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We study a system of infinitely many Riccati equations that arise from a cumulant control problem,
which is a generalization of regulator problems, risk-sensitive controls, minimal cost variance
controls, and k-cumulant controls. We obtain estimates for the existence intervals of solutions of
the system. In particular, new existence conditions are derived for solutions on the horizon of the
cumulant control problem.

1. Introduction

Consider a linear control system and a quadratic cost function:

dx = (Ax + Bu)dt + Gdw, te€ [to, t5]; x(to) = xo,

t (1.1)
J(u) = x"(tr)Qsx(ts) + f ' (xTQx + uTRu>dt,

where A(t) € R, B(t) € R™™, Q(t) € S", and R(t) € S™ are continuous matrix functions
fort € [to,tr], Qf € S™ (S" is the set of n x n symmetric matrices.), x(t) € R" is the state with
known initial state xo, u(t) € R™ the control, and w(t) € RP a standard Wiener process.
Because x is completely determined by the first equation in (1.1) in terms of u, the cost
function J is only a function of u.
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For 6 € R, denote by E(e?’) the (general) expectation of the random variable /. For
i>1,let

i

= ;91_ 1nE(e91 ) lozo (1.2)

Ki

be the ith cumulant of the cost J(u). Let {y;}; be a sequence of nonnegative real numbers.
Consider the following combination of «;:

= HiKi
= ;”I_' (1.3)

The cumulant control problem, considered in [1], is to find a control u that minimizes
the combined cumulant x defined in (1.3). This problem leads to the following system of
(infinitely many) equations of Riccati type:

H] +(A+BK) H + Hi(A+BK)+Q+K'RK =0,  Hi(tf) = Qy,

i-1 (1.4)
Hlf+(A+BK)TH1-+H,-(A+BK)+ZZH]-WH1-,,- =0, H(ty)=0, i>2,
=1

where ' = d/dt denotes the derivative to t, A(t) € R™", B(t) € R™™, Q(t) € S", R(t) € S™
are as in (1.1), and W(t) = G(t)GT(t) € S". K(t) € R™" and H;(t) € S" are the unknown
matrix functions, which are required to be continuously differentiable for t € [to,t¢]. For
convenience, the time variable f is often suppressed. System (1.4) will be combined with the
following equation

K =-R"'B" Y pu;H;. (1.5)
i=1

If k > 1is a given integer and p; = 0 for i > k, then x = 3% y;x;/i! is the k-cost cumu-
lant investigated in [2, 3]. In particular, if k = 1, then x = pE{J(u)} and the cumulant
problem is the classical regulator problem that minimizes E(J). If k = 2, then the cumulant
problem is the minimal cost variance control considered in [4, 5]. Interested readers are
referred to [1-6] for the investigations, generalizations, and applications of cumulant con-
trols.

Another important cumulant control occurs when y; = 6! for i > 1. In this case,
x = (1/0) In E(e?) is precisely the cumulant generating function, and the cumulant problem
is the risk-sensitive control; see, for example, [7]. In this case, (1.4) and (1.5) lead an equation
for the matrix function P(0;t) = 352,01 H;(t):

P+ ATP+PA+ P(zew - BR-lB’)P +Q=0; P(6; t;) = Q. (1.6)
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As shown in [1], the solution H;(t) of (1.4) is related to P(6;t) by the equation:

10

Hi(t) = 5 =5

[OP(6; )] lg=0 (1.7)

and the equations in (1.4) for H;(t) can be obtained by differentiating (1.6) to 6 at 0 = 0.
For a feedback control u = Kx with a given matrix function K, it was shown in [8] and
[1, Theorem 2] that the ith cumulant x; of J(u) has the following representation:

t

x; = 1! (xgHi(to)xo + f ' tr(H;(s)W(s)) ds>, (1.8)

to

where {H;}{2, is the solution of (1.4). Consequently (1.3) can be written as

K= S <xoTHi<to>xo o[ wnowes ds>. 19)

i=1 to

In [1] the cumulant control problem was restated as minimizing x in (1.9) with K as
a control, {H;};2; as a state, and (1.4) a state equation. Furthermore, the following result is
proved in [1, Theorem 3].

Theorem 1.1. If the control u = Kx is the optimal feedback control of (1.9), then the solution {H;}7,
of (1.4) and K must satisfy (1.5).

