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We present new oscillation criteria for the even order neutral delay differential equations with
distributed deviating argument [r(f)¢(x(t))Z"D (t)], + pr(t,g)f[x(g(t,g))]do(g) =0,t >ty

where Z(t) = x(t) + q(t)x(t — 7). Assumptions in our theorems are less restrictive, whereas the
proofs are significantly simpler compared to those by Wang et al. (2005).

1. Introduction

In this paper, we are concerned with the oscillation behavior of the even order neutral delay
differential equations of the form

, b
[rOe ez 0] + [ p D)o@ =0, 121, (1.1)

where Z(t) = x(t) + g(t)x(t — T), T > 0 and n is an even positive integer. We assume that

(A1) r,ge C(I,R)and 0< g(t) <1,r(t) >0fort €1, fm(l/r(s))ds = oo, I = [ty, o0);

(A2) ¢ € CH(R,R), ¢s(x) > 0 for x #0;

(A3) feC(R,R), xf(x) >0 for x#0;

(A4) pe C( x [a,b],[0,0) and p(t, ¢) is not eventually zero on any half linear [t,, oo) x
[ar b]/ tu > tO;

(As) g€ C(Ix[a,b],[0,00)), g(t ¢) <tfor¢ e [a,b], g(t ¢) has a continuous and positive
partial derivative on I x [a, b] with respect to t and nondecreasing with respect to
¢, respectively, liminf; _, ,g(t, &) = oo for ¢ € [a, b];
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(A¢) 0 € C([a,b],R) is nondecreasing, and the integral of (1.1) is in the sense of
Riemann-Stieltijes.

We restrict our attention to those solutions x(t) of (1.1) which exist on some half linear
[ty, 00) and satisfy sup{|x(t)| : t > t,} #0 for any T > t,. As usual, such a solution of (1.1)
is called oscillatory if the set of its zeros is unbounded from above; otherwise, it is said to be
nonoscillatory. Equation (1.1) is called oscillatory if all its solutions are oscillatory.

The oscillatory behavior of solutions of higher-order neutral differential equations is
of both theoretical and practical interest. There have been some results on the oscillatory and
asymptotic behavior of even order neutral equations. We mention here [1-12]. The oscillation
problem for nonlinear delay equation such as

[rHX O] + 9O f (x(0(1) =0, t>to (12)
as well as for the the linear ordinary differential equation
[r(Hx' ()] +p®)x'(t) +q(t)x(t) =0, >t (1.3)
and the neutral delay differential equation
(x(t) + g(t)x(t - 0))" + p(B)x(t~7) = 0 (14)

has been studied by many authors with different methods. In [13], Rogovchenko established
some general oscillation criteria for second-order nonlinear differential equation:

(r(t)x' (1) +p(OX'(t) + qt) f(x(£) =0, t>to. (1.5)

In [14], the authors discussed the following neutral equations of the form

b
[x(t) + c(B)x(t —7)]™ +f p(t,&)x[g(t,&)]do() =0, t>t (1.6)

and obtained the following results.

Theorem A (see [14, Theorem 2]). Assume that there exist functions H(t,s) € C'(D; R), h(t, s) €
C(Dy; R), and p(t) € C'([ty, 0),(0, 0)), such that

(I) H(t,t) =0,H{(t,s) > 0;
(II) H(t,s) <0,and —H(t,s) - H(t,s)(p'(s)/p(s)) = h(t,s)\/H(t,s), and

.. . H(ts)
0< ggﬁ thﬁrg> inf H(t o) ()
p(s)h?(t, s)
1 C
im sup H, to)It(] (s, )¢ (5, ) ds < 0. (Cy)
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If there exists a function ¢(t) € C([to, o), R) satisfying

t— o0

1 t b
tim sup 17— [H(t, p(s) [ pls)(1-clg(s )o@

(Gs)
p(s)H2(t, 5)
 2Mgg"2(s,a)g (s, a)

]ds >@(u), u>ty,

toof n-2
P10, SUP T o) tog(u/a,)ju) (u/a)‘f’-%(”)dumof ¢+ (u) = max{p(u),0},  (Cs)

then every solution of (1.6) is oscillatory.

