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Due to the well-known Srivastava-Attiya operator, we investigate here some results relating the p-
valent of the operator with differential subordination and subordination. Further, we obtain some
interesting results on sandwich-type theorem for the same.

1. Introduction and Motivation

Let #(U) be the class of analytic functions in the open unit disc U and let H#[a, n] be the
subclass of #(U) consisting functions of the form f(z) = a + a,z" + ap1z"* + .-+, with
Ho = H[0,1] and H = H[1,1]. For two functions f; and f, analytic in U, the function f; is
subordinate to f,, or f, superordinate to fi, written as f; < f; if there exists a function w(z),
analytic in U with w(0) = 0 and |w(z)| < 1 such that fi(z) = fo(w(z)). In particular, if the
function f is univalent in U, then f; < f, is equivalent to f1(0) = f»(0) and fi(U) C fo(U).

Let f,he H(U)and ¢ : C]* xU — C.1If f and ¢(f(2), zf'(2), 2> f"(z); z) are univalent
and f satisfies the second-order differential subordination

v(f(2),2f(2),22f'(2);2) < h(2), (LD)

then f is called a solution of the differential subordination. The univalent function F is called
a dominant if f < F for all f satisfying (1.1). Miller and Mocanu discussed many interesting
results containing the above mentioned subordination and also many applications of the
field of differential subordination in [1]. In that direction, many differential subordination
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and differential superordination problems for analytic functions defined by means of linear
operators were investigated. See [2-11] for related results.
Let 4, denote the class of functions of the form

f(2) =2+ D an,z"™" (z€U, peN=1,23,...), (1.2)
n=1

which are analytic and p-valent in U. For f satisfying (1.2), let the generalized Srivastava-
Attiya operator [12] be denoted by

Jonf(z) = Gopx f(2) (beC\Zy=0,-1,-2,...), (1.3)

where
Gep = (1+b)°[p(z,5,b) ~b™°], (1.4)

with
pasb) = e D T (15)

+ +...’
bs (1+b)°  (2+Db)°

and the symbol (%) denotes the usual Hadamard product (or convolution). From the
equations, we can see that

Jspf(z) =2 + i( L+b >San+pzn+p- (1.6)

n+l+b

Note that for p = 11in (1.6), Js»f(z) coincides with the Srivastava-Attiya operator [13].
Further, observe that for proper choices of s and b, the operator J;,f(z) coincides with the
following:

() Jopf(2) = f(z),
(ii) Jiof(2) = A(f)(z) [14],
(iii) J1,f(z) = 0y(f)(2), (y > -1) [15,16],
(iv) Jorf(z) =1°(f)(2), (o >0) [17],
V) Japf(2) = P{(f)(2), (@21, p>1) [18].

Since the above mentioned operator, the generalized Srivastava-Attiya operator,
Jspf(z) reduces to the well-known operators introduced and studied in the literature by
suitably specializing the values of s and b and also in view of the several interesting properties
and characteristics of well-known differential subordination results, we aim to associate these
two motivating findings and obtain certain other related results. Further, we consider the
differential superordination problems associated with the same operator. In addition, we also
obtain interesting sandwich-type theorems.
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The following definitions and theorems were discussed and will be needed to prove
our results.

Definition 1.1 (see [1], Definition 2.2b, page 21). Denote by Q the set of all functions g that are
analytic and injective on U \ E(g) where

E(q):{geau:lirr}::oo} (1.7)
and are such that 4'() #0 for ¢ € 0U \ E(g). Further let the subclass of Q for which gq(0) = a

be denoted by Q(a), Q(0) = Qp, and Q(1) = Q;.

Definition 1.2 (see [1], Definition 2.3a, page 27). Let Q be a set in C, g € Q, and let n be a
positive integer. The class of admissible functions ¥, [€2,g] consists of those functions ¢ :
C3 x U — C that satisfy the admissibility condition ¢(c,d, e;z) ¢ Q whenever ¢ = g(g), d =
kéq'(5), and

Re{g+1}2kRe{%+1}, (1.8)

zel, ;eoU \ E(g),and k > n. Let ¥1[Q, q] = ¥[Q, g].
Definition 1.3 (see [19], Definition 3, page 817). Let Q be a setin C, g € H#[a, n] with 4'(z) #0.

