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The estimate of the upper bounds of eigenvalues for a class of systems of ordinary differential
equations with higher order is considered by using the calculus theory. Several results about the
upper bound inequalities of the (n + 1)th eigenvalue are obtained by the first n eigenvalues. The
estimate coefficients do not have any relation to the geometric measure of the domain. This kind
of problem is interesting and significant both in theory of systems of differential equations and in
applications to mechanics and physics.

1. Introduction

In many physical settings, such as the vibrations of the general homogeneous or nonhomo-
geneous string, rod and plate can yield the Sturm-Liouville eigenvalue problems or other
eigenvalue problems. However, it is not easy to get the accurate values by the analytic
method. Sometimes, it is necessary to consider the estimations of the eigenvalues. And since
1960s, the problems of the eigenvalue estimates had become one of the hotspots of the
differential equations.

There are lots of achievements about the upper bounds of arbitrary eigenvalues for the
differential equations and uniformly elliptic operators with higher orders [1-9]. However,
there are few achievements associated with the estimates of the eigenvalues for systems of
differential equations with higher order. In the following, we will obtain some inequalities
concerning the eigenvalue A,,;1 in terms of Ay, Ay, ..., A, in the systems of ordinary differential
equations with higher order. In fact, the eigenvalue problems have great strong practical
backgrounds and important theoretical values [10, 11].
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Let [a, b] C R! be a bounded domain and t > 2 be an integer. The following eigenvalue
problems are studied:

(-1)'D'(anD'y1 + a1oD'ya + -+ + a1,D'yy) = As(x)y1,
(-1)'D'(anD'y1 + anD'ya + -+ + a2, D'yy) = As(x)y2,
(1.1)
(-1)'D!(amD'y1 + amD'ys + - + @y D'yy) = As(X)Yn,
D*yi(a) = D*y;(b) =0 (i=1,2,...,m, k=0,1,2,...,t=1),
where D = d/dx, D* = d*/dx*, ajj(x) (i,j = 1,2,...,n) and s(x) satisfies the following
conditions:

(1°) aij(x) € C'[a,b], aij(x) = aji(x),i, j=1,2,...,n;
(2°) for the arbitrary & = (¢1,&,...,¢,) € R", we have

pldl’ < D ai(0)&dj < palél’,  Vx € [a,b], (1.2)

i,j=1

where pp > p1 > 0, py, up are both constants;
(3°) s(x) € CJa, b], and there are constants v; < v,, such that 0 < vy < s(x) < .
According to the theories of the differential equations [11, 12], the eigenvalues of (1.1)

are all positive real numbers, and they are discrete.
We change (1.1) to the form of matrix. Let

Y1 D'y, a(x) ap(x) -+ am(x)
y2 D'y, az (x) axn(x) -+ ax(x)

y=| | D'y’ = L A= . : (1.3)
Yn Dtyn anl (x) an (X) cr Apn (x)

By virtue of a;j(x) = aji(x), therefore AT(x) = A(x), (1.1) can be changed into the
following form:

(-1)fo(A(x)nyT) = As(x)y’, (1.4)

y® (@) =y®®)=0, k=0,1,2,...,t-1. (1.5)

Obviously, (1.4)-(1.5) is equivalent to (1.1).
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Suppose that 0 < Ay < A < -+ < )y, < -+ are eigenvalues of (1.4)-(1.5),
Y1,Y2,---,Vn, ... are the corresponding eigenfunctions and satisfy the following weighted
orthogonal conditions:

b T L i=j
S(X)Yiyj dx = 51‘]' = L= 1,2,.... (1.6)
a 0, i#j,

Multiplying y; in sides of (1.4), by using (1.5) and integration by parts, we have

b
Ai =f D'y:A(x)D'yldx, i=1,2,.... (1.7)
From (2°), we have

b 5 b iy
f |Dy;| dx = f D'y;D'yldx < I/T i=1,2,.... (1.8)

a a 1

For fixed n, let
®; = xy; - D byy;, i=12,...,n, (1.9)
j=1

where b;; = fs xs(x)yiy].de. Obviously, b;;j = bj;, and ®@; are weighted orthogonal to
V1,¥2,--.,Yn. Furthermore, ®;(a) = ®;(b) =0, i,j=1,2,...,n.
We can use the well-known Rayleigh theorem [11, 12] to obtain

