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This paper deals with the analytical representation of bifurcations of each 3D discrete
dynamics depending on the set of bifurcation parameters. The procedure of bifurcation
analysis proposed in this paper represents the 3D elaboration and specification of the general
algorithm of the n-dimensional linear bifurcation analysis proposed by the author earlier. It is
proven that 3D domain of asymptotic stability (attraction) of the fixed point for a given 3D
discrete dynamics is bounded by three critical bifurcation surfaces: the divergence, flip and
flutter surfaces. The analytical construction of these surfaces is achieved with the help of
classical Routh—Hurvitz conditions of asymptotic stability. As an application the adjustment
process proposed by T. Puu for the Cournot oligopoly model is considered in detail.
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1. INTRODUCTION

The purpose of this paper is to construct the 3D
analytical representation of the general procedure
of linear bifurcation analysis developed by Sonis
(1993, 1997). The bifurcation analysis describes the
changes in the qualitative properties of the orbits on
non-linear discrete dynamics under the changes of
the (external) parameters of these dynamics.

The bifurcation phenomena are defined by the
position of the boundaries of attraction of the fixed
point. It will be proven further that the domain of
attraction of the fixed point of 3D discrete
dynamics is bounded by three critical bifurcation
surfaces: the divergence surface corresponding to
the case in which one of the eigenvalues of the
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Jacobi matrix of the linear approximation of the
dynamics equals to 1; the flip surface corresponding
to the existence of the eigenvalue —1, and the flutter
surface corresponding to the pair of complex con-
jugated eigenvalues with absolute values equal to 1.
The crossing of these surfaces by the movement of
the fixed point will generate the plethora of all
possible bifurcation phenomena.

2. 3D LINEAR BIFURCATION ANALYSIS

2.1. Fixed Points of 3D Discrete
Non-Linear Dynamics

Let us consider 3D discrete dynamics represented
by the following system of autonomous difference
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equations:

X1 = F(xp,ynzs A) (= F)

where A= {(11, az, s, .

Virt = G(x, Y205 A) (: Gt)

Zi4] = H(xt,J’t,Zt; A) (: Hr)Q

t=0,1,2,...

(2.1)

..,ai} 1s a set of external

The eigenvalues of the Jacobi matrix J are the
solutions of the characteristic polynomial equation:

bifurcation parameters and F,, G,, H, are the differ-
entiable functions of x,, y,, z,. For the fixed set A4 all
fixed points (x, y, z) of the system (2.1) are given by
the solutions of the system of algebraic equations

x =F(x,y,z A);
z=H(x,y,z; A)

y=G(x,y,z; A);
(2.2)

2.2. The Value of the Jacobi Matrix at a
Fixed Point

Let us now present in detail the 3D procedure
of linear bifurcation analysis. First step of the
analysis includes the construction of the Jacobi
matrix of a linear approximation of the non-linear
dynamics (2.1):

,u3 + 6‘1,u,2 +cop+ce3=0 (2.6)
where
OF 0G OH
—Cl—TrJ_a—’_E;—FEZ_ (27)
OF OF| | oF OF 9G
| Ox Oy ox 0Oz 0z
@=M"o6 o6 lon on| T on on
Ox Jy Oox 0Oz 0z
(2.8)
or or orT
Ox Oy Oz
oG 90G 0G
—C3 = detJ = —a—x a—y E (29)
OH OH OH
| Ox Oy 0Oz |

J(t‘z+l) =

OF,
Ox,
oG,
x;
O0H,
ox;

or,
3yt
9,
8)/'[
o,
Oy,

OF,
9z,
9G,
0z,
OH,
0z,

(2.3)

and its value at the fixed point (x, y, z):

OF OF OF
ox dy 0z
G 0G 9G
ox dy 0z
OH OH OH
ox 9y 0z

(2.4)

where functions F, G, H are results of substitution
(xhyta Zt) - (xayv Z) in Fta Gl’ HI:

F=F(x,y,z; A) = [F]

Xp=x
Y=y
1=z

G=0G(x,y,z;4) =[Gy (2.5)

=z

H=H(x,y,z; A) = [Ht]f,j’;'j;

2.3. Domain of Attraction of the Fixed Point
and its Routh—Hurwitz Inequalities

If py, pp, w3 are the roots of the characteristic
Eq. (2.6) then as well known:

o = —( + pa + p3);
€3 = — 243

Cy = [ 2 + prph3 + Hopi3;
(2.10)

