Hindawi Publishing Corporation
Discrete Dynamics in Nature and Society
Volume 2012, Article ID 951691, 14 pages
doi:10.1155/2012/951691

Research Article

Differentiability Properties of
the Pre-Image Pressure

Kesong Yan,'? Fanping Zeng,**® and Gengrong Zhang?

! Department of Mathematics, University of Science and Technology of China, Hefei,
Anhui 230026, China

2 Department of Mathematics and Computer Science, Liuzhou Teachers College, Liuzhou,
Guangxi 545004, China

3 Institute of Mathematics, Guangxi University, Nanning, Guangxi 530004, China

Correspondence should be addressed to Kesong Yan, ksyan@mail.ustc.edu.cn
Received 8 March 2012; Accepted 26 March 2012
Academic Editor: M. De la Sen

Copyright © 2012 Kesong Yan et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

We study the differentiability properties of the pre-image pressure. For a TDS (X, T) with finite
topological pre-image entropy, we prove the pre-image pressure function Py (T,e) is Gateaux
differentiable at f € C(X,R) if and only if Py (T,®) has a unique tangent functional at f. Also,
we obtain some equivalent conditions for Py (T, ®) to be Fréchet differentiable at f.

1. Introduction

By a topological dynamical system (for short TDS), we mean a pair (X, T) where X is a com-
pact metric space and T : X — X is a continuous surjection from X to itself. Entropies
are fundamental to our current understanding of dynamical systems. The classical measure-
theoretic entropy for an invariant measure and the topological entropy were introduced in [1,
2], respectively, and the classical variational principle was completed in [3, 4]. Topological
entropy measures the maximal exponential growth rate of orbits for arbitrary topological
dynamical systems, and measure-theoretic entropy measures the maximal loss of information
for the iteration of finite partitions in a measure-preserving transformation.

Topological pressure is a generalization of topological entropy for a dynamical system.
The notion was first introduced by Ruelle [5] in 1973 for an expansive dynamical system and
later by Walters [6] for the general case. The theory related to the topological pressure, varia-
tional principle, and equilibrium states plays a fundamental role in statistical mechanics,
ergodic theory, and dynamical systems (see, e.g., the books [7-12]). Since the works of Bowen
[13] and Ruelle [14], the topological pressure has become a basic tool in the dimension theory
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related to dynamical systems. One of the basic questions of physical interest in that of dif-
ferentiability of the pressure. The differentiability of the pressure was considered by many
people (see, e.g., [15-18]).

Recently, the pre-image structure of maps has become deeply characterized via en-
tropies. In several papers (see [19-24]), some important pre-image entropy invariants of
dynamical systems have been introduced and their relationships with topological entropy
have been established. In a certain sense, these new invariants give a quantitative estimate of
how “noninvertible” a system is. In [25], we defined the topological pre-image pressure of
topological dynamical systems, which is a generalization of the Cheng-Newhouse pre-image
entropy (see [19]), and proved a variational principle for it. We gave some applications
of the pre-image pressure to equilibrium states (see [25, 26]). Under the assumption that
hpre(T) < oo and the metric pre-image entropy function hpree} (T) is upper semicontinuous,
we obtained a way to describe a kind of continuous dependence of equilibrium states.
Also, we proved that the set of all continuous functions with unique equilibrium states is
a dense Gs-set of C(X, R), and for any finite collection of ergodic measures, we can find some
continuous function such that its set of equilibrium states contains the given set (see [26]).

The purpose of this paper is to study the differentiability properties of the pre-image
pressure of the TDS (X, T) with finite topological pre-image entropy. In Section 2, we con-
centrate on reviewing some basic definitions and give some basic properties of tangent
functionals to the pre-image pressure.

In Section 3, the Gateaux differentiability of the pre-image pressure is discussed. We
show that the pre-image pressure function P (T, @) is Gateaux differentiable at f € C(X,R)
if and only if it has a unique tangent functional at f.

In Section 4, we discuss the Fréchet differentiability of the pre-image pressure. We
obtain some equivalent conditions for Py.(T,®) to be Fréchet differentiable at f. Also, we
show that the pre-image function P, (T,e) is Fréchet differentiable if and only if (X, T) is
uniquely ergodic, and hence the pre-pressure is linear.

