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We discuss the Lie point symmetries and discrete symmetries of the inviscid Burgers equation.
By employing the Lie group method of infinitesimal transformations, symmetry reductions and
similarity solutions of the governing equation are given. Based on discrete symmetries analysis,

two groups of discrete symmetries are obtained, which lead to new exact solutions of the inviscid
Burgers equation.

1. Introduction

Burgers equation is one of the basic partial differential equations of fluid mechanics. It occurs
in various fields of applied mathematics, such as modeling of gas dynamics and traffic flow.

For a given velocity u and viscosity coefficient v, the general form of Burgers equation
is:

ur(x, 1) + g(u)ux (x, £) = vier(x, 1), (1.1)

where g(u) is a smooth function of u. If v = 0, Burgers equation reduces to the inviscid
Burgers equation:

IBE : u;(x, t) + g(u)ux(x,t) =0, (1.2)
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which is a prototype for equations for which the solution can develop discontinuities (shock
waves). There are many methods to solve (1.2). In [1], the authors discussed the matrix
exponential representations of solutions to similar equation of (1.2). Here we can use the
method of Lie symmetries and discrete symmetries analysis to solve (1.2).

The classical Lie symmetries of the partial differential equations (PDEs) which can
be obtained through the Lie group method of infinitesimal transformations were originally
developed by Lie [2]. We can use the basic prolongation method and the infinitesimal
criterion of invariance to find some particular Lie point symmetries group of the nonlinear
partial differential equations. The Lie groups of transformations admitted by a given system
of differential equations can be used (1) to lower the order or eventually reduce the equation
to quadrature, in the case of ordinary differential equations; (2) to determine particular
solutions, called invariant solutions, or generate new solutions, once a special solution is
known, in the case of ordinary differential equations or PDEs.

In the past decades, much attention has been paid to the symmetry method and a series
of achievements have been obtained [3-9]. Particularly, In [9], a five-dimensional symmetry
algebra consisting of Lie point symmetries is firstly computed for the nonlinear Schrodinger
equation. But it seems that very few research on discrete symmetries is available up to now. In
fact, discrete symmetries also play an important role in solving PDEs. For instance, to under-
stand how a system changes its stability, to simplify the numerical computation of solutions
of PDEs and to create new exact solutions from known solutions. Discrete symmetries are
usually easy to guess but difficult to get in a systematic way. They can be obtained from the
continuous Lie point symmetries. In [10, 11], Hydon studied the application of the method
in differential equations.

For the Burgers equation, many researches have been carried on [12-18]. In these
papers, Ouhadan and El Kinani used Lie symmetry method for obtaining exact solutions
of inviscid Burgers equation in some cases [14]. However, the analysis presented there was
not complete. Nadjafikhah extended the study to include other cases of interest [15, 16]. But
in all their work, they only used the Lie symmetry method, and the discrete symmetries
approach has never been considered. In this work, we obtain the analytical solutions of the
inviscid Burgers equation by using Lie group method. Also by applying discrete symmetries,
we introduce new groups of analytical solutions of our problem.

2. Lie Symmetries and Lie Algebra

In this section, we recall the general procedure for determining symmetries for any system of
PDEs [19-21]. To begin, let us consider the general case of a nonlinear system of PDEs,

A,,(x,u<">) =0, v=1,...,1, (2.1)

that involve p independent variables x = (x!,...,x"), g dependent variables u = (u!,...,u9),
and the derivatives of u with respect to x up to n, where u™ represents all the derivatives of
u of all orders from 0 to n.
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We consider a one-parameter Lie group of infinitesimal transformations acting on the
independent and dependent variables of (2.1):

#=xireg(xu)+0(e?), i=1,...p,
(2.2)
ﬁf:uj+e;1j(x,u)+o<€2>, i=1...,q9

where € is the parameter of the transformation and ¢/, 1/ are the infinitesimals of the
transformations of the independent and dependent variables, respectively. The infinitesimal
generator X associated with the above group of transformations can be written as

P b . b
X i:l§ (x, 1) oxi j:171 () o’ (2.3)

A symmetry of differential equation is a transformation which maps solutions of the equation
to other solutions.