By the von Neiman theorem the fixed point
(x,y,z) is asymptotically stable iff for all eigen-
values of the Jacobi matrix J the condition holds:

lul <1 (2.11)

Condition (2.11) defines the space of parameters
¢1, ¢, 03 (space of eigenvalues) the geometrical
domain of asymptotic stability (domain of attrac-
tion). The analytical description of this domain can
be given with the help of classical Routh—Hurwitz
algorithm in the form of non-linear inequalities
(see, Samuelson, 1983, pp. 435-437; Sonis, 1997).
For the derivation of these inequalities, for 3D
discrete dynamics we construct first the new
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parameters by, by, by, by such that:

bo=1+ci+cr+cs;
by =3 —c¢; — ¢y + 3c3;

by =3+c —cr— 3¢
by=1—c+c—c3
(2.12)

Further we construct the Routh—Hurwitz matrix

by b3y O
by by O (2.13)
0 bl b3
and its main minors:
by by
Ap=bi; A= = b1by — bobs;
1 1 2 by by 102 003
by b3 O
As=1by by 0|=5b, (2.14)
0 b b

The classical condition of asymptotic stability are

bo>0;, A >0, Ary>0, A;>0 (2.15)
which means that:
by >0; by >0; b2>0; bz > 0;
Az = bbby — b0b3 >0 (216)

2.4. Geometrical Structure of the Domain of
Attraction: Critical Bifurcation Surfaces

It is possible to see that the inequalities

by >0, by >0, by>0;, b3>0 (2.17)

define in the space of eigenvalues ¢y, cs,c3 the
interior of the pyramid with the vertices

A(=1,-1,1), B(1,—1,—1),

C(3,3,1), D(-3,3,-1) (2.18)

such that the plane by =0 lies on the triangle 4DB;
the plane b, =0 lies on the triangle 4CD; the plane

D(-33,-1)

~——__C33Y

HLP plane
Divergence plane

B(1,-1,-1)

A(-L-LD)

FIGURE 1 Domain of attraction of 3D discrete dynamics.

by =0 lies on the triangle BCD; and the plane b3 =0
lies on the triangle 4BC (see Fig. 1).
In addition, the inequality

Ay = byby — bpby >0 (219)

defines the part of the pyramid which includes the
point (0, 0, 0) and lies under the saddle

Ay =b1by —bobs =1 — ¢y +cres + C% =0 (220)

Thus, the domain of attraction of the fixed point
(x,y, z) is defined by three inequalities:

bop=14+c1+c2+c¢3>0;
bsy=1—-ci+c—¢c3>0

Ay=1-cy+cie3—c5>0 (2.21)

The boundaries of the domain of attraction are two
planes,

bo=14+c1+c+e3=0;

by=1—-ci+c—c3=0 (2.22)

and a saddle
A=1l-c+ci—aG=0 (2.23)

The plane by =0 intersects the saddle by the sides
AD and BD; and the plane b3 =0 intersects the
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saddle by the sides AC and BC; these two planes and
the saddle will be called critical bifurcation surfaces.

2.5. Real and Complex Eigenvalues
in the Domain of Attraction

Itis important to note that the domain of attraction
is divided into two parts by a saddle-like surface in
such a manner that one part includes three real
eigenvalues and the other one includes two complex
conjugated eigenvalues and one real eigenvalue.
For the construction of such a surface let us use the
classical Thchirnhausen transformation:

p=x-

3 (2.24)

This transformation converts the characteristic
polynomial Eq. (2.6) into

N4+pr+g=0 (2.25)

B R Lo
pP=0C q =103 3 77

i (2.26)

The well-known classical condition for Eq. (2.25)
(and same as for Eq. (2.6)) to have only real roots is
the negativeness of the discriminant:

(@0 om
Thus, the surface
s=(EPH(D'=0

is dividing the domain of attraction into the above
mentioned two parts.
In the space of eigenvalues this surface has an
equation:
A:ﬁ_’_i_ClCzCﬁ (,‘13(,’3_(,"2622
4 27 6 27

g =0 (229)

This surface includes the origin. Moreover the plane
bo =0 intersects this surface by the sides 4D and
BD, and the plane b3 =0 intersects this surface by
the sides AC and BC. The coordinate plane ¢; =0
intersects this surface by the cubic curve

(2.30)

the coordinate plane ¢, =0 intersects this surface
by the parabola:

4

C3 :2—7C1

(2.31)
and the coordinate plane c¢;=0 intersects this
surface by the parabola:

(2.32)