By Theorem 1.1, it is necessary to solve (1.4) and (1.5) in order to find a solution of a
cumulant control problem. Because of the nonlinearity of (1.4) and (1.5) in {H;};2;, a global
solution may not exist on the whole horizon [to, t¢] of the cumulant problem. This can be
illustrated by a scalar case of (1.6). Suppose A =0,B=G =60 =R=Q = Qy =1, then (1.6)
becomes P'+P*+1 = 0 and P(tf) = 1. The solution is P(t) = tan (or/4+t;—t), which is defined
on (s, t¢] with s =ty — or /4. So (1.6) has no solution unless to >ty — /4.

By the local existence theory of differential equations, the solutions K and {H;}Z; of
(1.4) and (1.5) exist on a maximal subinterval (s,tf] C [to,tf]. Our interest is to give an
estimate for this interval. In particular, we will obtain conditions that guarantee s = . The
idea of our approach is to show that the trace tr(H) of

H = uiH; (1.10)
i=1
satisfies a scalar differential inequality:
Z +az* +bz+c>0; z(tf) = tr(Qy) (1.11)

with some functions a, b, c on [to, tf]. A key of the proof is Proposition 2.1 below. It follows
that tr(H) is bounded by the solution of the Riccati equation:

Z +az’ +bz+c=0; z(tf) = zf, (1.12)
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where z; = tr(Qy). Consequently, the existence interval of (1.12) gives an estimate for that of
system (1.4) and (1.5); see Theorems 2.4 and 3.5 below. By a similar argument, we prove that
the cumulant problem is well posed under appropriate conditions; see Theorems 2.3 and 3.4
below.

In [9] the norm of a solution of a coupled matrix Riccati equation was shown to satisfy
a differential inequality similar to (1.11). Consequently, specific sufficient conditions were
derived for the existence of solutions of the Riccati equation in [9]. Estimates for maximal
existence interval of a classical Riccati equation had been obtained in [10] in terms of upper
and lower solutions. For the coupled Riccati equation associated with the minimal cost
variance control, some implicit sufficient conditions had been given in [11] for the existence
of a solution. In this paper, we use the trace tr(H) to bound the solution of system (1.4) and
(1.5), which generally leads to a better estimate for the existence interval.

2. Comparison Results for Traces

We start with an assumption and some preparations. In this paper we assume that

Qy, Q(t) > 0 (positive semidefinite) for t € [to, f];

R(t) > 0 (positive definite) for t € [to, tf]. D
For the sequence y = {y;}2; in (1.3), we will assume that
=1 ui>0 fori>1; p(pu)<oo, (2.2)
where
p(ﬂ)zsup{ i ,i22,j:1,...,i—1}. (2.3)
Hjti-j

Note that the assumption y; = 1 is not essential. The assumption that y; > 0 fori > 1
and Proposition 2.1 below imply that the matrix H in (1.4) is a positive semidefinite series.
The requirement that p(i) < oo imposes some growth condition for the sequence y; see the
proofs of Theorems 2.3 and 2.4.

Also note that if 6 = p(p) < oo, then p; < Op;q and p; < 07! for all i > 1. Theorem 3.4
below shows that the cumulant control problem is well posed for any sequence y with a small
p(p). Some examples of p(u) are as follows:

() p({1,6,0%6%0,...}) =6;

(i) p({1,42,0,0,...}) = pa;

(iii) p({1, p2, p3,0, .. .}) = max{pa, ps/pa}.
We need the following properties of { H;}2;.

Proposition 2.1. Suppose { H;};Z, is a solution of (1.4) on some interval [s,ts] with a given K, then
each H;(t) > 0 fort € [s,ts].
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Proof. The formula of the ith cumulant «; in [8] implies that «; is nonnegative for all xo. It
follows from the representation (1.9) that H;(ty) must be positive semidefinite. This argument
continues to hold with t, replaced by any s € [to, tf]. O

Next we verify some properties related to matrix trace that are needed for our analysis.
For A € R™", denote by tr(A) = 3., a;; the trace of A, and 1;(A) and A,,(A) the smallest and
largest eigenvalue of A, respectively.