The invariance of system (2.1) under the infinitesimal transformations leads to the
invariance condition

pr(")X[Av<x, u(")>] |Av(xru(n)):0 =0, v=1,...,1, (2.4)

where pr(™ is the nth-order prolongation of the infinitesimal generator given by

I 0
pr(")X =X+ ZZ%{ <x, u(")> 3 (2.5)
J

a=1 ]

where | = (ji,...,jx),and 1< jr <p,1<k<mn,
; P P
G <x,u(”)> =Dy <(P/x - Zg'uf‘> + Zglu‘}‘ﬂ., (2.6)
i1 i1

where

(2.7)
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For (1.2), following the general Lie’s algorithm [19, 20], we consider the one-parameter

Lie group of infinitesimal transformation in (x, t, u) given by
X=x+¢&(x,tu)e+ O<€2>,
F=t+ T(x,t, u)e + O<e2>,

u=u+n(xtu)e+ O<€2>,

(2.8)

where € is the group parameter. The infinitesimal generator of the symmetry algebra takes

the form
0
X = §_+Tat qa,

where ¢, 7, 77 are the same as those in (1.2). And the first prolongation is

o o
My — . - — _ _—
proX= bo A Ta gy, Yl g

Equation (1.2) can be written as
A =u(x, t) + g(u)uy(x,t) =0.
The invariance of (1.2) under the infinitesimal transformations (2.8) needs
prOX[A]l, = 0.
From (2.11) and (2.12), we get
M+ 8()1x + g (W)ux = 0,
where
x = a%(rl—gux TUy) +§ 0 (ux) +T 0 (ux)

%(q—gux TUy) +§ 0 (ut) +T (ut)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

Conditions on the infinitesimals ¢, 7, and 7 are determined by equating coefficients of like
derivatives of monomials in u, and u; and higher derivatives by zero. This will produce a
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series of PDEs; by analyzing these equations, we can get that ¢, 7, and 7 have the following
form:

& = Cgx? + Cyxt + C3x + Cyt + Cy,

7 = Cgxt + C7t* — Csx + (C3 — Co)t + Co, (2.15)

Crx + Cy + (Cgx — Cyt + Cg)g(u) + (—Cgt + Cs) g (u)*
n= gl(u) :

Here we omit the redundant computational process for simplification. Associated with this
Lie group, we have an 8-dimensional Lie algebra that can be represented by the generators

0 0 0 0 1 o
Xl—— Xz—&, X3—xa—x+t§, X4—ta—x+ma—u,

o, gWwo 0 gwd

X5 =—-x Y, + —g/(u) a, 6 = ot + —g,(u) a, (216)
_ 0 p0 x-tg(u) o _ 20 o  glu)(x-tg(u)) o
X7—xta+t &4‘ g,(u) a, Xg—x a‘i—xt&‘i— g’(u) a

3. Discrete Symmetries

In this section, we will derive the discrete symmetries of (1.2), which has a 6-dimensional Lie
subalgebra £ : {X1, X5, X3, X4, X5, X4 }. we Will calculate the discrete symmetry following the
method presented in [11].

By the commutator relation

[Xi, Xj] = ciXk, i<jij=1,2,...,6 (3.1)

we can get the nonzero commutators in the following form:

(X1, X3] =Xy, [X1,X5] = -Xo, [X2, X3] = Xo, (X2, X4] = Xy, 32)
[X2,X6] = —Xa, [Xs, X5] = 2X6 + X3, (X4, Xo] = X4, [X5,X6] = —Xs.