2.6. Structure of Bifurcations on the
Critical Surfaces

The formulae (2.10) imply that

bo=1+cr+extes=(1—p)(l—p)(l—ps3)
b3:1—61+C2—C3=(1+M1)(1+M2)(1+M3)
(2.33)

Thus, on the plane hy=0 at least one of the
eigenvalues is equal to 1, i.e., dynamics became
divergent — this is a divergence plane. On the plane
b3 =0 at least one of the eigenvalues is equal to —1,
i.e., dynamics became oscillatory, this is a flip plane.
Each point on the flip triangle ABC (see Fig. 1) cor-
responds to the two-periodic cycle, and the move-
ment of the fixed point through it generates the
Feigenbaum type periodic doubling sequence in
three dimensions, leading to chaos (Feigenbaum,
1978).
It is possible to check that on the saddle (2.23)

A2=1—62+61C3—c32

= (1 = pp2)(1 = pa)(1 = popz) =0 (2.34)
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This equality defines the structure of bifurcations
on the saddle in the following way. On the saddle all
three absolute values of each eigenvalue are not
more than 1, since a saddle is the boundary of the
domain of asymptotic stability and, moreover, on
the saddle we have one real eigenvalue and two
complex conjugate eigenvalues, say,

12 = R(cos2m) £isin27Q); uz3=r (2.35)
The condition (2.34) means that
pipr =1 (2.36)
Thus,
il =lp2l =1, R=1
-1<r<1,0<0<1 (2.37)
Let us denote
a = 2co0s 2782 (2.38)
Obviously,
—2<a<?2 (2.39)

Equation (2.10) implies

¢y =—(ur +pa+p3) =—-2cos2mQ—r=—-a—r
cy = i + pips + popszl +2rcos2nd =14 ar

€3 = —p1piapiy = —T
(2.40)

If parameter « is fixed and r is changing, then
Eqgs. (2.40) describe a straight line in the space of
eigenvalues:

co=—-a-r;=14+ar; a=-r; -1<r<1
(2.41)

This straight line is the straight line generator of
the saddle, it lies on the saddle and intersects the
side ACin the point (1 — a, | — &, 1) and the side BD
in the point (=1 — o, 1 + «, —1) (see Fig. 2).

If Q is a rational fraction: Q2 = p/q then we have
the so-called g-periodic resonances; between them

D
C
G
6-p p y
~ 2-p
N
N\
0
B
C3 Q!
A a=1 a=0 a=-1 a=-2

FIGURE 2 The segments of resonances for 3D discrete
dynamics.

the fixed points of the strong 3-periodic (3-p) and
4-periodic (4-p) resonances corresponding to 2=
1/3; Q2 =1/4. Strong 3-p resonance corresponds to
a=—1 and lies on the segment of the straight line:
cg=1-r;

o=1—r; c3=-r;

connecting the points (2,2, 1) and (0,0, —1).
Strong 4-p resonance corresponds to o=0 and
lies on the segment of the straight line:
ca=-r; =1, ¢5=-r; —-1<r<1 (243)
connecting the points (1,1,1) and (-1, 1, —1).
Other rational fractions represent fixed points of
weak resonances. For example, 6-p weak resonance
corresponds to o =1 and lies on the segment of the
straight line:

cg=—l—-r; co=14r;

connecting the points (0,0, 1) and (—2,2, —1).
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Table I represents the fixed points generating all
g-periodic orbits for g < 12.

If Q is irrational, one obtains the quasi-periodic
orbits.

In the following, we will call an inequality

by=14ci+cr+¢3>0 (2.45)
the divergence inequality; the inequality
by=1—-ci+cp—c3>0 (2.46)
the flip inequality; the inequality
Ay = 1-62+C1C3—C32>0 (2.47)

the flutter inequality.

2.7. Special Case ¢; =0; Domain of
Attraction for 2D Dynamics

If ¢3 =0 then the characteristic Eq. (2.6) will have a
form:

w4t =0 (2.48)

TABLE I Equilibria generating periodicity (till period 12)