Proposition 2.2. (a) Forall A,B € R™", tr(A) = tr(AT), tr(AB) = tr(BA).
(b) Forall A€ R"™ BeS", B>0,

A1 (A) tr(B) < tr(AB) < A, (A) tr(B). (2.4)

(¢)IfA,B,C €S", then

tr(ABC) = tr(ACB). (2.5)

(d)IfA, B, CeS"areall >0, then

tr(AB) < tr(A) tr(B), (2.6)
tr(ABC) < tr(A) tr(B) tr(C), (2.7)
%Al(A) tr (B)2 < tr(AB2>. (2.8)

Proof. The properties in (a) are obvious by the definitions of trace and matrix multiplication.
Some of the inequalities in (b)-(d) might be known, but the authors were not able to find
proofs in existing literature. So we include our proofs of (b)-(d) below for readers’ conve-
nience.

To prove (b), let T be a unitary matrix such that B = T*DT where D is diagonal with
eigenvalues A;(B) of B, i=1,...,n. Then

tr(AB) = tr(AT*DT) = i(TAT*)ﬁ)Li(B), (2.9)
i=1

where (T AT*);; is the entry of TAT* at (i, i). Let v; be the ith row of T, which is a unit vector.
Then (TAT");; = viAv; € [A1(A), L, (A)]. Since A;(B) > 0, we have

i (A)Xi(B) < (TAT);:4i(B) < 4, (A)Xi(B). (2.10)

This implies (2.4).
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To show (c), use the symmetry of A, B, and C; we get that tr(ABC) = Zijkaijbjkcki =
Sijkajicikbij = tr(ACB).

Inequality (2.6) follows from part (b) and the fact that A,,(A) < tr(A) since A > 0.

To show (2.7), first note that tr(ABC) < A,,(AB)tr(C) by (2.4); then it remains to show
that A,,(AB) < 1,,(A)A,(B). Choose a v € R" with v = 1 such that 1,(AB) = v ABv. By
Schwartz inequality,

vT ABv < VoT A20VoTB2v < \/A,(A2)\/ A, (B2). (2.11)

Since A,B > 0, we have 1,(A%?) = A,(A)* and 1,(B?) = \,(B)% Therefore, A,(AB) <

An(A) A (B).
For (2.8), using notations in the proof of (b), we first get

tr(AB2> - tr(AT*D2T) - g(TAT*)ii)L%(B) > )Ll(A)g/\f(B). (2.12)

Then (2.8) follows from the inequalities

tr (B)?. (2.13)

Q=

n n 2
S2(B) > %(ZMB)> >
i=1 i=1

O

Now we estimate the existence intervals of solutions of (1.4) and (1.5). First, let K be
given and { H;}; be the solution of system (1.4). We have the following result, which will be
used in the proof of Theorem 3.5

Theorem 2.3. Suppose p(u) < oo and K in (1.4) is given. Let ay, by, and c1 be functions on [to, tf]
satisfying

a >2p(u) tr(W), by >20,(A+BK), ¢ > tr(Q + KTRK). (2.14)
(a) If {H;} 2, is a solution of system (1.4), then z = tr(H) satisfies the differential inequality
—Z <aZ+biz+cy, z(ty) = tr(Qy). (2.15)

(b) If the equation
2 =mZ? +biz+c, z(ts) = tr(Qy) (2.16)

has a solution on [to, t¢], then system (1.4) has a solution { H;}2, on [to, ts] such that H = 37 u; H;
is convergent.
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Proof. (a) Denote F = A + BK. Multiplying the equation in (1.4) for H; by y; and sum over i,
we obtain

o0 i-1
H'+F'H+HF+Q+K'RK+2> 4; > HWH,_; = 0. (2.17)
i=2  j=1
Taking traces of both sides of (2.17) gives
=S i-1
= tr<FTH + HF) + tr(Q + KTRK) 23 > tr(HjWHL). (2.18)
=2 j=1

Note that W = GG > 0 and by Proposition 2.1, H;, H > 0 for t € [tf,t;]. Proposition 2.2 (a),
(b), and (c) imply that

tr(PTH + HF) = 2tr(FH) < 2\,(F) tr(H) = by z,

(2.19)
tr(HjWHi_]') < tr(W) tr(H]-) tr(Hi_]').
By (1.4) and definition (2.3) of p(u), we have
0 i-1 0 i-1
23 i 3 te(HiWHi ) <23 i 3 te(Hy) tr(W) tr(Hi ;)
=2 j=1 =2 j=1
oo i-1
<2p(p) te(W) X > pjpticy tr (Hj) tr(Hiy) (2:20)
i=2 j=1