We will use the function class W to study the oscillation criteria for (1.1). Let D =
{(t,s) |t > s> ty},and Dy = {(t,5)t > s > tp}. We say that a continuous function H(t,s) C
C'(D,fR) belongs to the class W if

(A7) H(t,t) =0 and H(t,s) >0 for —oo < s <t < +o0;

(Ag) H has a continuous partial derivative 0H/0s satisfying, for some h € Li,.(D, R),
the condition 0H/0s = —h(t,s)\/H(t, s).

The purpose of this paper is to further improve Theorem A by Wang et al. [14], using a
generalized Riccati transformation and developing ideas exploited by the Rogovchenko and
Tuncay [13], we establish some new oscillation criteria for (1.1), which remove condition (C,)
in Theorem A by Wang et al. [14]; this complements and extends the results in [14].

In addition, we will make use of the following conditions.

(51) There exists a positive real number M such that | f (+uv)| > M f(u) f (v) for uv > 0.

Lemma 1.1. Ifa>0,b >0, then

2

2 a o b 7
—ax° + bx < —_X+ —. 1

Lemma 1.2 (Kiguradze [15]). Let u(t ) be a positive and n times differentiable function on R. If
u™ (t) is of constant sign and identically zero on any ray [t,+oo) for (t; > 0), then there exists a
ty >ty and an integer 1 (0 <1< n), with n+1 even for u(t)u™ (t) > 0 or n+1odd for u(t)u™ () <0,
and for t > t,,,

u®u® ) >0, 0<k<l; Du®u®@) >0, I<k<n. (1.8)
Lemma 1.3 (Philos [16]). Suppose that the conditions of Lemma 1.2 are satisfied, and

u(n_l) (t)u(n) (t) S 0/ t 2 tur (19)
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then there exists a constant 0 in (0,1) such that for sufficiently large t, and there exists a constant

My > 0 satisfying
u'<£> > Mot"
5 )| = Me

umD(p) | (1.10)
where Mg =0/(n-2)L.

2. When f(x) Is Monotone

In this section, we will deal with the oscillation for (1.1) under the assumptions
(A1)-(Ag), (51) and the following assumption.

(Ag) f'(x) exists, f'(x) > K; and ¢(x) < L™ for x #0.

Theorem 2.1. Let (S1), (A1)—(Ag) hold. Equation (1.1) is oscillatory provided that p(t) €
C'([tg, ), R) such that

lim sup ﬁﬁo [H(t, $)Q(s) - KlL};\Z(:gi)_f((z)g?fs a)]ds = o, 2.1)
where
010 = pM [ pit )11 - 0(s00,9)1d0(®) - 1y rl) Z(gt,)(t, o @
Proof. Suppose to the contrary that there exists a solution x () of (1.1) such that
x(t) >0, x(t-7)>0, x[g(t¢)]>0, t>t, ¢€lab] fort>=t > t. (2.3)
From (1.1), we also have Z(t) > 0 and [(r(t)g(x(t))Z""D ()]’ <0 for t > t.
It follows that the function r(t)gs(x(t)) Z""V (t) is decreasing and we claim that
Zm V() >0 fort>ty. (2.4)
Otherwise, if there exist a f; > #; such that Z(""V(#;) < 0, then for all t >,
r(B)g(x(H)Z" D (F) < r<?1>q;<x<a)>z<"-1> (?1) =-C(C>0), (2.5)

which implies that Z"V(t) < -C/r(t)g(x(t)), t > ti; integrating the above inequality from
t; to t, we have

t

. @ds. (2.6)

Zm2) () < Zn2) (?1) - CLI
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Let t — oo; from (A;), we get lim;_,,Z" 2 (t) = —oo, which implies that Z"~D(t) and
Z™=2(t) are negative for all large t; from Lemma 1.2, no two consecutive derivative can be
eventually negative, for this would imply that lim;_,,Z(t) = —o0, which is a contradiction.
Hence Z(""D(t) > 0 for t > t;. Using this fact together with x(t) < Z(t), we have that
x(t) > [1-q®)]Z(t), t>th. (2.7)
Now from (A1), (51), and (2.7), we get
flx(gt9))] 2 MfF[1-aq(gt ) f[Z(8t )], t>t, (2.8)

and thus, from(1.1), we get

! b !
0= [r®gx)Z2" )] +j Pt f [x(g(t,9)]do@) = [(r(Bg (x(t)Z" D (1)]
¢ (2.9)

b
+ M p,0 11 - a(50,))f[2(500,8)]do®).