The class of admissible functions ¥),[Q, ] consists of those functions ¢ : C3> x U — C that
satisfy the admissibility condition ¢(c, d, e; {) € Q whenever ¢ = q(z), d = zq'(z)/m, and

Re{e+1}2%Re{M+1}, (1.9)

d 7@

zel, ¢eol,andm>n>1. Let ¥|[Q,q] = ¥'[Q,q].

Theorem 1.4 (see [1], Theorem 2.3b, page 28). Let ¢ € W, [Q, q] with g(0) = a. If the analytic
function j(z) € H#[a,n] satisfies

¢(j(2),2/'(2), 22" (2);2) €Q, (1.10)
then j(z) < q(z).
Theorem 1.5 (see [19], Theorem 1, page 818). Let ¢ € W, [Q, q] with q(0) = a. If j € Q(a) and
w(j(2),zj'(z),2%"(z); z) is univalent in U, then

Qc {(p(j(z),zj'(z),zzj"(z);z> 1z € LI} (1.11)

implies q(z) < j(z).
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2. Subordination Results Associated with
Generalized Srivastava-Attiya Operator

Definition 2.1. Let Q be a set in C and g € Qo N H#[0,p]. The class of admissible functions
®;[€, q] consists of those functions ¢ : C> x U — C that satisfy the admissibility condition:

P(u,v,w;z) ¢ Q

whenever
oo kgq'(§) - [p- (1 +b)]q(0)
a 1+b

{(1 +b)’w - [p- (1+b)]’u
Re
1+b)o+[p-1+b)]u

u=q(g),

+2[p—(1+b)]} > kRe{ 70

zel, (eol\ E(g),and k > p.

Theorem 2.2. Let ¢ € D;[Q, q]. If f € o, satisfies
(dUssrnf (2), Josrpf(2), Jopf(2);2) s z€ U} C Q,
then
Joapf(2) <q(z) (zell).
Proof. The following relation obtained in [13]
2l f(2) = [p— A+ D) Jsurpf(2) + 1+ b) Jspf(2)
is equivalent to

z];+1,bf(z) - [P - (1 + b)]]s+1,bf(z)

Jof(2) = — :

and hence
Joionf(2) = [P = L+ b)| Jssopf (2)
s f () = 22 [p1+b Jeasf &)

Define the analytic function j in U by

](Z) = ]S+2,bf(z)r

(beC\Zy=0,-1,-2,...,peN),

9'0

2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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and then we get

zj'(z) - [p - 1 +Db)]j(z) ’

]s+1,bf(z) = 1+b
. : 2. (29)
_Zj" @+ (1-2[p-(1+b)])zj'(z) + [p- 1 +b)]j(2)
]s,bf(z) = > .
(1+Db)
Further, let us define the transformations from C? to C by
e e d-[p-(1+b)]c
- Y - 1 b 7
’ R (2.10)
oo &t (1-2[p-QA+b)])d+[p-1+b)]°c
- (1+0b)? '
Let
g(c,d,ez)=¢(uv,w;z), (2.11)
o d-[p-(1+b)c e+ (1-2[p-(1+b)])d+[p-1+b)]*c
¢(u,v,w,z)—¢<c, T35 , e by ;z ).
(2.12)
The proof will make use of Theorem 1.4. Using (2.8) and (2.9), from (2.12) we obtain
¢(j(2),27(2), 2"(2);2) = §(sanf (2), o1 f (2), Jopf (2); 2). (2.13)
Hence (2.3) becomes
¢(i(2),2/'(2), 22/ (2);2) € Q. (2.14)
Note that
e . (1+b’w-[p-(1+b)]’u
A T Arher poaape 2P arbl @15)

and since the admissibility condition for ¢ € @;[Q,q] is equivalent to the admissibility
condition for ¢ as given in Definition 1.2, hence ¢ € ¥,,[, q], and by Theorem 1.4,

j(z) <q(z), (2.16)
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or

Jsi2pf(2) < q(2)-
(2.17)

In the case ¢(u, v, w; z) = v, we have the following example.