- 2
=2p(p) tr(W) <Z,u,- tr(H,-)) =2p(p) tr(W) tr (H)? < a1 2.
i=1

Substituting (2.19) and (2.20) into (2.18) and using the definition of ¢; in (2.14) we get

—Z' <biz+c + a1z (2.21)

(b) Suppose that (2.16) has a solution z*(t) on [to, ts]. By local existence theory, system (1.4)
has a solution {H;};2; on a maximal interval (s, t¢] C [to,tf]. By (a), tr(H) satisfies inequality
(2.15); that is tr(H) is a lower solution of (2.16). By a comparison theorem of lower-upper
solutions, tr(H) < z*(t) on (s, t¢]. Since series (1.10) is positive semidefinite, it follows that H
and H; are all bounded and (1.10) is convergent on (s, t¢]. Since { H;}Z; satisfies system (1.4),
each H; is in fact continuously differentiable on [s, tf]. If s > to, then the local existence theory
implies that { H;}2; can be extended further to the left of s, a contradiction to the maximality
of (s, t¢]. Therefore s = t; and (1.4) has a solution on (to, tf], which can be extended to [to, tf].

O

Now consider system (1.4) and (1.5). We have
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Theorem 2.4. Denote R = BR™'BT. Let ay, by, and c, be functions on [to, t 7 satisfying
a > —%)Ll (ﬁ) +2ptr(W), by >2M,(A), o> tr(Q). (2.22)

(a) Suppose K and {H;}2, are solutions of (1.4) and (1.5) on some (s, tf]. Then on (s, t¢], z =
tr(H) satisfies

2 <arZ® +byz + o, z(tf) = tr(Qy). (2.23)

(b) Suppose the equation

-z = azzz +byz + 0y, Z(tf) = tr(Qf) (2.24)

has a solution on [ty, t¢], then system (1.4) and (1.5) have solutions K and {H;} 72, on [to, t].

Proof. (a) Substituting K = ~R™'BTH into system (2.17) we get

e} i-1
-H'=A"H+HA-HRH+Q+2Y ;> HWH,, (2.25)
=2 j=1

where R = BR™'BT. Taking traces of both sides of (2.25) gives

[eS) i-1
~tr(H') = tr(ATH + HA) - tr(HRH)) + tr(Q) + 2> i >, tr(H;W Hy ). (2.26)
=2 j=1

As in the proof of previous theorem, we have

tr<ATH + HA) = 2tr(AH) < 2A,(A) tr(H) < byz,
o -1 (2.27)

23 iy, tr(HWHij) < 2p () tr(W)2".
=2 j=1

Using the fact that H, R >0 and (2.8), we have

A (fa) tr (H)2

n

tr<H RH ) - tr(ﬁHZ) > (2.28)

By combining (2.28), (2.27), and (2.26) we obtain (2.23).

(b) Suppose that (2.24) has solution z*(t) on [to,ts]. By local existence theory, system
(1.5) and (1.4) have solutions K and { H;};Z; on a maximal interval (s, ts] C [to, tf]. By part (a),
tr(H) satisfies inequality (2.23) on (s, t]. It follows that tr(H) < z* on (s, t¢], which implies
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that K and {H;}2, are continuously differentiable on [s,ts]. If s > t;, then local existence
theory implies that K and {H;}{Z; can be extended further to the left of s, a contradiction
to the maximality of (s,ts]. Therefore s = t;, and system (1.4) and (1.5) have solutions on
[tOI tf] . 0

3. Well-Posedness and Sufficient Existence Conditions

In this section we will derive specific conditions that ensure that the scalar equations (2.16)

and (2.24) have solutions on [ty, ts]. Consequently we will obtain sufficient conditions for the

well-posedness of the cumulant control and the existence of solutions of (1.4) and (1.5).
First we consider an autonomous scalar equation