2. Preliminaries

Throughout the paper, let (X, T) be a TDS with finite topological pre-image entropy hpe(T)
(see [19] for definition). In this section, we will recall some basic definitions and give some
useful properties.

Let (X, T) be a TDS and let B(X) be the collection of all Borel subsets of X. Recall that
a cover of X is a family of Borel subsets of X whose union is X. An open cover is one that
consists of open sets. A partition of X is a cover of X consisting of pairwise disjoint sets. We
denote the set of finite covers, finite open covers, and finite partition of X by Cx, C$, and Dx,
respectively. Given two covers U, U, U is said to be finer than U (denoted by U > V) if each
element of U is contained in some element of U. Weset U VU ={UNV :U €U,V € V}.

Denote by C(X,R) the Banach space of all continuous, real-valued functions on X
endowed with the supremum norm. For f € C(X, R) and n € N, we denote 3" f(T(x)) by

(Snf) (x).

2.1. Topological Pre-Image Pressure

In an early paper with Zeng et al. [25], following the idea of topological pressure (see
Chapter9, [12]), we defined a new notion of pre-image pressure, which extends the Cheng-
Newhouse pre-image entropy hpre(T) [19]. For a given TDS (X, T), the pre-image pressure of
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T is a map Pyre(T, ) : C(X,R) — R which is convex, Lipschitz continuous, increasing, with
Ppre(T, 0) = hpre(T). More precisely, let U € C§. For x € X and k € N, we put

P, <T, f.u, T‘k(x)> = infz supeS W), (2.1)
U Bev yeB

where the infimum is taken over all finite subcovers U of \/7, T % with respect to T~*(x).
We define the pre-image pressure of T related to U at f as

.1
Ppre (T/ fr M) = nlgr;oa log Ppre,n (TI f/ ?/l), (22)

where Poren(T, f,U) = sup cx s, Pu(T, f, U, T-*(x)). The pre-image pressure of T at f is de-
fined by

Pore (T, f) := sup Pore (T, f, U). (2.3)

It is clear that Py(T, f) < P(T, f) (topological pressure, see [12]) and Ppre(T,0) = hpre(T).
Pore (T, f) < ||f]l if T is a homeomorphism.

2.2, Measure-Theoretic Pre-Image Entropy

Denote by #(X), M(X,T),and (X, T) the set of all Borel probability measures, T-invariant
Borel probability measures and T-invariant ergodic measures, on X, respectively. Note that
MX,T) 2 M(X,T)#0, and both M(X) and M(X,T) are convex compact metric spaces
when endowed with the weak*-topology; M°(X,T) is a Gs subset of M(X,T) (see [12,
Chapter 6]). Beside the weak*-topology on (X, T), we also have the norm topology arising
from the metric:

: g€ C(X,R),

=l = supf | [ g~ [ g

¢l < 1}. (2.4)

Note that ||y —v||=2if u#v e M(X,T).
Given a € Dy, p € M(X) and a sub-c-algebra « C B(X), define

Hya )= 3, [ B(La | )05 (LA | )il @5)
Aea

where E(14 | «4) is the conditional expectation of 1, with respect to . It is a standard fact
that Hy, (a | &) increases with respect to a and decreases with respect to <. Note that € Dx
naturally generates a sub-c-algebra ¥(f) of B(X); where there is no ambiguity, we write F(f)
as f. It is easy to check, for a, p € PDx, that H,(a | ) = H,(a V p) — H, (). More generally, for
a sub-o-algebra « C B(X), we have

Hy(avp|#)=H,(p|A4)+Hy(a|BVA). (2.6)
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Whenp € M(X,T)and # C B(X)isaT- invarlant sub -o-algebra, thatis, T"'e# = o/ (up
to p-null sets), it is not hard to see that a, = H,(V}, IT-a | A)is a nonnegative subadditive
sequence for a given a € Dx, thatis, ay.m < ay + am for all positive integers n and m. It is well
known that

lim & = inf 22 2.7)

n—oo N n>l n

The conditional entropy of a with respect to &4 is then defined by
1 n-1 . 1 n-1 .
h(T,a| o) = nlgrgozH# <\=/0:r al e4> = LQ{EH# <\=/0T a| e4>. (2.8)

Moreover, the metric conditional entropy of (X, T) with respect to <4 is defined by

hy(T,X | H#) = suph, (T, a | A). (2.9)

agfx

Note that if AV = {@, X} is a trivial sub-c-algebra, we recover the metric entropy, and we write
h,(T,a | W) and h, (T, X | N) simple by h, (T, a) and h,(T).