Example 2.3. Let the class of admissible functions ®j,[€2,q] consist of those functions ¢ :
C3® xU — C that satisfy the admissibility condition:

L, keq'©) - [;; - 1(71 +014@) (2.18)
zel, {€dU \E(q),and k > pand ¢ € @y, [Q,q]. If f € o, satisfies
Jsapf(z) CQ, (2.19)
then
Joapf(2) <q(z) (zell). (2.20)

If Q#C is a simply connected domain, then Q € h(U) for some conformal mapping
h(z) of U onto Q and the class is written as ®;[h, q]. The following result follows immediately
from Theorem 2.2.

Theorem 2.4. Let € ®;[Q, q]. If f € o4, satisfies
P(Jss26f (2), Jorpf (2), Jsnf(2); 2) < h(z), (2.21)

then
Jeanf(2) < q(2). (2.22)

The next result occurs when the behavior of g on oU is not known.

Corollary 2.5. Let Q C C, g be univalent in Uand q(0) = 0. Let ¢ € D[, q,] for some p € (0,1)
where q,(z) = q(pz). If f € Ap and

(,b(]s+2,bf(z)1 ]s+1,bf(z)/ ]s,bf(z); Z) €Q, (2.23)
then

Jsi2pf(2) < q(2). (2.24)
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Proof. From Theorem 2.2, we see that Js.25 f(z) < q,(z) and the proof is complete. O

Theorem 2.6. Let h and q be univalent in U, with q(0) = 0 and set q,(z) = q(pz) and h,(z) =
h(pz). Let ¢ : C> x U — C satisfy one of the following conditions:

(1) ¢ € Dy[h,q,], for some p € (0,1), or
(2) there exists po € (0,1) such that ¢ € ®;[h,,q,], for all py € (0,1).
If f € A, satisfies (2.21), then

Jsi2pf (2) < q(2). (2.25)

Proof. The proof is similar to the one in [1] and therefore is omitted. O
The next results give the best dominant of the differential subordination (2.21).

Theorem 2.7. Let h be univalent in U. Let ¢ : C*> x U — C. Suppose that the differential equation
$(a(2),24(2), 29 (2);2) = h(2) (2.26)

has a solution q with g(0) = 0 and satisfy one of the following conditions:

(1) g € Qoand ¢ € O;[h, q],

(2) q is univalent in U and ¢ € ®;[h, q,], for some p € (0,1), or

(3) q is univalent in U and there exists py € (0, 1) such that ¢ € ®;[h,,q,], forall py € (0,1).
If f € A, satisfies (2.21), then

Jss2pf(2) < q(2), (2.27)

and q is the best dominant.

Proof. Following the same arguments in [1], we deduce that g is a dominant from
Theorem 2.4 and Theorem 2.6. Since g satisfies (2.26), it is also a solution of (2.21) and
therefore g will be dominated by all dominants. Hence g is the best dominant. O

Definition 2.8. Let Q be a setin C and g € QyoNHy. The class of admissible functions @;;[€, q]
consists of those functions ¢ : C3 x U — C that satisfy the admissibility condition:

p(u,v,w;z) & Q (2.28)
whenever
u=4q(@¢), v= W <b €C\Zy=0,-1,-2,...,p eN),
(2.29)
(1+b)*w - b*u ¢q9"(¢)
Re{m —2b} > kRe{W +1},

zel, {eoU\E(g),and k > 1.
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Theorem 2.9. Let ¢ € @1[€2,q]. If f € A, satisfies

{¢<]s+2,bf(z) Js+1pf(2) ]s,bf(z);z> e U} co, (230)

zp=t T zpl T gpl

then

]s+2,bf(z)