Type of periodicity Arguments of eigenvalues  Values of «

q Q=2nplq a=2cos(2mp/q)
2 T -2
3 27/3 -1
4 w2 0
5 2w/ 0.61803
4r/S —1.61803
6 /3 1
7 2w7 1.24698
4x/7 —0.44504
67/7 —1.80194
8 /4 1.41421
9 27(9 1.53209
47/9 0.34730
8w/9 —1.87939
10 /5 1.61803
37/5 —0.61803
11 2711 1.68251
47/11 0.83083
6m/11 —0.28363
8r/11 —1.30972
107/11 -1.91899
12 /6 1.73205

which corresponds to the Jacobi matrix

oF, OF,
) . 0x, 8)’1
J(MH) = o6, oG, (2.49)
ax, dy,
of 2D dynamics:
Xipt = F(xp,y,200A) (= Fp)
yl‘+l :G(xt’yhzl; A) (: Gf)a t:O71929"'
(2.50)
If
x=F(x,y,2; A); y=G(x,p,z; A) (2.51)

give the coordinates of the fixed point of the
dynamics (2.50) we can calculate the value of the
Jacobi matrix (2.49) in the fixed point (x,y) from
(2.51):

or or
Ox 0O
@ _ Y
y S b (2.52)
dx Oy
where
F=F(x,,z; 4) = [Filu=
(2.53)

G =G(x,y,2 A) =[Gy

with the characteristic polynomial Eq. (2.48) where

OF 0G
— +

e =TrJ® = el
“l rJ Ox Oy

(2.54)

OF OF
ox dy
oG 0G
ox dy

According to the Routh—Hurwitz procedure, the
domain of stability of a fixed point for the 2D
dynamics (2.47) is given by the system of inequal-
ities (see Hsu, 1977; Sonis, 1993; 1996; 1997):

¢y =detJ? = (2.55)

-l <<l (2.56)
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which represents the divergence, flip and flutter
inequalities:

bo=14+ci+c>0;, bs=1—ci+c>0;

Ay=1—-¢>0 (257)
Figure 3 describes the domain of attraction, which
is the triangle KLM in the space of eigenvalues
{c1, 2} with vertices

K(=2,1), L(2,1), M(0, —1) (2.58)

The sides of the triangle of stability are defined
by the following straight lines, the divergence
boundary:

TrJ® =detJ® +1
(2.59)

l+ci+e¢=0, or

the flip boundary:

l+c¢i—c, =0, or ~TrJ@® =detJ@ + 1

(2.60)
and the flutter boundary:
=1, or detJ® =1 (2.61)
¢,  Boundary between real and

complex eigenvalues

Flutter boundary ¢, =0

K . L =30
Domain of| attraction
Divergence boundary 1
l+€rCz0 Flip boundary

l+¢,c=0

FIGURE 3 Domain of attraction of 2D discrete dynamics.

This domain (2.56) can be easily obtained from
(2.21), putting in (2.21) ¢3=0. Geometrically this
means that the domain of stability of fixed point for
2D dynamics is the section of 3D domain of
stability with the help of the coordinate plane
¢3=0. The segment KL represents all flutter
bifurcations of 2D dynamics. The 3D bifurcation
segments (2.40) touch the flutter segment if r=0
and we have all the bifurcations corresponding to
a=2cos 27 in the points
=1

= - —2<a<2

(2.62)

3 =0;

So, Table I also describes the periodicities on flutter
segment KL.

Special Case ¢y =0: A Dynamics without the Self-
Influence

The 3D dynamics without self-influence have a
form:

Xew1 = F(yi, 265 4)
Vet = G(x, 215 A)
Zr41 = H(Xz,Yr;A)

(2.63)

where x, . 1(y,41,2,41) does not explicitly depend
on x,y,z,). In this case ¢; =0 and the domain of
stability of equilibria is described by divergence, flip
and flutter inequalities:

bo=1+c+c3>0;, bs=1+c;—c3>0;
Ay=1-c;—c;>0 (2.64)
Figure 4 describes the domain of stability in the
space of the parameters ¢,, ¢3, whose boundaries are
the flutter parabola 1 — ¢; = ¢7 and the divergence
and flip straight lines: 1 + ¢ = +c3
The flutter segments (2.40) touches the flutter
parabola if r= — « in the points:

6=1-a?
—1<r=—-a<l

¢ =0; o =a;

(2.65)

Table I indicates the impossible periodicities 8 and
12 where a > 1.
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Flutter porabola
1 o= ¢}

Domtain of
attraction

-1 s
- Boundary between real
“wj complex eigenvalues
— e =
Divergence / 4 27
line Flip line
1+C,+C4=0 1+¢,- ¢, =0

FIGURE 4 Domain of attraction of 3D non-self-influence
discrete dynamics.