Further, observing that g(t,¢) is nondecreasing with respect to ¢ and Z"=V(t) > 0 for t > t;,
from Lemma 1.2, we have Z'(t) > 0, t > t;, and so

Z(g(t, &) >2Z(gt,a)), t=t, ¢€la,b]. (2.10)
So, f[Z(g(t,¢))] > f[Z(g(t,a))] fort >t and ¢ € [a, b]. Thus

' b
[rweazm o] + Mr(Z( )] [ peof[-a(semldo@ <0, t>n.
(2.11)

Define

(g (x(H))Z" V()

w0 = PO Z et @ /2)]

t>t. (2.12)

From (1.1), (2.11), and Lemma 1.3 we get

=1 (1))’
) = 2Dty 4y COFEOIZ000)

p(b) flZ(s(t,a)/2)]

R (S (e

1 K1LMog™2(t, a)g'(t, a)
p()r(t)

PO

w?
(t) w*(t).

(2.13)

w(t) - p(t)Mf p(6&) F[1 - 4(3(t,8)]do(@) -
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Then, by Lemma 1.1 we get

b (1) (t
w0 < -ptM plt 01 a(s6 )o@ + o COTO
1 K1LMpg "2 (t,a)g (t, a)
N CEC R a1
o ~ 1K1LM9g("‘2)(t, a)g'(t,a) ,
=) - g S D,

Let

(P (1) ’r(b) (2.15)

b
Q) = pOM| p,Of[1-q(s D)o@ - e S

That is,

KlLMng_z(tr a)g,(tl [1) wz(t

1D & (216

Q(t) < -w'(t) -
Integrating by parts for any t > T > t;, and using properties (A7) and (Ag), we obtain

It H(t,s)Q(s)ds
T

KiLMpg" (s, a)g (s, a) w2(s)

i t
< —ITH(t, s)w'(s)ds — ITH(f/ s) 4p(s)r(s)

- H(t, T)w(T) + f;w(s)%ds - I;H(t, s) KlLM@f: (_;(:i:))g/(s’ % 2(s)ds
- H(t, T)w(T) - J; —w(s) aHa(:’s) ds - fTH(t, s) KlLM"f;(;(:;:))g'(s’ %) 02 (s)ds
- H(t,T)w(T)—J‘; [h(t, $I\/H(t, s)w(s)+H(t, s) KlLM"g (:)(:2:)”'(5’ %) wz(s)]ds

= H(t, T)w(T)

2
t H(t,s)K1LMpg" (s, a)g (s, a) Pp(s)r(s)
__[T <\/ 4Bp(s)r(s) w(s)+h(t’5)\/K1LMag"_2(Sr a)g’(s,a)> @

p LR (L, s)p(s)r(s)
" MeKlLLg"‘Z(s, a)g'(s,a) s

(B-1)K1MpL (* H(t,s)g"%(s,a)g (s, a)
_ . J' ) Fere w?(s)ds.

(2.17)
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We obtain

f;[H(t,s)Q(s)— P> (t,5)p(s)7(s) ] N

KlLMan_Z(S/ a)gl(sl a)

(B-1)KiMpL (" H(t,5)g"%(s,a)g (s, a)
s 0 ) - =g [ S

2
! H(t,s)K1LMgg" (s, a)g (s, a) p(s)r(s)
- IT < 4PBp(s)r(s) w(s) +ht, S)\/KlLMgg”‘Z(s, a)g'(s, a)) ds