<qg(z zel 2.31
Zp_l CI( ) ( ) ( )
Proof. Define the analytic function j inU by

]S+2,bf(z) ) (232)

j(2) = =24

Using the relations (2.5) and (2.32), we get

Jsupf(2) _ zj'(2) - bj(z)

zp-1 1+b '
21 ] 2+ (233)
Jspf(2) _ 27j"(2) + (2b+1)zj'(2) + b%j(2)
zr7! (1+b)? '
Further, let us define the transformations from C? to C by
-7 7 1+b’
) (2.34)
e+ (2b+1)d +bc
1+b?>
Let
d+bc e+ (2b+1)d +b*c
c,d,e;z)=¢(u,v,w;z) = c, , ;z ). 2.35
wlc,d,e;2) = ) ¢< b by > (235)

The proof will make use of Theorem 1.4. Using (2.32) and (2.33), from (2.35) we obtain

(2.36)

]s+2,bf(z) ]s+1,bf(z) ]s,bf(z) 'Z).

zp=l 7 zpl 7 gl

o7 @ 21 @52) = o
Hence (2.30) becomes

¢(j(2),2/'(2), 2" (2);2) € Q. (2.37)
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Note that

2.2
e+1_(1+b)w b u

hd =~ 7 " _ 2.38
d (1+b)v+bu 2b, (2.38)

and since the admissibility condition for ¢ € ®@;1[Q,q] is equivalent to the admissibility
condition for ¢ as given in Definition 1.2, hence ¢ € ¥[Q, q], and by Theorem 1.4,

j(z) <q(2), (2.39)
or
];f;—fl(z) <q(2). (2.405)

In the case ¢(u, v, w; z) = v — u, we have the following example.

Example 2.10. Let the class of admissible functions ®@j, 1[Q, g] consist of those functions ¢ :
C?® xU — C that satisfy the admissibility condition:

_ k&q'(6) —pa(g)
-—u= T ¢ Q, (241)

zelU, {€oU\E(q),andk >pand ¢ € @y, 1[Q,q].If f € #, satisfies

Jsapf(2)  Jspf(2)

zp-1 zp-1

cQ (zel), (2.42)

then

]s+2,bf(z)

) <q(z) (zel). (2.43)

If Q#C is a simply connected domain, then Q € h(U) for some conformal mapping
h(z) of U onto Q and the class is written as ®;;[h,gq]. The following result follows
immediately from Theorem 2.9.

Theorem 2.11. Let ¢ € @;1[Q,q]. If f € A, satisfies

¢<]5+22£(Z) ) ]s+;,zf1(z)/ ]s,;{_(lz);z> < h(z), (2.44)
then
Jsr2pf(2) 4(2). (2.45)
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Definition 2.12. Let Qbe a setin C and g € Q;NH. The class of admissible functions @, [€2, g]
consists of those functions ¢ : C> x U — C that satisfy the admissibility condition:

Pp(u,v,w;z) & Q (2.46)
whenever
kéq' () =
u=q(§)r U=6](C)+(1T)q(g) (bE(C\Zo=O,—1,—2,...,pEN>, (247)
Re{WHnb)(w-sm} zkm{%n},

zel, (eol\ E(g),and k > 1.

Theorem 2.13. Let ¢ € @[, q]. If f € A, satisfies

]s+2,bf(z) ]s+1,bf(Z) ]s,bf(z) ) .
{¢<]s+3,bf(z)l ]s+2,bf(2) ’ ]s+1,bf(z),z> HVAS U} CQ, (2.48)

then

]s+2,bf(z)

Proof. Define the analytic function j in U by

. _ ]s+2,bf(z)
ey E) (250
Differentiating (2.50) yields
(@) _ Tnf@ Teshf ) o5n
i@ Ja2pf(2) Jeapf(z) '
From the relation (2.5) we get
Z];+2,bf(z) _ _ . Zj,(Z) 252
Tonsf@) =[p (1+b)]+(1+b)]+—j(z) , (2.52)
and hence
Jsaipf(z) . zj'(z)
Jemsf @ 1O Trmj) (259
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Further computations show that