Particularly, set B~ = ;2, T "B(X), then B~ is a T-invariant sub-o algebra. We call B~
the infinite past o-algebra related to B(X). We define the measure-theoretic (or metric) pre-image
entropy of a with respect to (X, T) by

hore (T, @) = hy,(T,a | B7) = lim H <\/T‘la | B~ > (2.10)

Moreover, we define the metric pre-image entropy of (X, T) by

hpreu(T) := suphpre,u (T, a). (2.11)

acfPx

2.3. A Variational Principle for Pre-Image Pressure

The following variational relationship for topological pre-image pressure and measure-theo-
retic pre-image entropy is established in [25].

Theorem 2.1. Let (X,T) bea TDS and f € C(X,R). Then,

Pore(T, f) = sup ){hpre,H(T) + J; fdy}. (2.12)

HEM(X,

We also have (see, e.g., [26]) the following proposition.

Proposition 2.2. Let (X,T) be a TDS, a € Px and p € M(X,T). Then, p — hpre, (T, a) and
Y = hpre,(T) are both affine functions on M(X, T). Moreover, if the ergodic decomposition of p is
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U= f/ne(x,T) 0dA(0), then

hpre,e (T/ O()d)t(e), hpre,ﬂ (T) = f hpre,e (T)d/\(e) (213)

hpre,‘u(Tr a) = J‘
Me(X,T)

Me(X,T)

2.4. Equilibrium States and Tangent Functionals to Pre-Image Pressure

Given f € C(X,R). A finite signed Borel measure y on (X, B(X)) is called a tangent functional
to Ppre(T, @) at f if

Pore(T, f + &) = Pore (T, f) > f gdp, VgeC(X,R). (2.14)

Let Ty (X, T) denote the collection of all tangent functionals to Py (T, ®) at f. An application
of the Hahn-Banach theorem gives T (X, T) #0. It is easy to see that u € T¢(X, T) if and only
if

Ppre(T,f)—f fdy:inf{Ppre(T,g)—f gdy:geC(X,R)}. (2.15)

Also, we have T¢(X,T) C M(X,T) (see [25] for details).
Theorem 2.3. The following holds.

(1) For f € C(X,R),

[ee]

(X, T) = ﬂ{# € M(X,T) : hprepu(T) + ffdy > Pore (T, f) - %} (2.16)

n=1
@) If f1, f» € C(X,R) and p € T, (X, T) N T, (X,T), then
Poe(Tpfy + (1=p)f2) = B (T1) + (1-p) [(fi= ), Vpelo1], @17

and tpf1+(1—p)fz (X,T) C tf] (X, T)n tf1 (X,T).

Proof. (1) Let u € Iy = (2 {p€ MXT): hpreu(T) + [fdu> Pore(T, f) —1/n} . By
Theorem 2.1, there is p, € M(X,T) with p, — p and hpre,, (T) + f fdun — Ppre(T, f).
Hence, for each g € C(X,R),

Poe(T, £+ 8) = Pono(T, ) > i (Ton (1) + [ (£ + )tta = Pon(T, 1)) = [ 1,
(2.18)
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which follows that y € T¢(X,T). Now suppose there is pig € Tf(X, T) \ I. Since Iy is convex,
the standard separation theorem [27, page 417] follows that there exists g € C(X,R) with

J‘ gdy0>sup{f gd,u:‘uelf}. (2.19)
By Theorem 2.1, we can choose y,, € M(X,T) such that
g 1
hore, (T) + f + dpn > Pore | T, f + ) (2.20)
Without loss of generality, we can assume p, — p*. Then,

J‘gd‘uo=1’lJ‘ %d,uoén(Ppre(Trf"‘%) Pore (T, f))

< n<hpre,ﬂn (T) + f ( f+ %)d#n + % ~ Pipre . (T) -f fdyn> (2.21)