Z +h(z) =0, t<tg; z(tf) = zf, (3.1)

where z is a polynomial with degree > 2. Assume for some k > 0 that h(z) has k distinct zeros
z1 < -+ < zk. Let zp = —o0 and zx41 = oo. Since h(z) is locally Lipschitz, the solution z(t) of
(3.1) exists and is unique for every zy for t in a maximal interval, say (o, t¢]. If zf = z; for some
i=1,...,k then z(t) = z; for all t. If zf € (z;, zj41) for some i =0,2,...,k, then z(t) € (z;, zi11)
for t € (o,tf]. This implies that for t € (o,ts], —=z'(t) = h(z(t)) has the same sign as h(z¢). In
particular, as t € (o,tf] decreases, z(t) is strictly increasing if h(zy) > 0 and decreasing if
h(zf) <0. Denote z¢ = lim; , 5, z(t). Then

ziy if h(zf) >0,
z=] 7 2 (3.2)
z; if h(zf) <0.
The following is a well-known fact in stability theory of differential equations.
If H'(z;) <0, then z;=2z forevery zs € (zi_1,zis1), (3.3)

where’ = d/dz. Indeed, h'(z;) < 0 implies that h(zs) < 0 for zf € (z;, zi+1) and h(zf) > 0 for
Z¢ € (zi-1,z;). In either cases, zy = z; by (3.2).
Consider (1.12) as an example. We have the following.

Proposition 3.1. Denote A = b? —4ac and z15 = (-b++/A)/2aif A > 0. Then
(a) Zf = —c/bforall zfifa=0and b < (;
(b) zf =z if A>0and a(zf - z1) <0;
(c) zr =sgn(a)oo if A <0or A >0and a(zf - z1) > 0.

Proof. If a = 0, then h(z) = bz + ¢, which has root z; = —¢/b. Since h'(z1) =b <0, zf = z1 by
(3.3). This shows (a).

Next we prove (b) and (c). First assume a = 1. If A < 0, then h(z) > 0 for all z. So
Zf = oo by (3.2). Next consider the case A > 0, in which —o0 < z; < z; < 0. If zf > z;, then
h(z ;) > 0, which implies that zy = co. If zy < z;, then we have either h(zf) > 0 when zy < zp
or h(zf) < 0 when z; < zf < z;. In either cases, we have zy = oo by (3.2). This finishes the
proof of (b) and (c) when a = 1.If a # 1, then consider y = az, which satisfies y'+y*+by+ac = 0
and y(tf) = azy, and the conclusions follow from the special case just proved. O
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Write (3.1) as dz/h(z) + dt = 0 and integrate it against ¢ from t; to o, then we get

* dz

Zf @ . (3.4)

i’f—O'=

Note that if Z is finite, then Zy must be a zero of h(z). It follows that IZ [1/h(z)]dz =

and (o, ts] = (-oo,ts]. If Z5 is infinite, then jfff (dz/(h(z))) must converge because h(z) has a
degree > 2. In summary, we have the following.

Proposition 3.2. Suppose h(z) is a polynomial of degree > 2. Then

(a) zy is finite if and only if the solution z(t) of (3.1) exists on (~co,ts].

(b) Zf = +oo if and only the solution z(t) of (3.1) exists on a finite maximal interval (o,ts]
with length t; — o = jjf“[l /h(z)]dz.

Applying Proposition 3.2 to (1.12) we obtain the following.

Proposition 3.3. (a) If either a = 0 and b < 0, or a(zy — z1) < 0 and A > O, then the solution of
(1.12) exists on (~oo, t¢].

(b) Ifeither A <0or A > 0and a(zy — z1) <0, then the solution of (1.12) exists on a finite
interval (o, ts] with

(5 (.71' . 2aZf+b> A <0
—— | = —arctan ——— 1 <y,
VIAT\ 2 VIA|
2 .
tf—0:<2azf—+b ifA=0, a(zf—z1) >0, (3.5)
L2 =2 ifA>0, a(zf—z1) >0
(V2 |z= SR

Proof. Part (a) directly follows from Proposition 3.1(a) and Proposition 3.2 (a) (b).
For part (b), first assume that A < 0. Then z; = sgn(a)co and az?+bz+c = al(z - z1)*+

d?], where d = \/|A|/2|al|, z1 = -b/2a.So

t G—IZf dz ! arc’canz_Zl :
foe= Zfaz2+bz+c ad d |

(3.6)
1

<:|: ; Zy —zl> 2 T . 2azf +b
— —arctan = — —arctan ——— ).
T ad d VIAT\ 2 VIA|

Next assume A = 0 and a(zs-z1) > 0. Then zy = sgn(a)co and az?+bz+c=a(z-z1)?%
where z; = —b/(2a). We have

+00 1 2

+00 1 1
t—o= ———dz=- = = . 3.7
/ Lf a(z - z1)* a(z - z1) 2 a(zf-z1) 2azf+b (3.7)
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Finally when A > 0 and z; = sgn(a)oo, we have az’? +bz+c=a(z-z)(z-z) and

t —G—Iim ! dz = ! n
! ., az-z)(z-=z)  a(zi-2)

+oo 1

z-2z Zf— 22

Zf—Z1

. (3.8)

—1In
Zf \/K

zZ—2Zn

O

Now we show that the cumulant control problem is well posed by Theorem 2.3 and
Proposition 3.3.