(2.18)

w?(s)ds

From (AB)/H,(t/ S) < O/ for f 2 tO/ H(t/ tl) < H(t/ tO)/

Bh2(t,s)p(s)r(s)
K1LMpg™2(s,a)g (s, a)

ft [H(t/S)Q(S) - ]ds SH( h)w(h) <H( )w(t),  (2.19)
3]

which implies that

B2 (E,5)p()r(s)
HE, to>f . [H (9)Q0E) = R L Mog(s, a)g'(s) a)]ds

h*(t, s)p(s)r(s)
swt) + 7y H(t to) ‘[to [H(t 5)Q(s) - KiLMpg"2(s,a)g (s, a)]ds (2.20)
t
<w(t)+ | Q(s)ds < co.
to
Lett — oo, and taking upper limits, we have
h2(t, 5)p(s)r(s)p

lim sup t [H(t, 5)Q(s) -

1
t5 00 H(t, to)fto ]ds = 221)

KiLMgg"2(s,a)g'(s, a)

which contradicts the assumption (2.1). This complete the proof of Theorem 2.1. O
From Theorem 2.1, we have the following oscillation result.

Corollary 2.2. If condition (2.1) of Theorem 2.1 is replaced by

hm 0 sup H )LO [H(t,$)Q(s)]ds
(2.22)
2 (t,5)p(s)r(s)p

1 d
=H H(t ™) J WKiLMog™2(s, a)g'(s,a)

where Q(t) is defined by (2.2), then (1.1) is oscillatory.
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Remark 2.3. By introducing various H (t, s) from Theorem 2.1 or Corollary 2.2, we can obtain

some oscillatory criteria of (1.1). For example, let H(t,s) = (t - s)™ 1, t > s > ty, in which
m > 2 is a integer. By choosing

h(ts) = (t-s) " 2(m-1), (2.23)

it is clear that the conditions of (A7) and (Ag) hold; then, from Theorem 2.1 and Corollary 2.2,
we have the following.

Corollary 2.4. Assume that there exists a function p(t) € C'([ty, o), (0, 00)) such that

m-1 _ P(S)r(s)ﬁ _ o\ym-3 _1)2 _
hm n sup J —-s) Q(s)] KiLMog™2(s, )3 (5, a) t-5)"""(m-1)ds=c0
(2.24)
where Q(t) is defined by (2.2), then (1.1) is oscillatory.
Corollary 2.5. Assume that there exists a function p(t) € C'([ty, o), (0, 00)) such that
hm n sup J (t-5)""'Q(s)ds = oo,
(2.25)
p(s)r(s)p m-3 2
li t— -1)d
i o] KlLMgg"‘z(s, a)g'(s, a)( 8)" " (m —1)%ds < oo,
where Q(t) is defined by (2.2), then (1.1) is oscillatory.
Theorem 2.6. Assume that the conditions of Theorem 2.1 hold, and
0 < inf | lim inf (2.26)

s>ty |t— o0 H(t,to)

If there exists a function ¢(t) € C([to, o), R) satisfying

h%(t, s)p(s)r(s)p
hm n sup e, )J‘ [H(t $)Q(s) — KiLMog™2(s, )2 (5, a)]ds >p(u), u>t, (2.27)
n— 2
tlin;o sup Itog pl(l;i;li?u()u' %) @ (u)du =0, @.(u)= rlglzatg({(p(u), 0)}, (2.28)

where Q(t) is defined by (2.2), then (1.1) is oscillatory.
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Proof. Assume that there exists a nonoscillatory solution x(f) of (1.1) on [ty, o), such that
x(t) #0 on [ty, o0). Without loss of generality, assume that x(¢) > 0, t > fo. Then, proceeding as
in the proof of Theorem 2.1, for t > u > t; > ty, we have

L B, 5)p(s)r(s)
). [H 9Q0) = T Mog(s, )5 5, a)]ds

(2.29)
1 (B-1)KiMgL (* H(t,s)g"?(s,a)g'(s,a) ,
R o e K R
Lett — oo, and taking upper limits, we have
. 1 pr(t,s)p(s)r(s)
ISP Ht ) I ; [H(t’ IO K LMog s ) (s a)]ds (2.30)
2.30

(B - 1)K1M9LJ‘t H(t,5)g"%(s,a)g (s, a)

2
Hiw)  4p T e s

<w(u) - tlim inf
thus, from (2.27), we have

w?(s)ds, (2.31)