Jouf(2) . [20+b)j(2) +1]zf'(2) + 23" (2)
Jss1pf (2) = i)+ (1+ b)z]-(z)z T (1+b)zj'(2) . (2.54)
Let us define the transformations from C2 to C by
_ B d
u=c, v=c+ m,
(2.55)
et 2(b+1)c+1]d+e
(1+b)’2+(1+b)yd
Let
-2 = Do d 2(b+1)c+1]d+e
plediers) = glunz) = ¢<C,C " 1+ b)C’C " (1+b)°c2+(1+ b)dlz>. (250

The proof will make use of Theorem 1.4. Using (2.50), (2.53) and (2.54), from (2.56) we obtain

(0570 270) = 8(EE T T ) )
Hence (2.48) becomes
¢(i(2),2/'(2), 2" (2);z) € @. (2.58)
Note that
1= w +(1+b)(w - 3u), (2.59)

and since the admissibility condition for ¢ € ®@;,[Q,q] is equivalent to the admissibility
condition for ¢ as given in Definition 1.2, hence ¢ € ¥[Q, g] and by Theorem 1.4,

j(z) <q(2), (2.60)
or
Jsiopf (2)
Tenf () <13 (2'615)

If Q#C is a simply connected domain, then Q € h(U) for some conformal mapping
h(z) of U onto Q and the class is written as ®@j,[h,q]. The following result follows
immediately from Theorem 2.13.
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Theorem 2.14. Let ¢ € @[, q]. If f € A, satisfies

Jsr2pf(2) Jsripf(2) Jspf(2) .
<]s+3,bf(z) ’ ]s+2,bf(z)' ]s+1,bf(Z)l Z> < h(z), (2.62)
then
ﬁii}cg <4(2). (2.63)

3. Superordination Results Associated with
Generalized Srivastava-Attiya Operator

Definition 3.1. Let Q be a set in C and g € H#[0,p] with zq'(z) #0. The class of admissible
functions @’ [€, q] consists of those functions ¢ : C®x U — C that satisfy the admissibility
condition:

P(u,v,w; Q) & Q (3.1)
whenever
u=qz), ve1E ";[fll(;; b)l49() (beC\Zy=0,-1,-2,...,peN),
(1+b)%0 - [p- (1 +b)]u | (') 62
{ A+bjo+[p-(1+b)u +2[”_“”’)]} >R g )
zel, {€dl,and m > p.
Theorem 3.2. Let ¢ € D) [Q,q]. If f € Ap, Jsuapf € Qo and
P(Jss2pf (2), Jss1pf (2), Jspf (2); 2) (3.3)
is univalent in U, then
Q C {Pp(Jsropf (2), Jsrpf(2), Jsp f(2);2) 1 z € U]} (3.4)
implies that
q(z) < Jsrapf(2). (3.5)

Proof. From (2.13) and (3.4), we have

Qc {q;<j(z),zj’(z),z2j"(z);z> :zeU}. (3.6)
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From (2.10), we see that the admissibility condition for ¢ € @[Q,q] is equivalent to
the admissibility condition for ¢ as given in Definition 1.3. Hence ¢ € ‘P;,[Q, q], and by
Theorem 1.5, g4(z) < j(z) or

q9(z) < Js2pf (2)- (3.7)
O

If Q#C is a simply connected domain, then Q € h(U) for some conformal mapping
h(z) of U onto Q and the class is written as <D’][h,q]. The next result follows immediately
from Theorem 3.2.

Theorem 3.3. Let h be analytic in U and ¢ € D}[Q,q]. If f € Ay, Jsu2pf(2) € Qo and

¢ Use2f(2), Jse1rpf (2), Jsp f (2); 2) (3.8)
is univalent in U, then
h(z) < ¢(Josonf (2), Jsr1pf (2), Jsp f(2): 2), (3.9)
and then
q(z) < Jsopf(2). (3.10)

Theorems 3.2 and 3.3 can only be used to obtain subordinants for differential
superordination of the form (3.4) and (3.9). The following theorems prove the existence of
the best subordinant of (3.9) for certain ¢.