Theorem 3.4. For any number L > 0 there is py > 0 such that the series 3,i2; pix; /i in (1.3) conver-
ges for each matrix K and sequence p with ||K||e, < L and p(u) < po.

Proof. Suppose that K is a matrix function with ||K||,, < L. Choose ay, by, and c; as follows:

a =201 x(W)lloo, b1 =2 An(A+BK)||l, +1, ¢ = ||tr<Q +KTRK) ||w
(3.9)

Note that ¢; < [[tr(Q)||es+L?||R||o, which depends only on L. In addition, a; — Oas p(p) — 0.
It follows that when p(u) is sufficiently small, h(z) = a1z* + b1z + c; has two real roots

-b; + 1/ b% —4a1c,

2(11

Z1p = <0 (3.10)

with z; — —c¢1/b; and z; — -0 as p(u) — 0. In particular, since zy > 0, we have h(z¢) >0
and so zy = oo. Proposition 3.3 implies that

Zf—Zz

tr—o= . (3.11)

Zf—Zl

! In
\/ b% - 46!1 C1

Sotf—0 — owasp(u) — 0.Inparticular, (2.16) has a solution z(t) on [to, tf] when p(u)
is sufficiently small. By Theorem 2.3 (b), system (1.4) has a solution {H;};; such that H con-
verges.

Finally we apply Proposition 3.3 to (2.24) to give a sufficient existence condition for
(1.4) and (1.5) and the cumulant control problem. Choose

1 R
> = max <-;Al (R) +2p tr(W)), b =2macki(4), o=t @lk  (312)

to<t<ts

O
Theorem 3.5. System (1.4) and (1.5) have solutions K and {H;}2, on [to, ts] if
t K L d 3.13
tr—1ty < —dz, .
f O_J‘ az% +byz + ¢ = (3.13)

Zf
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where zy is defined as in (3.2) with h(z) = a>z% + byz + co. In particular, system (1.4) and (1.5) have
solutions K and { H;}2, on [to, tf] if one of the following holds.
(a) ay = -\ (R)/m +2p tr(W) < 0.

(b) a; >0, b, <0, A = b3 —4asc, > 0and zy < zy, where zy = (=by + /b5 — 4az¢3) /2a,.

Proof. The general conclusion follows directly from Proposition 3.3 and Theorem 2.4. In the
case (a), h(z) = 0 has two roots z; < 0 < z. Since zy = tr(Qy) > 0, ax(zf — z1) < 0. In the case
(b), h(z) = 0 has two solutions z» < z1. So a»(zf — z1) < 0 also holds. The conclusion follows
from Propositions 3.1 and 3.2 and Theorem 2.4. O

Note that in Theorem 3.5 condition (a) holds if B has full rank (i.e., )L(ﬁ) >0) and p(p)
is sufficiently small, while condition (b) holds if the system in (1.1) is stable (i.e., b, < 0) and
the product p(u)||tr(Q)|| is relatively small. The cumulant control problem has an optimal
control under each of these conditions.

As an existence theorem, Theorem 3.5 gives one of the very few existence results for
a Riccati differential system of infinitely many equations. In terms of the cumulant controls
thatlead to the system (3) and (4), Theorem 3.5 generalizes the corresponding results in [1, 5]
for risk-sensitive controls (where p = {1, 6, 62,...}) and in [2, 4] for finite cumulant controls
(where p has only finite nonzero components). Numerical examples for risk-sensitive and
finite cumulant controls satisfying the conditions in Theorem 3.5 may be found in [3-6].

4. Conclusions

In general it is very difficult to determine the existence interval of a differential Riccati equa-
tion (or system). By the approach in this paper, we can at least give an estimate for the exis-
tence interval of the Riccati system. Such an estimate leads to sufficient conditions for the
existence of solutions to the Riccati system and the cumulant control problem.
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