-1 [* @,D! <A(x)Dt(I)iT>dx

et < P el (1.10)
It is easy to see that
(-1)'D' (A(x)D'@] ) = (-1)'tD' (A(x)D'y] ) + (-1)'tD" (A(x) D'y} )
+(-1)'xD! <A(x)Dtyl.T> - (—1)t§b,~]~Dt<A(x)Dtij>
(1.11)

= (-1)'tD* (A)D'y] ) + (-1)'tD* (A(x)D'y] )

+ )Lixs(x)yiT - s(x)Z)L]-bijy]T.
=1
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b b b
f ®;(-1)'D' (A(x)D'®] ) dx = )qJ‘ xs(x) @iyl dox + (—1)%[ ®.D' (A(x)D"y] )dx

b
+ (=)'t f ;D" (A(x)nyiT)dx (1.12)
b n
_I S()®; Y A;byy  dx.
a j=1
In addition, using the fact that ®; are weighted orthogonal to y1,y», ..., y, and
b b
I s(x)|D;*dx = f xs(x)@;y! dx, (1.13)
we know that the last term of (1.12) is equal to zero. Thus, we have
b b
f ;(-1)'D* (A(x)Dt(I)iT>dx - Aif s(x)|@i[2dx
b
+(-1)'t f @; D! (A(x)DHyiT)dx (1.14)
b
+ (—1)ttf @;D"! (A(x)DtyiT)dx.
Set
b n
I = (-1t f @,D! (A(x)Dt‘lyiT>dx, =31,
a i=1
. (1.15)
Ji = (—1)ttJ‘ @®,D""! (A(x)ny,-T)dx, J =2
a i=1
From (1.14), we have
n pb n b
D I d)i(—l)tDt<A(x)DtCDiT>dx =3 f s(x)|@ifdx + 1 + J. (1.16)
i=17Ja -1 Ja
By using (1.10) and (1.16), one can give
n pb n b
A1 D) f s()|@;Pdx < Y\ f s(x)| ;[P dx + I + J. (1.17)
i=17a i=1 a
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Substituting A, for A; in (1.17), we get
n b
(=103 [ sI@fdr< T4 (118)
im1Ja

In order to get the estimations of the eigenvalues, we only need to show the estimates
about I, J,and 3, fs s(x)|d;[>dx.

2. Lemmas

Lemma 2.1. Suppose that the eigenfunctions y; of (1.4)-(1.5) correspond to the eigenvalues A;. Then
one has

N p/(p+1)
(1) [y 1DPyiPdx < v, /O (7 [Py, dx) ,p=12,...,t-1
@ [y IDyifdx < v 0 /)

Proof. (1) By induction. If p = 1, using integration by parts and the Schwarz inequality, we
have

b b b b
j |Dy;[*dx < f |Dy;[*dx| = f Dy,Dy'dx| = f yiD*yldx
(2.1)
b 12 , 4 ) 1/2 b ) 1/2
< <J‘ |yi|2dx> <f |D2yiT| dx> 5v;1/2<f |D2yiT| dx) .
Therefore, when p =1, (1) is true.
If for p = k, (1) is true, that is,
b ) b ) k/(k+1)
f Dky,~| dx < vy ® <f Dk+y, dx> . (2.2)

For p = k + 1, using integration by parts, the Schwarz inequality and the result when p = k,
one can give

b ) b ) b
J‘ |Dk+1Yi' dx < f 'Dk+1yi| dx f DkYi . Dk+2ydex
a a a

b 2 12 b 2 1z
<([fer) ([ )
a a
) N L\ K@)
S1);1/(2(1@1)) <J' Dk+2yi' dx> <I 'Dk+1yi| dx>
a a
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By further calculating, one can give

}

Therefore, when p = k + 1, (1) is true.
(2) Using (1) and the inductive method, we have