= f gdu, + % — f gdu*.
However, pu* € Iy follows from the fact:

preﬂn<T>+ffdﬂn P(T5+8) - [ Eap- by 220)

(2.22)
(irf)—M 1 byms L 4103
Ppre py y [25, Lemma4.1(3)]),
which is a contradiction.
(2) If0<p <1, then
PPore(T, f1) + (1 = p) Pore (T, f2)
> Poe(T,pf1+ (1-p)f2) (by [25 Lemma4.1(3)])
(2.23)

= Pore(T, f1 + (L =p) (f2 - 1))

Pore(T, f1) + (1~ p) f(f2 “f)du (since p € T (X, T)).
Hence,

Pore (T, f2) - ffzdu Pore (T, f1) —ffldu (2.24)
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By symmetry, Pore(T, f2) — [ f2dpt = Pore(T, f1) — [ f1 dpt, which implies

P (T, £)+(1=p) [ (2= ) =p Py (T, )1 =) o (T, £2)> o (T, i (1= ) ).
(2.25)
0

A member p € M(X,T) is called an equilibrium state for Py (T, ) at f if
Ppre (T,f) = Ppreu(T) + Ifdy. (2.26)

Let s (X, T) denote the collection of all equilibrium states for Py (T, ®) at f.

The set T¢(X,T) is convex and compact in the weak*-topology. The set M¢(X,T) is
convex but it may be not closed in the weak*-topology. Note that #¢(X,T) C T¢(X,T) C
M(X,T) and Ms(X,T) could be empty (see Example5.1, [25]). We also have M(X,T) =
C¢(X,T) if and only if the metric pre-image entropy map hpre o (T) is upper semicontinuous at
every element of T¢(X, T), Theorem 5.2 [25]. The extreme points of M (X, T) are precisely the
ergodic members of M (X, T) and if u € My (X, T), then almost every measure in the ergodic
decomposition of y is a member of M ¢(X, T) (see Proposition 2.1, [26]). When the metric pre-
image entropy map hpre (T) is upper semicontinuous on (X, T), then U sec(xr) M (X, T) is
dense in M(X,T) in the norm topology, and given any finite collection of ergodic measures
{n1,..., un}, there is some f € C(X,R) such that {p1,...,pus} C Ms(X,T) [26, Theorem 4.2].

The following theorem shows when tangent functionals to pre-image pressure are not
equilibrium states.

Theorem 2.4. Let (X, T) bea TDS and f € C(X,R). The following statements are mutually equiva-
lent:

(1) p € THX,T) \ My (X,T);

(2) hprep(T) + [ fdu < Pore(T, f) and there exist {pn}yey C M(X,T) with p, — p and
hpre,yn (T) + ,[fd,un i pre(T/ )

(B) u € TH(X,T) and hpreo(T) is not upper semicontinuous at p.

Proof. (1)=(2) Follows from the variational principle and Theorem 2.3(1).
(2)=(3) By Theorem 2.3(1), u € T¢(X, T). If hpre,o (T) is upper semicontinuous at y, then

Pore (T, f) = lim (hpre,ﬂn (T) +I fdﬂn> < hpreu(T) + j fdu. (2.27)

Hence, p € M f(X, T) by the variational principle.

(3)=(1) If (3) holds, then there are u, € M(X,T) with p,, — p and lim, _, hpre, (T) >
hpre,u(T). Hence,

Pore(T, f) > lim <hpre,,4n (T) +J fd‘un> > hpreu(T) +f fdu. (2.28)

Therefore, p € T¢(X,T) \ Ms(X,T). O
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3. Gateaux Differentiability of the Pre-Image Pressure

In [26], we studied the uniqueness of the equilibrium state for the pre-image pressure. We
showed that when the metric pre-image entropy map hpre(T) is upper semicontinuous on
M(X,T), then the set of all functions with unique equilibrium state is dense in C(X,R).
Without the upper semicontinuity assumption, one can show that all functions with unique
tangent functional are dense in C(X,R) (can see [27, page 450] or [11, Appendix A.3.6]). In
this section, we will show a continuous function with unique tangent functional to pre-image
pressure if and only if it is Gateaux differentiable.