1 (- 1)K1M9LJ‘t H(t,s)g" (s, a)g (s, a)

w(u) 2 ¢u) + lim inf s T3 ) ()7 (s)

then w(u) > ¢(u), and

. 1 ("H(t9)g"*(s,a)g (s, a) 4p
lim inf j w?(s)ds < ——————(w(u) — p(u)) < co.
t—ew  H(tu)), p(s)r(s) () B- 1)K1M9L( (1) - p()
(2.32)
Now we can claim that
w0 4n-2 !
ML) 2 s < on, t<ty. (2.33)
f p(s)r(s)
In fact, assume the contrary, that
w ,n-2 ’
8D 2 as— o, t<ty. (2.34)
no Pe)r(s)
From (2.26), there exists a constant p > 0 such that
o . H(ts)
gtg thﬁngO inf m >p>0, (2.35)




10 International Journal of Differential Equations

this is

lim inf H(t,s) >

>0, 2.36
t— oo H( P 0) ( )

and there exists a T, > t; such that H(t,T)/H(t, ty) > p, for all t > T,. On the other hand, by
virtue of (2.34), for any positive number a, there exists a T; > t;, such that, for all t > T}

' 8" (s,a)8'(s, )
v Pe)r(s)

w(s)ds > %. (2.37)

Using integration by parts, we conclude that, forallt > T > t;,

ft H(t,s)g"%(s,a)g (s, a)
H(t, t1) ), p(s)r(s)

_ ; t He, S)d< s gn*Z(u, a)g’(u, a) wz(s)du>
t

w?(s)ds

H(t,t) ), pu)r(u) 238)
g% (u,a)g (u,a) 0 ( 8H>

= d Y d
TR < W pry M) (T )
S H(t T) a
P H(t,t) =

Since a is an arbitrary positive constant,
o H(t,s)g" %(s,a)g (s, a) o B
thj{é 1r1f HEh) Jn SOrG) (s)ds = oo, (2.39)

which contradicts (2.32), consequently, (2.33) holds, and, by virtue of w(u) > ¢(u) for u >
t1 > to,

,a)8"*(u, a)

'8 (wa)g"(ua) ,

. g (u 2
lim su udu<11m su f wi(u)du < oo,
e P T L A Pl e
(2.40)
which contradicts (2.28), and therefore, (1.1) is oscillatory. O

Remark 2.7. Choosing H as in Remark 2.3, it is not difficult to see that condition (2.26) is
satisfied because, for any s > to,

_ o\l
lim H(t,s) = lim (t=5) =
t—wH(t,ty) t—oo(f— )"}

(2.41)



International Journal of Differential Equations 11

Consequently, one immediately derives from Theorem 2.6 the following useful
corollary for the oscillation of (1.1).

Corollary 2.8. Assume that there exist functions p(t) € C([ty, o), (0, 00)) and ¢(t) € C([to, o0),R)
satisfying

p(s)r(s)p

—8)" 3 (1)
KlLMeg”’Z(s,a)g'(s,a)(t )" (m-1)"|ds>¢p(u), u=0,

lim N sup J‘ [(t s)™1Q(s) -

t—

b ¢"2(u,a)g (u,

a)
li 2(u)du =0, = ,(0)},
fim sup | S ) ¢Lwdu =0, ¢.(u) =max{p(u), (0)}
(2.42)
where Q(t) is defined by (2.2), then (1.1) is oscillatory.
Theorem 2.9. Assume that the conditions of Theorem 2.1 and (2.26) hold, and
! W2 (t,s)p(s)r(s)p
lim inf H - > >
M ) [ 900~ K IMog 25, a0 ) | 752 P M2t
(2.43)

"¢ (u,a)g (u,a) , ~ B
lin; sup e pr(w)du=00, @ (u)= 1512&}3({<p(u),0},

then (1.1) is oscillatory.

Proof. Assume that there exists a nonoscillatory solution x(f) of (1.1) on [ty, o), such that
x(t) #0 on [ty, o0). Without loss of generality, assume that x(t) > 0, t > to. Then, proceeding as
in the proof of Theorem 2.1, for t > u > t; > ty, we have

t
[H(t, $)Q(s) -

PI(t,5)p(s)r(s)
6D s ]ds

K{LMpg"2(s,a)g'(s, a)
(2.44)

<w(T) - w?(s)ds.