Theorem 3.4. Let h be analytic in U and ¢ : C> x U — C. Suppose that the differential equation
$(a(2),24'(2), ' (2);2) = h(2) (3.11)

has a solution q € Qo. If ¢ € D[Q, q], f € Ap, Jsr2pf(2) € Qo, and

PUsiapf (2), Jsnipf (2), Jspf(2); 2) (3.12)
is univalent in U, then
h(z) < p(Jssap f(2), Js1pf (2), Jsp f (2); 2) (3.13)
implies that
q(z) < Jss2pf (2), (3.14)

and q(z) is the best subordinant.
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Proof. The result can be obtained by similar proof of Theorem 2.7. O
The next result, the sandwich-type theorem follows from Theorems 2.4 and 3.3.

Corollary 3.5. Let hy and g1 be analytic in U, and let hy be univalent function in U, g, € Qo with
q1(0) = q2(0) =0 and ¢ € Dy[hy, g] ﬂ(I>’][h1,q1]. If f €Ay, Jsapf(z) € K[0,p] N Qo, and

PUsi2pf(2), Jsrpf (2), Jsp f(2); 2) (3.15)
is univalent in U, then
hi(2) < ¢(Jssap f(2), Jssipf(2), Jsp f(2); 2) < ha(2) (3.16)
implies that
01(2) < Jorap f(2) < ga(2). (3.17)

Definition 3.6. Let Qbe asetin C and g € H#, with zg/(z) #0. The class of admissible functions
@', [€2, q] consists of those functions ¢ : C® xU — C that satisfy the admissibility condition:

P(u,v,w; ) €Q (3.18)
whenever
_ _ 24 (z) —mbq(z) = a4
u—q(z), —W <bEC\ZQ—0, 1, 2,...,P€N>,
A +b) 2 . "2) (3.19)
+b)"w - bu zq (z
T T >
Re{ (1+b)o+bu Zb} - mRe{ 7() +1}’
zel, {eol,and m > 1.
The following result is associated with Theorem 2.9.
Theorem 3.7. Let p € Dy [Q,q). If f € HAp, Jorapf(2)/2P7! € Qo, and
]s+2,bf(z) ]s+1,bf(z) ]s,bf(z)_
¢< e R e I A ,z> (3.20)

is univalent in U, then

Oc {¢<]s+2,bf(z) Js+1pf(2) ]s,bf(z);z) e LI} (321)

zp-1 ! zp-1 ’ zp-1
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implies that

Js+20f(2)
4(z) < T (322)
Proof. From (2.36) and (3.21), we have
Qc {(])(j(z),zj’(z),zzj"(z);z> 1z € U}. (3.23)

From (2.34), we see that the admissibility condition for ¢ € @},[€Q, ] is equivalent to the
admissibility condition for ¢ as in Definition 1.3. Hence ¢ € ¥'[€, g], and by Theorem 1.5,

q(z) <j(z) or

Joaf (2) (324)

q9(z) < =5

O

If Q#C is a simply connected domain, then Q € h(U) for some conformal mapping

h(z) of U onto Q and the class is written as <I)'],1 [h, g]. The next result follows immediately
from Theorem 3.7.

Theorem 3.8. Let q € Ho, and let h be analytic on U, and let ¢ € @) [Q,q]. If f € 4,
Jsrpf(2)/2°7" € Qo, and

¢<]s+2,bf(z) ]s+1,bf(z) ]Srbf(z) 'Z) (325)

zp-1 ! zp-1 ! zp-1 !

is univalent in U, then

h(z) < qb< ]“i’Zfl(z), J S”Z’Z_fl(z) 4 Zb {_ (12) ; z) (3.26)
implies that
a(z) < 222/ B) (327)

zp-1

Combining Theorems 2.11 and 3.8, we obtain the following sandwich-type theorem.