3. COURNOT DYOPOLY AND TRIOPOLY:
BIFURCATION ANALYSIS OF T. PUU
ITERATIVE DYNAMICS

3.1. Dyopoly with Adjustment

In his important book “Nonlinear Economic
Dynamics” Swedish economist Tonu Puu intro-
duced iterative process which leads two oligopolists
to their Cournot equilibrium (see Puu, 1997,
Chap. 5). T. Puu considered the following iteration
process:

Xr+1 =xt+>\(’\/%_yl —X;)

Xt
Yit1 :y,—i—/,b( Z__XZ_yt)

where x,,y, are the supplies at time ¢ of two
competitors in a duopoly, «, b are their constant
marginal costs, A, i are the adjustment speeds. Here
it is assumed that a,5>0; 0 <A, u<1. The fixed
point (x, y) of this iteration dynamics satisfies the
system of algebraic equations:

y=Jyru b y

(3.1)

(3.2)

with a non-zero solution:

b _a
s V= (a+b)2 (33)

X =

" (a+b)

which is the Cournot equilibrium.
The Jacobi approximation matrix for the
dynamics (3.1) is

1
Tt = 11 ’ A(z\@ 1> (3.4)
(amt) o
In the Cournot equilibrium this matrix becomes
jula = b) L (3.5)
2b

Therefore, from (2.51)

—c1=TrJ=2—-A+p) (3.6)
and from (2.52)
cy=detJ=(1—=X)(1—p)+A (a—b)2 (3.7)
2T N # K 4ab '
The divergence inequality 14c¢;+c¢2<0
becomes
T—2— O]+ (1= 21 - p)
(a—b)’
+ A i >0 (3.8)
which implies
(a+b)°
Al b >0 (3.9)

which is always true for positive a,b and A, p, i.e.
there are no situations in which iterative dynamics
(3.1) diverges.

The flip inequality 1 — ¢; + ¢, < 0 becomes

T+2= A+ ]+ (1 =21~ p)
(a—b)°

A
AR 4ab

>0 (3.10)
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or

(a+b)?
dab

> 202 — (A + p)] (3.11)

This inequality is always true, since the left side of
(3.11) is positive and the right side is negative.
Thus, the domain of stability of the Cournot

equilibrium is defined only by flutter inequality
A, =1— ¢, >0 which gives

o (a—b)?
(I =X —p)+ i <1 (3.12)
or
(atd)f 1,1 (3.13)
4ab X '

Let us introduce the ratio of the marginal costs

b

-=k .14

- (3.14)
and let

1 1

—4+—-=A .

>\+M (3.15)

Obviously, k>0 and A >2. Then, the domain of
stability of the Cournot equilibrium will be

a :kk)z <A (3.16)
or
k*—2kA—1)+1<0 (3.17)
which means that
ki <k <k (3.18)
where k1, k, > 0 are the (positive) roots
kip=QA-1)F2/AA-T) (319

of the quadratic equation

k? —2kQ2A - 1)+1=0 (3.20)

presenting the flutter boundary for the Cournot
equilibrium.

Obviously, these roots are reciprocal, since we
can use the reciprocal ratio k = a/b.

The character of bifurcations in these roots are
the same and is defined by the value of « from (2.35)
(see also Table I):

a=2cos2rd=TrJ=2—-(A+p) >0 (3.21)

Few examples are of special interest: if the
adjustments A\, p are unitary, then a=0 and we
have (see, Section 2.5) 4-p cycle starting the
Feigenbaun double-periodic way to chaos; if
A+p=1, then a=1 and we have 6-p cycle
bifurcations. Moreover, from (3.20) a >0, thus,
Table 1 indicates that the duopoly adjustment
dynamics cannot have the 3-p bifurcation (with
a=—1), butit can have the 5-p cycle corresponding
to =0.61803, i.e., A+ p=1.38157.

3.2. Cournot Equilibrium in Triopoly
with Adjustment

The case of triopoly can be considered analogically.

Tonu Puu introduced iterative process which
leads three oligopolists to their Cournot equilib-
rium (see Puu, 1997, Chap. 5):

+z
X1 = yta t-J’t—Zz
Zr+ X
Vi1 = tb f—X -z (3.22)
X+
Zep1 = tcyt_xt—J’t

This dynamics is non-self influence dynamics
(see (2.7)) and its Cournot equilibrium

_2(b+c—a)  2a+c—b).
C(a+b+0)? T (a+b+o)
P Ch ik ) (3.23)