1 (p- 1)K1M9LJ‘t H(t,5)g"%(s,a)g (s, a)
H(t,T) 4p T p(s)r(s)

Lett — oo, and taking lower limits, we have

11m inf )I [H(t 5)Q(s) —

PH2(t,5)p(s)r (s)
Ht ]ds

KlLMan_Z(S/ a)g,(sr a)
(2.45)

. 1 (B-1)KiMgL (* H(t,5)g"(s,a)¢ (s, a)
T I

The following proof is similar to Theorem 2.6, so we omit the details. This completes
the proof of Theorem 2.9. O
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3. When f(x) Is Not Monotone

In this section, we will deal with the oscillation for (1.1) under the assumptions (A;)—(As)
and the following assumption:

(A1p) f(x)/x > Ky and ¢(x) < L7 for x #0.

Theorem 3.1. Let (A1)—(Ag) and (Aq) hold. Equation (1.1) is oscillatory provided that p(t) €
C'([tg, ), R) such that

h2(t,s)p(s)r(s)p _
11m n sup i )LU [H(t, $)Qa(s) — LMog™2(s, a)g (s, a)]ds = (3.1)
where
. b (p'(1)’r(t)
QZ(t) = P(t)KZJ‘ap(tré)f[l - q(g(t,é))] dO‘(g) - LMeg"_Z(t, a)g’(t, a)p(t) ’ (3'2)

then (1.1) is oscillatory.

Proof. Let x(t) be an eventually positive solution of (1.1). As in the proof of Theorem 2.1, there
exists t; > to, such that (2.3), (2.4), and (2.7) hold. Thus, from (1.1) and (A1), we get

0= (rOy ez f p(t, &) [x(3(t,9)]do(?)
> <r(t)q;(x(t))Z(" Dt +K2J‘ p(t,&)x[g(t &)]do(é) (3.3)
= (ryp((NZ V) + Kzf p(t,){Z[g(t,9)] - a[g(t, )] x[g(t,¢) - 7] }do(d).

Noting that
Z[g(t,¢)] > Z[g(t,&) - 7] > x[g(t,&) ~7]. (34)

Thus, (3.3) implies that
, b
(rg )z ) +1<2f p(t,&)[1-q(8(t2)]Z[g(t,H)]do@) <0, t>H.  (35)
From (2.10) and (3.5) we get

, b
(rOw @)=z 0) + KeZ[s,0)] [ peo[L-q(sC )o@ <0, t2n. GO
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Define

r(g () 2"V (b)
Z[(st,a)/2)]

w(t) = p(t) = (3.7)

Differentiating (3.7) and using (3.6), Lemma 1.1, and 1.3 we get

, p(t) b MyLg"2(t,a)g (t, a)
w!(t) < T~ p() [Kzfa;o(t,g){l - q(g(t,é))}da(r;)] B FO TR
b () r(t
< _KZP(t) [I p(t,é’){l - q(g(t,é)) }do(é):l + M@Lg"(l;((t,)Z);’((l?, a)p(t)
_ MeLgn_z(t/ a)gl(tl a) 2
pore 0
ML n-2 : ! :
—-u() - PO D),
(3.8)

The rest proof is similar to that of Theorem 2.1 and hence is omitted. This completes the proof
of Theorem 3.1. O

Theorem 3.2. Assume that the conditions of Theorem 2.1 and (2.26) hold; if there exists a function
@(t) € C([to, o), R) satisfying

. 1 (L, s)p(s)r(s)p
Am SUP f ‘ [H(t’ 5)Qa(s) - LMog™2(s,a)g (s, a)]ds 29wzt
(3.9)

n-2 /
8 S g = o, (1) = max( 90, 0],

t
lim supf g
t—oo fo

then (1.1) is oscillatory.

Theorem 3.3. Let all assumptions of Theorem 2.6 be satisfied except that limsup in condition
Theorem 3.2 is replaced with lim inf, then (1.1) is oscillatory.
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