Then the nonzero structure constants are

Ch=1  Ch=-1 =1 Cy=1 Gy=-1 Ch=2 k=1,
Ci=1, C =-1, C3, =-1, Ci =1, C3,=-1, Ci, =-1, Ci,=1,

C,=-2, CL=-1 Ci,=-1, Ch=1
(3.3)
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], C(2)

The matrices C(j) are

-10000
0 00000
1 0000

0 00000
0 00000
0

0
-1 0 0000

|

0 00000O0
0 00000
-100000
0 00000
010000
0 00000

(
\

100 00O
000 O0O0O , (3.4)
00-1 0 0 -2
000 -10 0

|

000 O0O0O
000 00O

[

], C4)

100000
010000
000000
000000
000000
000000

|

c(1)

C(3)

00 00O0TO
0-100 00
00 00O0O0
00010O0]¢[
0 000-10
0000O0O

0-10000
000000O
000000O
001002} C(®)
000000
000010
The next step is to calculate the matrices A(e, j). Exponentiating the matrices eC(j), we obtain

C(5)

—~

o
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Il
—~~
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From the nonlinear constants

n plym _ kin . .
clmbib]. —cl.].bk, 1<i<j<6,1<n<e,

(3.7)

and using the adjoint matrices A(i,e), i = 1,...,6, the matrix B can be simplified as the

following two nonsingular forms:

(24

500000 0_%0000

86‘2888 2 0 000 0
B, = ) B=|00 100 0

000300 00 00p 0

000040 00 b0l

000001 - -

The determining equations for the discrete symmetries are given by the system:

/1 0
. . SN 0 1
R AN R R AN P
Xox Xot Xoti Xox Xot Xou .
Xo% Xof Xoft | _ | X% Xaf Xoi | _pf * O
Xax Xyt Xy Xax Xat Xyu
X5J? X5f X5ﬁ X5f }252’\ X5ﬁ 0 -x
X655\ X6/t\ Xéﬁ }2652 }26? X(,ﬁ

\0 —t

First we consider B = B;. From (3.9), we obtain the following system

a

;00 \
X% Xif Xii 0 a 0
X% Xof Xoii Xt (1)
X3x ng X3 _ £ 0 —
X2 Xef Xett | | P pg' (@)
Xs% Xsl Xsil 0 —ps pg)’
Xex Xof Xeil g'(u)

- 8@

0 -t =
\ S /
The solution to system (3.10) is

3 ﬁ=g1<%g(u)>r

, a,peR

o O O

@)

~\2

g(u)

g'(u)
g(u)

)

@) /

(3.8)

(3.9)

(3.10)

(3.11)
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where a, f are arbitrary constants. We can prove that (3.11) satisfies the invariant condition

i+ g(i)uz =0, when u + g(u)u, = 0. (3.12)

Therefore, the first group of discrete symmetries is
a /1
Ty:(x, t,u) — Bx, at, g Bg(u) . (3.13)

Then we consider B = B,. From (3.9), we obtain the following system:

4
(0 5 0

X,% Xif Xydi a 0 0
Xox Xof Xyil x ot 0
X3x X3£ Xsu _ 0 _r g(,L)A (3.14)
Xax Xuf Xyl p pg@ | :
X55C\ X5i X5ﬁ ﬂ ’if 0 ﬂA
Xex Xot Xeil g'(u)

g(u)

X 0 -
\ x g'(u) /
The solution to system (3.14) is

X = at, t=—-—x, U= g‘1 <—é%), (3.15)

where a,f are arbitrary constants. We can prove that (3.15) also satisfies the invariant
condition

up+ Uiz =0, when u; + uu, = 0. (3.16)

Therefore, the first group of discrete symmetries is

[y (x,t,u) — <at,—%x, g_1 (—%)) (3.17)

Here, we have obtained two groups of discrete symmetries of (1.2). Using them, we
can simplify the numerical computation in solving (1.2), create new exact solutions from
known solutions and so on. In later chapters, we will introduce how they generate new
solutions.
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3.1. Lie Symmetries of (1.2)

To obtain the group transformation which is generated by the infinitesimal generators (2.16),
we need to solve the system of first-order ordinary differential equations:

ax g(i,?,a), %(0) = x

de
j_z “o(zEd), KO-t (3.18)
% :11<3?,?,ﬁ>, (0) = .