(k+1)/ ((k+1)+1)
2 b 2
Dk+1yi| dx < vl—l/((k+1)+1) (f D(k+1)+1yi| dx> )

a

b . . b 2 p/(p+1)
[ 17y <oy )<f Drlyi| d">
a

a

b ) p/(p+2)
< vl_Z/(p+2) <’[ DP+2yi| dx>

a

b p/t
<oy 0 <f ID*inde> .
a

From (1.8) and (2.5), we get

/t

b 1-(p/t b 2 . =y i\
I |DPy;i|*dx < vI( 4 >)<J | Dy dx> < VI( v ))<—l> , p=12,... ¢t
a a

Hi

Taking p = 1, we have

b A 1/t
f Dy < v1—<1—<1/t>><_1> .
‘ m

So Lemma 2.1 is true.

Lemma 2.2. Let Ay, Ay, ..., A, be the eigenvalues of (1.4)-(1.5). Then one has

n
I+]<t2t- 1)”I(lf(l/t))VIl/t‘u2ZA3—(1/t)‘
i=1

(2.4)

(2.5)

(2.6)

2.7)

(2.8)
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Proof. Since
b
L= (1t [ @D (AID" 1y )dx

b n
= (—1)ttf <xyi - Zbinj> Dt(A(x)DFlYiT)dx
a ]:1

— (1)t f ey (A@)D"1yT )dx

a

n b
_ (_1)%21;1-]-_[ y;D! (A(x)Dt’lyiT>dx
j=1

a

b b
=t2j Dt’lyiA(x)D*’lydexwf xD'yiA(x)D"y] dx

b D'y;(A(x)D"y] )dx,

- ti bij f
j=1

Ji= (=)'t Ib @®; D" <A(x)DtYiT>dx

b b
=—t(t-1) f D'y;A(x)D'y! dx - tf xD'"'y;A(x)D'y] dx

a

n b
+ tzbij ’[ Dt—ly].A(x)Dtledx,
j=1

a

we have

I+]=>Ti+])
i=1

b

:thf

a

(tD"y:A)Dy] - (- 1)D" 2y A (x) Dy ) dx

n b
- tz bij f (DthA(x)DFl 1T - DtilyjA(x)Dtyz)dx.
ij=1 Ja

By a;j(x) = aji(x), the last term of (2.11) is zero. Then we can get
n b
I+]= th (’EDt_lyiA(x)Dt_1 Pt DDt_zyiA(x)DtYiT)dx'
i=1 Ja

(2.9)

(2.10)

(2.11)

(2.12)
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Using (2°), Lemma 2.1, (1) and (2.6), we have

A 1-(1/t)
D! | dx<ﬂ2v11/f(# > ) (2.13)
1

b
f D"y A(x)D" 'yl dx < ps f

Using (2°), the Schwarz inequality, Lemma 2.1 (1), and (2.6), one can give

b ) /2
§‘uz< Dt‘zyi| dx> <f |Dt | dx>

b
‘— I D'?y;A(x)D'y! dx

(2.14)
<1 v_l/t<£>1 (1/t).
Hi
Therefore, we obtain

n
[+ <t = 1) Dy, S a0, (2.15)

i=1
O

Lemma 2.3. If ®; and \; (i=1,2,...,n) as above, then one has

n b #1/t 2-(1/t), 2 -1
Zf s(x)|@;Pdx > A—1—— <Z)§“> . (2.16)
-17a

Proof. By the definition of ®;, one has

b n b
f ®; Dy’ dx = f xyiDy}dx - > by f y;Dy! dx. (2.17)
i=1 7 a i,j:l a

Using b;; = bj; and fs y;Dy]dx = - f: yiDy] dx, it is easy to see that the last term of (2.17) is
zero. Then we have

b
f ®;Dy! dx = f xy;:Dy! dx. (2.18)
_1 a
Using integration by parts, one can give

b b b
J‘ xy;Dy! dx = —f lyil*dx — J‘ xy;:Dy! dx, (2.19)