Corollary 3.9. Let hy and gy be analytic in U, let hy be univalent function in U, g, € Qo with
91(0) = q2(0) = 0, and ¢ € @1 [ho, 2] N D) [, qu]. If f € Ay, Jssopf(2) /2P~ € Ho N Qy, and

¢<]s+2,bf(z) Js1pf(2) Jspf(2) 'Z> (3.28)

zp-l 7 zpl T gpl
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is univalent in U, then

]s+2bf Z) ]s+1bf(z) ]sbf(z)

hi(z) < ¢< T iz ) < hy(z) (3.29)

implies that

]s+2bf( )

q1(z) < —==—= < q2(2). (3.30)

Definition 3.10. Let Q be a setin C and q(z) #0, zq'(z) #0, and g € H. The class of admissible
functions @7, [, g] consists of those functions ¢ : C3 x U — C that satisfy the admissibility
condition:

P(u,v,w; ) & Q (3.31)
whenever
_ _ zq'(2) =
u—q(z), U_q(z)+ﬂl(:[+—b)q(z) (bE(C\Z()—0,—1,—2,...,p€N>,
) (3.32)
Re{—(w_u)(1 +bju +(1 +b)(w—3u)} > lR {zq (2) 1}
v-U m '(z)
zel, (eol,and m > 1.
The following result is associated with Theorem 2.13.
Theorem 3.11. Let ¢ € (I)’],2 [Q,q]. If f € Ap, Jssonf(2)/ Jss3pf (2) € Qu, and
]s+2,bf(z) ]s+1,bf(z) ]s,bf(z) ) ) 333
<]s+3,bf(z)’ ]s+2,bf(z)’ ]s+1,bf(z) = (3:33)

is univalent in U, then

Jsropf(2) Jseipf(2) Jspf(z) _\
Qc {¢<]s+3,bf(z), ]s+2,bf(Z) ! ]s+1,bf(Z)’z> rze U} (3.34)

implies that

Jsr2pf (2)

Tonsf2)° (3.35)

q(z) <

Proof. From (2.57) and (3.34), we have

Qc {¢<j(z),zj’(z) 2j"(2); ) ze€ u}. (3.36)
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From (2.55), we see that the admissibility condition for ¢ € @},[€Q,g] is equivalent to the
admissibility condition for ¢ as in Definition 1.3. Hence ¢ € ¥'[Q, q], and by Theorem 1.5,

q(z) <j(z) or

]s+2,bf(z)

Tonsf(2) (3.37)

O

q(z) <

If Q#C is a simply connected domain, then Q € h(U) for some conformal mapping
h(z) of U onto Q and the class is written as <D’L2[h,q]. The next result follows immediately
from Theorem 3.11 as in the previous section.

Theorem 3.12. Let g € K, let h be analytic in U, and let ¢ € @),[Q,q]. If f € Ay, Jsropf(2)/
Js+apf(z) € Qq and

]s+2,bf(z) ]s+1,bf(z) ]s,bf(z) .

<]s+3,bf(z) ’ ]s+2,bf(z) ’ ]s+1,bf(z) ’ Z) (3.38)

is univalent in U, then

]s+2,bf(z) ]s+1,bf(z) ]s,bf(z) .
M < (T T T ) (339
implies that
]s+2,bf(z)

1 @ (340

Combining Theorems 2.14 and 3.12, we obtain the following sandwich-type theorem.

Corollary 3.13. Let hy and g1 be analytic in U, let hy be univalent function in U, q» € Qo with

91(0) = q2(0) = 0, and ¢ € @jo[hy, @] N D), [, ). If f € Ap, Josopf(2)/ Jssapf(z) €HNQ,
and

Jor2pf(2) Jsuipf(z) Jspf(2) )
<]s+3,bf(z) ’ ]s+2,bf(z) ’ ]s+1,bf(z) ’ Z> (3.41)
is univalent in U, then
]s+2,bf(z) ]s+1,bf(z) ]s,bf(z) .
mE) <o F R T T ™) <) (42
implies that
() < 2Dy (3.43)

Toanf (@ 1
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Other work related to certain operators concerning the subordination and superordi-
nation can be found in [20-25].
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