Then, we can get the one-parameter groups G; generated by X; fori=1,...,8:

Gi: (x,t,u) — (x+¢,t,u),
Gy : (x,t,u) — (x,t+¢€,u),

G3 : (xr t/ u) L (xeer teel u)/

Gy (x,t,u) — <x+ et,t, g (e +g(u))>,

Gs: (x,t,u) — < ,t—xe, g < —ge(*:)(u)>)' (3.19)

Ge : (x,t,u) — (x,te , g (g(w)e’ )>

Gy: (x,t,u) — <1 — 1 T8 (g(u) + (x—tg(u))e)>

Gs : (x,t,1) — ( T (1—<x—tg<u>>e>>'

In addition, we have two groups of discrete symmetries

Iy (x, t,u) — <%x,at,g1<%g(u)>>,
Iy (x, t,u) — (at,—%x,g1<—£)>.

(3.20)



10 Discrete Dynamics in Nature and Society

If u = f(x,t) is a solution of (1.2), so are the functions

Gi-flx,t) = flx+e,),
Go flx,) = flx,t+e),
Gs - f(x,t) = f(xec, te®),
Gy~ f(x,t) =g ' (g(f(x +et, 1)) —¢),

8(f(x,t-xe)) )
1+eg(f(x,t—xe)) )’

Ge- f(x,t) = g7 (e °g(f(x,te™))),

Gs- f(x,t) =g‘1<

g(f(x/(1-et),t/(1-et))) - xe

G7-f(x,t)=g‘1< T

(3.21)

)

Gs‘f(xrt)=g_l<

r

=

fen =g (ps(7(Gra))).

. X = (- ﬂ
flot) =g <g(f(at,—(d/ﬁ)x))>'

r

N

(1-ex)g(f(x/(1-ex),t/(1-ex)))
1-etg(f(x/(1-ex),t/(1-ex))) )’

To illustrate how this technique may be of great interest, we let u(x, t) = 1is a constant
solution of (1.2). We conclude trivial solutions I’y - 1,1, -1, G;-1,i = 1,...,6, and nontrivial

solutions for (1.2):

_ (1) —ex
Gr1=5 (5.

L/ A-exg)
Gs'l‘gl< T—etg(1) >

Now, by applying I';, we get the following solutions:

A4 o1 aex +f
6= (e gm )

_ -1
o Ge-l=g (vwg(l)t - g(1)

If we let g(u) = u, (1.2) becomes

ur(x, t) + uuy(x,t) = 0.

aeg(l)x + p >

(3.22)

(3.23)

(3.24)
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From (3.23), we get that

_aex+f ax+b

= = 3.25
aet -1 at-1 ( )
is a solution to (3.24), where a, b are arbitrary constants.
Ifwelet g(u) = (1 -u)/(1+u), (1.2) becomes
w(xt) + L (x, ) = 0 (3.26)
t 7 1 +u X 7 — U. .
From (3.23), we get
a(t—-x)-b
= —— 27
a(t+x)+b (3:27)

is a solution to (3.26), where a, b are arbitrary constants.

4. Reduction and Invariant Solutions of (1.2)

The first advantage of symmetry group method is to construct new solutions from known
solutions. The second is when a nonlinear system of differential equations admits infinite
symmetries, so it is possible to transform it to a linear system. In this section, symmetry group
method will be applied to the inviscid Burgers equation to be connected directly to some
order differential equations. To do this, particular linear combinations of infinitesimals are
considered and their corresponding invariants are determined. Using discrete symmetries, a
series of new interesting results are obtained.