"~ (a+b+c)
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corresponds to the points in the 2D eigenvalue
space (see Fig. 4). The domain of stability of this
Cournot equilibrium can be easily calculated from
the value of the Jacobi approximation matrix at the
Cournot equilibrium

i 0 b+c—3a b+c—3a]
4a 4a
J— c+a—73b 0 c+a—3b
4h 4b
a+b—3¢c a+b-3c 0
4c 4c J
r0 ki ki
=k 0 k (3.24)
Lk3 k3 0
which gives (see (2.8) and (2.9))
—c;=TrJ=0
C) = AJ= —k1k2 - k1k3 - k2k3 (325)

—C3 = detJ = —2k1k2k3

In this case the domain of stability of Cournot
equilibria is described by divergence, flip and flutter
inequalities:

bo=14+cr+¢c3>0;, b3y=1+cr—c3>0;
(3.26)

Figure 4 describes the domain of stability in the
space of the parameters c¢,, ¢3, whose boundaries
are the flutter parabola 1 — ¢, = ¢3 and the diver-
gence and flip straight lines is 1 + ¢, = =c¢3. In the
terms of k, k>, k3 the domain of structural stability
of Cournot equilibrium is given by system of
inequalities:

A2:1—C2—C32>0

1 - 4k12k22k32 < kiky + kiks + koks < 1 & 2k 1koks
(3.27)

Here the divergence surface is

1 — kiky — kiks — koks + 2k koks =0 (3.28)

The two periodic flip bifurcations are “sitting” on

the flip bifurcation surface:

kiky + kiks + koks + 2k koks = 1 (3.29)

and the flutter periodic and quasi-periodic bifurca-
tions belongs to flutter parabola 1 — ¢, = ¢3 gen-
erating the flutter bifurcation surface

1+ kiky + kiks + kaky = dkikiki  (3.30)

The character of flutter bifurcations is defined
(see (2.8)) by

200827 = o = 3 = 2k koks (3.31)

or

Q= zl;arc cos kikoks (3.32)

The rational values of 2 give the periodic flutter
bifurcations. As is indicated in (2.7) the triopoly
cannot have 8 and 12 periodic bifurcations (cf.
Table I). The irrational values of €2 give the quasi-
periodic bifurcations.

3.3. The “Virtual” Duopoly

The “virtual” duopoly is the special case of triopoly
with two identical competitors (see Puu, 1997,
Chap. 5).

Thus, we can obtain from (3.22) the following 2D

dynamics:
/2
Xipl = = 2y
a

Xty
YVir1 = b

(3.33)

— Xt — Wt

with the corresponding Cournot equilibrium:

x:2(2b—a)' 2a

@20 7 (@t 2n) (3:34)

The value of the corresponding Jacobi approx-
imation matrix at the Cournot equilibrium (3.34) is

2b —3a
) 0 2a
T e as (3:33)
4b 4b
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with
e = Tpg@® 926 1-2k
¢ =TrJ m i (3.36)
¢y = detJ Rab
1 —2k)(3 -2k
_4-6-2 a9
where
b
_= k (3.38)

is the ratio of the marginal costs.
The divergence inequality 1 + ¢ + ¢, > 0 gives:

LK1 (1-2K)(3 - 2K)

! 4k 8k

>0 (3.39)

which is equivalent to (1 4 2k)>> 0 and thus holds
always, so the adjustment dynamics cannot diverge.
The flip inequality 1 — ¢ 4 ¢ > 0 gives:

2k —1 (1 =2k)(3—2k)
1 - e + o >0 (3.40)
which is equivalent to 5—dk+4k*=4+

(1 —2k)*>>0 and holds always, so the adjustment
dynamics cannot flip. The flutter inequality ¢, < 1
gives:

(1 = 2k)(3 — 2k)

1 41
T < (3.41)

which is equivalent to

3— 16k +4k* <0 (3.42)
which means that
]El <k< Ez (3.43)
where
- 13
k1,2=2i—\/2: (3.44)

are the roots of the quadratic equation

i — 16k +3=0 (3.45)
presenting the flutter boundary for the Cournot
equilibrium. Thus, the domain of stability of the
Cournot equilibrium (3.34) is the open segment
(ky,ky) = (2 = (v/13/2),2 4 (v/13/2)). The end
points of this segment presents the bifurcation
points. Their nature is described by

12k, 1+£V13
4k, 6

(3.46)

2008210 = = TrJ? =

So, if k approaches the value (3.44) then the
attraction of the Cournot equilibrium (3.34)
exchanged by the quasi-periodicity defined by the
irrational

% (3.47)

1
Q=—
27rarccos
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