b b
1
f xy;Dy!ldx = -3 j ly:|*dx. (2.20)

a
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By 1/ < fs lyi|*dx < 1/v1, we have

b
f lyiPedx > -

b
f xy:Dy!dx| =

a

From (2.18) and (2.21), we can get

> _
21)2

f ®;Dy! dx

Using the Schwarz inequality, Lemma 2.1 (2), and (3°), we have

n |Dy1|
—§_< fs(x)l@lld ><Z 0 dx

n b .
-2-(1/t)) -
< (;I s(x)|CDi|2dx>v1( ( ))‘ull/tz)&/t.
i= a <

By further calculating, we can easily get Lemma 2.3.

3. Main Results

Theorem 3.1. If \; (i =1,2,...,n+ 1) are the eigenvalues of (1.4)-(1.5), then

42t - Dpv; & a1
(1) At S Ayt Wln2 ZA Z*
412t -1 2
@ A< (142 Dm Y,
pav

Proof. From (1.18), we can get

)

n b -1
A1 =) ST +)) <ZI S(x)|(1)i|2dx> .
i=17a

(2.21)

(2.22)

(2.23)

(3.1)

(3.2)

(3.3)

Using Lemmas 2.2 and 2.3, we can easily get (3.1). In (3.1), Replacing \; with \,, by further

calculating, we can get (3.2).

Theorem 3.2. Forn > 1, one has

-1
) R kU S0/
i=1 )Ln+1 - )Li - 4t(2t - 1)‘1/[2'1)% i=1 !

O

(3.4)
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Proof. Choosing the parameter o > A, using (1.17), one can give
n b n b n b
A1 J' s()| @ dx <o f s(x)| @ dx + > f (A — 0)s(x)|@;Pdx + 1+ J. (3.5)
i-17a i=17a i=1~-4a

By (2.22) and the Young inequality, we obtain

n 6 n b ) 1 n 4 b |DYI|2
3, S 5; o-X) j s(x)|@;*dx + %l;(o - Xi) f i) 0 (3.6)
where 6 > 0 is a constant to be determined. Set
n b n b
=> I s()|@;Pdx,  T=>(c-L) I s(x)|@;*dx. (3.7)
=17a i=1 a

Using Lemma 2.1, (3.5), and (3.6), we can get the following results, respectively,

M1 —0O)V+T<I+], (3.8)
2 i=1

In order to get the minimum of the right of (3.9), we can take

n 1/2
6=T"2 <#11/fv;(2‘“/ EONCE )Li)u}“> : (3.10)

i=1

By (3.9), and (3.10), we can easily get

1/t 2 (1/t) n2 /o Wt -1
/’ll )Li 311
> <§o—)t,-> ) (3.11)

4v2

Using Lemma 2.2, (3.8), and (3.11), we have

P02 f U ! n
(st =)V + —=— <Zol—x> <t =1 Y 30, (3.12)
V2 i=1 i i=1

that is,

n #m 2-(1/8) 2 2 -1
(st = 0)V < £2t = 1)y D10y, 5700 2 <Z i > . (313)

i1 4v3 So-A
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Let the right term of (3.13) be f (o). It is easy to see that

lim f(o) = —oo,

O — 400
1' =t 2t 1 -(1-(1/t)) . -1/t B .)Ll_(l/t) 0 (314)
agrbf(o)— 2t -Dp, vy .“ZZ i > L.
n i=1
Hence, there is 0y € (A, +00), such that
no 1/t n -1
Z )Ll- _ ﬂlV%nz Z)L?_(l/tf) ) (3.15)
Soo-Ai AQRt-Dwpvi \ S '
On the other hand, letting
n )&/f
= ! 3.16
$0)= X (3.16)
we have
n )J/t
") =-) ———<0. (3.17)
8 i1 (0 - )ti)z

It implies that g(o) is the monotone decreasing and continuous function, and its value range
is (0, +o0). Therefore, there exits exactly one oy to satisfy (3.15). From (3.13), we know that
00 > Ay41. Replacing op with 4,41 in (3.15), we can get the result. O
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