4.1. Reduction with X, + X,

As a first example, we perform a reduction of (1.2) using the generator

o 0 1 o
X2+X4—ta+&+g,(—u)$. (41)

Having determined the infinitesimals, the symmetry variables can be found by solving the
characteristic equation

dx _ ? = ¢'(w)du. (4.2)

The similarity transformation is

=P x,  u=g (- Q). (®3)
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The similarity representation is

1-f(&)f'(©&)
—w " 0. (4.4)

The similarity solution is

(&) =+\/28 + Cy. (4.5)

In the end, we obtain that

u:g_1<t:l:\/t2—2x+C1> (4.6)

is a solution of (1.2). Now, by applying I';, I'; to (4.6), we conclude the other two solutions

I:u= g1<aﬂt:l:[5ﬂa2t2— Z’Tax+cl>,

(4.7)
Liu=g" P
(a/B)x £1/((a/p)x)* - 2at + C,
If we let g(u) = uin (1.2), from (4.6), (4.7), we can get the following solutions:
wp =t£\/2-2x+Cy, u3,4:aﬂt:|:m/a2t2—27ax+cl,
(4.8)

p
(@/B)x=1/((a/B)x)* - 2at + C;

Us =

where a, B, C; are arbitrary constants.
Ifwelet g(u) = (1-u)/(1+u)in (1.2), from (4.6), (4.7), the following solutions can be
obtained:

T—t+/P2-2x+C L 1—aﬁt:tﬂ\/a2t2—2ax/,[5+C1
12 = , 34 = ,
1+t -2x+C 1+aﬁtip\/a2t2—2ax/ﬂ+cl

wx £ [ ((—a2x2 + 20t - C12) / 7) —
wx £ py /- ((-a2x? + 2aft - C12) /) + 2

u

(4.9)

Us6 =

where a, B, C; are arbitrary constants.
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4.2, Reduction with X, + X5

Similarly, the generator

0, 8Wa
ot g'(u) ou

X2+X5:(1—x

with similarity transformation

= s ()

leads to the solution

s (52)
-8 t+C1 )

By applying I'y, I'; to (4.12), we obtain the invariant solution

If g(u) = u/(1 +u?) in (1.2), then we have the solutions

at +Cy £/ (at + C1)? — 4(ax - p)’

Uip =

2(ax - p)

4.3. Reduction with X; + X¢

In the last, we discuss the generator

glu) o
g'(u) ou’

0 0
X1 + X6 = a - t& +
The similarity transformation is
a1
g=x+in®,  u=g'(71@)

which leads to the solution

u=g" <%LW <te’”c1>>,

13

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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where LW is the Lambert W-function, which satisfies
LW(x)et"W®™ = x. (4.18)

By applying I, I'; to this solution, we conclude other two solutions:

_ (P a/B)x+Cy - ax
u=g 1<ELW(ate( /B)x+C >>, U =g ! <LW(—(a/ﬂ)xe“f+Cl)>' (4.19)

Comparing (4.17) and (4.19), we can see (4.17) is a special case of (4.19).
In (1.2), if we let g(u) = (1 —u)/(1 + u), (4.19) lead to the following solutions

at — BLW (ate@+CiP)/F) LW (—axe®* 1 /) — ax
u = ’ Up = . (420)
at + PLW (ate@x+C1A)/F) LW (—axe®*C1/B) + ax
If we let g(u) = u/(1 + u?), we can get the following solutions:
at +\/ a2 — 4FPLW (atelax/P1+Cr)?
Ui = s
' 2BLW (ate@/P+C
LW ) (4.21)
LW(—axe“”CT /B) £ \/ LW (—axex+C1/ ﬁ)z —4a2x?
Uz = .

2ax

5. Summary and Discussion

In this paper, we obtain eight infinitesimal generators for (1.2) by means of the Lie symmetry
method. Considering it is 6-dimensional Lie subalgebra, we get two groups of discrete
symmetries following the method presented by Hydon. Using the symmetry group, the
similarity variable, similarity transformations, and the reduced equations are given. Solving
the reduced equations, from the similarity transformations, we get the solutions of the
inviscid Burgers equation. In additional, by applying discrete symmetries, we conclude other
new solutions. If given g(u) different forms in (1.2), many different types of solutions can
be obtained directly. In forthcoming days, we will further discuss the problem. It is also
interesting for us to see how the discrete symmetries will be under the 8-dimensional Lie
algebra case.
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