 1, where g, = 0.5858, g3 = 2, g4 = 4. The initial values are
chosenasx'(0) =[4 1 -1]%,x2(0) =[-4 6 -3]",x30)=[-5 2 7]",x*0) =[5 -7 2] .
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Figure 5: The time histories of x;(t), i=1,2,3,4 for Gy.

Simulation results for G; are shown in Figures 4, 5, and 6. The simulation results show that
the cluster anticonsensus of the multiagent discrete linear dynamic system is achieved by
the impulsive control protocol. Besides, let x(t) = (x!(t) — x*(t) + x3(t) — x*(t))/4, then
lim; ool X' () = X(8)|| = 0,i=1,3 and lim;_, ,oo||x'(t) + X(t)|| = 0,1 = 2, 4.

If the graph is considered as a simple circle on four vertices, then the singless Laplacian
2101

matrix of graph G, is Q, = |12 19]. The other parameters are chosen as above. Then the
o 1011 °

conditions (H3) and (H4) in Theorem 4.1 are also satisfied. Simulation results for G, are
shown in Figures 7, 8, and 9. From Figures 4-9, it can be seen that the speed of convergence
of cluster anticonsensus algorithms is closely related with the network structure.
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6. Conclusions

In this paper, we have introduced impulsive control protocols for discrete multiagent linear
dynamic systems. The convergence analysis of the cluster anticonsensus is presented. When
the multiagent systems achieve cluster anticonsensus, the nodes in the same group achieve
consensus with each other, but there is no consensus between nodes in different groups.
In our future, we will consider the impulsive cluster anticonsensus problem of multiagent
nonlinear dynamic systems.
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Figure 9: The time histories of xé (t),i=1,2,3,4 for G,.

Acknowledgments

The authors are grateful to the anonymous reviewers for their valuable comments and
suggestions that have helped to improve the presentation of the paper. They also thank
Professor Shuguang Guo and Mr. Zhongfeng Hu for helpful discussion. This paper is
partially supported by the National Natural Science Foundation of China (Grant no.
11171290), the Natural Science Foundation of Jiangsu Province of China (Grant nos.
BK2010292, BK2010293), the Natural Science Foundation of the Jiangsu Higher Education
Institutions of China (Grant nos. 09KJB510018, 10K]JB510026), and the Qin Lan Project of the
Jiangsu Higher Education Institutions of China.



Discrete Dynamics in Nature and Society 11

References

[1] R. Olfati-Saber and R. M. Murray, “Consensus problems in networks of agents with switching
topology and time-delays,” IEEE Transactions on Automatic Control, vol. 49, no. 9, pp. 1520-1533, 2004.

[2] R. Olfati-Saber, J. A. Fax, and R. M. Murray, “Consensus and cooperation in networked multi-agent
systems,” Proceedings of the IEEE, vol. 95, no. 1, pp. 215233, 2007.

[3] W. Ren and R. W. Beard, “Consensus seeking in multiagent systems under dynamically changing
interaction topologies,” IEEE Transactions on Automatic Control, vol. 50, no. 5, pp. 655-661, 2005.

[4] J. Wang, D. Cheng, and X. Hu, “Consensus of multi-agent linear dynamic systems,” Asian Journal of
Control, vol. 10, no. 2, pp. 144-155, 2008.
[5] D. Cvetkovi¢, “Signless Laplacians and line graphs,” Bulletin, Classe des Sciences Mathématiques et
Naturelles, Sciences Mathématiques, vol. 131, no. 30, pp. 85-92, 2005.
[6] D. Cvetkovi¢, P. Rowlinson, and S. K. Simi¢, “Signless Laplacians of finite graphs,” Linear Algebra and
its Applications, vol. 423, no. 1, pp. 155-171, 2007.
[7] T. Yang, Impulsive Control Theory, vol. 272 of Lecture Notes in Control and Information Sciences, Springer,
Berlin, Germany, 2001.
[8] Y. A. Zheng, Y. B. Nian, and Z. R. Liu, “Impulsive control for the stabilization of discrete chaotic
system,” Chinese Physics Letters, vol. 19, no. 9, pp. 1251-1253, 2002.
[9] H. Jiang, C. Zhou, and J. Yu, “Robust fuzzy control of nonlinear discrete fuzzy impulsive delayed
systems,” ICIC Express Letters, vol. 4, no. 3, pp. 973-978, 2010.
[10] L. Zhang, H. Jiang, and Q. Bi, “Reliable impulsive lag synchronization for a class of nonlinear discrete
chaotic systems,” Nonlinear Dynamics, vol. 59, no. 4, pp. 529-534, 2010.
. Zhang and H. Jiang, “Impulsive generalized synchronization for a class of nonlinear discrete
11] L. Zhang and H. Jiang, “Impulsive g lized synchronization f 1 f li di
chaotic systems,” Communications in Nonlinear Science and Numerical Simulation, vol. 16, no. 4,
pp. 2027-2032, 2011.
[12] H. B. Jiang, “Hybrid adaptive and impulsive synchronisation of uncertain complex dynamical
networks by the generalised Barbalat’s lemma,” IET Control Theory & Applications, vol. 3, no. 10,
pp. 13301340, 2009.
[13] X. Han, J.-A. Lu, and X. Wu, “Synchronization of impulsively coupled systems,” International Journal
of Bifurcation and Chaos in Applied Sciences and Engineering, vol. 18, no. 5, pp. 1539-1549, 2008.
.Jiang, J. Yu, and C. Zhou, “Consensus of multi-agent linear dynamic systems via impulsive contro
14] H.Jiang,J. Ys d C. Zhou, “C f multi-agent li dynamic sy ia impulsi 1
protocols,” International Journal of Systems Science, vol. 42, no. 6, pp. 967-976, 2011.
. Jiang and Q. Bi, “Impulsive synchronization of networked nonlinear dynamical systems, sics
[15] H.Jiang and Q. Bi, “Impulsive synchronization of ked nonli dynamical sy " Physi
Letters A, vol. 374, no. 27, pp. 2723-2729, 2010.
[16] H. Jiang, Q. Bi, and S. Zheng, “Impulsive consensus in directed networks of identical nonlinear
oscillators with switching topologies,” Communications in Nonlinear Science and Numerical Simulation,
vol. 17, no. 1, pp. 378-387, 2012.
. Zhang, S. Chen, and C. Yu, “Impulsive consensus problem of second-order multi-agent systems
17] Q. Zhang, S. Ch d C. Yu, “Impulsi probl f d-ord lti-ag 3%
with switching topologies,” Communications in Nonlinear Science and Numerical Simulation, vol. 17,
no. 1, pp. 9-16, 2012.
[18] Z.-H. Guan, Z.-W. Liu, G. Feng, and Y.-W. Wang, “Synchronization of complex dynamical networks
with time-varying delays via impulsive distributed control,” IEEE Transactions on Circuits and Systems
I. Regular Papers, vol. 57, no. 8, pp. 2182-2195, 2010.
[19] Q.J. Wu, ]J. Zhou, and L. Xiang, “Impulsive consensus seeking in directed networks of multi-agent
systems with communication time delays,” International Journal of Systems Science. In press.

[20] R. A. Horn and C. R. Johnson, Matrix Analysis, Cambridge University Press, Cambridge, UK, 1985.

[21] C. Godsil and G. Royle, Algebraic Graph Theory, vol. 207 of Graduate Texts in Mathematics, Springer,
New York, NY, USA, 2001.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