Given f,¢ € C(X,R). Since Pp(T,e) is convex, the map t +— (Ppre(T, f + tg) —
Pore(T, f))/t is increasing and hence

Pore (T, f +18) = Pore (T, f)

+ o
d"Pore (T, f) (g) = lim ;
( ) = Pore(T. f) o
_ . Pore T,f+tg = Pyre T/f
d Pore (T, f) (g) = lim =+ —
exist. Note that d"Ppe(T, f)(g) = —d Ppre(T, f)(=g). The pre-image pressure function
Pyre(T, @) is said to be Gateaux differentiable at f if, for all g € C(X,R),
P re T, +1t _P Te T/
lim P ( f g) 1% ( f) (32)

t—0 t

exist. It is easy to check that Py (T, ) is Gateaux differentiable at f if and only if g —
d*Ppre (T, f)(g) is linear.

Lemma 3.1. Let (X,T) bea TDS and f, g € C(X,R). Then,

d"Pore(T, f)(8) = sup{fgd# pe tf(X,T)}. (3.3)

Proof. 1f p € T¢(X,T), then, for g € C(X,R),

J’ gdu < Pore (T, f +1t8) = Pore (T, f)

. ,  Vit>O0. (3.4)

Hence,
Sup{f gdu:peTy(X, T)} < d"Pee (T, f) (8)- (3.5)

Next, we prove the converse inequality. Set a = d* Py (T, f)(g). Define a continuous linear
functional y : {tg:t € R} — Rby

y(tg) =ta, teR. (3.6)
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The convexity of Py (T, ®) implies
y(tg) =t d" Pore(T, £)(8) < Pore(T, f +18) = Pore(T, f), VEER. (3.7)

By the Hahn-Banach theorem, y can be extended to a continuous linear functional on C(X, R)
such that

Y(h) < Pore(T, f + h) = Pore (T, f), Vh e C(X,R). (3.8)

By the Riesz representation theorem, there is y € M(X) with
y(h) = j hdu, Vge C(X,R). (3.9)

Combining (3.6), (3.8), and (3.9), we have u € T¢(X,T), and

f gdu=y(g) =a=d Pue(T, f)(8)- (3.10)

The lemma is proved. O
Theorem 3.2 (Uniqueness of tangent functional and Gateaux differentiability). The following
statements are mutually equivalent:

(1) the pre-image pressure function Py (T, ) is Gateaux differentiable at f € C(X,R);

(2) the unique tangent functional to Pp(T, ®) at f is y;

(3) for each g € C(X,R),

limPpre(T’f +18) = Bore (T, f) = f gdu. (3.11)

t—0 t

Proof. (1)=(2) If the pre-image pressure function P (T, e) is Gateaux differentiable at f,
then the function g +— d* Py (T, f)(g) is linear. By Lemma 3.1,

Sup{f gdu:peTH(X, T)} = d" Pore (T, f) (8)
= ~d"Pore (T, f) (=8)
:—sup{f—g d‘u:yetf(X,T)} (12

= inf{ fg dy:p ECI(X,T)}

for each g € C(X, R). This implies there is a unique tangent functional to Py (T, ) at f.
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(2)=(3) It directly follows from Lemma 3.1.
(3)=(1) It follows from the definition. O

4. Fréchet Differentiability of the Pre-Image Pressure

In this section, we will study the Fréchet differentiability of pre-image pressure. The pre-
image pressure function Py (T, ®) is said to be Fréchet differentiable at f if there is y € C(X,R)"
such that

i | Pore (T f +8) = Pore (T, f) ~ ()] _

0. (4.1)
g§=0 Il

The pre-image pressure function Py (T, e) is said to be Fréchet differentiable if it is Fréchet
differentiable at each f € C(X,R).

Note that if Py(T,®) is Fréchet differentiable at f, then it is Gateaux differentiable at
f and y(g) = [ gdu, where p is the unique tangent functional to Py (T, ) at f.

Theorem 4.1. The following conditions are mutually equivalent:

(1) Ppre(T, @) if Fréchet differentiable at f;

(2) Tr(X,T) = {py} and ||pn — pgll — O for each {p,} C M(X,T) with hprey, (T) +
,[fdl"n - pre(T/f);

(3) Ppre(T, @) is locally affine at f;

(4) Tr(X,T) = {ps} and

limsup{{|p - pyl| - p € Treg(X, T} = 0. (4.2)

Proof. (1)=(2) Suppose Py (T, ®) is Fréchet differentiable at f. Then, f has a unique tangent
functional pif to Ppre(T, @) at f. Let {p, )iy € M(X,T) with hpey,, (T) + | f dpn —
Pore (T, f). Given € > 0, there are N € N and 6 > 0 such that

Pore(T, ) < Hprop, (T) +f Fdup+es, Yn=N, (4.3)
0 < Pore(T, f + 8) — Pore (T, f) —f gdus <e-||g|| whenever ||g| <6. (4.4)
Hence, if n > N and ||g|| < §, then
fgd#n —f 8du = Pore(T, f) +f 8 dptn = Pore (T, f) —f gdpy

< Pgreg (T) + f (F + ) dptn + €6~ Poo(T, f) J' gdus (by4dd)
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< Pore(T, f+ &) = Pore (T, f) - Ig dus +e5 (by Theorem 2.1)

<e-(|lgll +6) <2e6 (by4.4).
(4.5)

Note that (4.5) is also true when —g instead of g. So,
'J‘ g dpy —f g d,u‘ <2e6 whenever ||g|| <6, n>N. (4.6)

Therefore,
i =gl =sup | ctin = [ et | 181 <1}
1 47
=55up{Ugd#n—fgd#f‘:llgll<5} @n
<2 (by4.6).

By arbitrary of €, ||pt, — psl| — 0.

(2)=(3) By the variational principle of pre-image pressure, we can pick ergodic measures
pn such that hpe ,,, (T) + ffd,un — Pore(T, f), Then ||u, — ps|l — 0. Note that two
distinct ergodic measures have norm-distance 2. So there is N such that y,, = pf for
alln > N.Hence, ur € M°(X,T) and

€:=Poe(T, f) - sup{hpre,#(T) +J fdu:pem(X,T), y#yf} > 0. (4.8)
This implies for each g € C(X,R), with || f — g|| < €/2, that

sup{hpre,ﬂ(T) +I gdp:pe MXT), ﬂ##f}

< Pore(T, f) —e+ || f - gl (4.9)
< Ppre(T/g) _€+2||f_g”
< Pore (T, 8)-

By the variational principle of pre-image pressure again, we have
€
Ppre(T, &) = hpreyu (T) + fgdyf whenever || f - g|| < 5 (4.10)

Hence, Py (T, @) is affine on the neighborhood B(f,e/2) = {g € C(X,R) : || f -gll <€/2} of f.
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(3)=(4) Is obvious.

(4)=(1) Let g € C(X,R) and p € Ty, ¢(X, T). By definition, we have

Poe(T, ) = Pre(T, f+9) > = [ g @y
Hence,
0< Pou(T, £+ ) = Pon(T, ) = [ 5 it
4.12
< fg d#—f g dus (by (4.11)) (*12)
< |lgll - lle = pell-
Therefore,
Pre T/ + _Pre T, - d
0< -2 (Tf+38) ”;”( f) - I gdus Ssup{||p—ps| : p € Trag(X, T)} — 0 (4.13)
as g — 0. That is Py (T, @) is Fréchet differentiable at f. O

Corollary 4.2. Let (X, T) be a TDS with finite pre-image entropy. Then, Py (T, ) is Fréchet diffe-
rentiable if and only if T is uniquely ergodic.

Proof. Using Theorem 4.1, Py (T, ) is locally affine whenever Py (T, e) is Fréchet differen-
tiable. Hence, the map f € C(X,R) — puy € M(X,T) is locally constant, where T¢(X,T) =
{ur} for each f € C(X,R). Since C(X, R) is connected, the map is constant. So ys = po for all
feCXR).Ifpe MX,T)\ {po}, then we can choose f € C(X,R) such that [ f du > [ f duo.
Then for sufficiently large k, we have

Pore(T,kf) > hprep(T) + f kf dp > hpre o (T) + f kf dpo = Pore (T, kf), (4.14)

which is a contradiction. Therefore, #M(X,T) = {uo}. O

Remark 4.3. In the situation of Corollary 4.2, there is only one invariant measure, and the pre-
image pressure is the expectation with respect to this measure, hence, it is linear.
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