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A fractional version of logistic equation is solved using new iterative method proposed by
Daftardar-Gejji and Jafari (2006). Convergence of the series solutions obtained is discussed.
The solutions obtained are compared with Adomian decomposition method and homotopy
perturbation method.

1. Introduction

The following model describing growth of population was first studied by Pierre Verhulst in
1938 [1]

dN N
W —rN<1—f>, (11)

where N (t) is population at time ¢, and r > 0 is Malthusian parameter describing growth rate
and K is carrying capacity. Defining x = N/ K gives the following differential equation:

dx

= = - 1.2

7 rx(1 - x) (1.2)

which is called as logistic equation.
Logistic equation of fractional order has been discussed in the literature [2, 3]. El-

Sayed et al. [2] have investigated the equation D*x(t) = rx(t)(1 — x(t)), where D* is Caputo
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fractional derivative of order 0 < a < 1. Momani and Qaralleh [3] have employed Adomian
decomposition method (ADM) for solving fractional population growth model in a closed
system.

In the present paper we use New Iterative Method (NIM) introduced by Daftardar-
Gejji and Jafari [4] to solve fractional version of logistic equation.

NIM is useful for solving a general functional equation of the form

u=f+L(u)+N(u), (1.3)

where f is a given function, L and N linear and nonlinear operators, respectively. The
NIM has fairly simple algorithm and does not require any knowledge of involved concepts
such as Adomian polynomials, homotopy, or Lagrange multipliers. Rigorous convergence
analysis of NIM has been worked out recently [5]. This method has been applied by present
authors successfully for solving partial differential equations [6], evolution equations [7],
and fractional diffusion-wave equations [8].

NIM has been further explored by many researchers. Several numerical methods with
higher order convergence can be generated using NIM. M. A. Noor and K. I. Noor [9, 10] have
developed a three-step predictor-corrector method for solving nonlinear equation f(x) = 0.
Further, they have shown that this method has fourth-order convergence [11]. Some new
methods [12, 13] are proposed by these authors using NIM. Mohyud-Din et al. [14] solved
Hirota-Satsuma coupled KdV system using NIM. These authors [15] also have applied NIM
in solutions of some fifth order boundary value problems. Noor and Mohyud-Din [16]
have used NIM to solve Helmholtz equations. NIM is applied to solve homogeneous and
inhomogeneous advection problems [17], diffusion equations [18], Schrodinger equations
[19], time fractional partial differential equations [20], and so on. Yaseen and Samraiz [21]
proposed modified NIM and used it to solve Klein-Gordon equations. Srivastava and Rai
[22] have proposed a new mathematical model for oxygen delivery through a capillary to
tissues in terms of multiterm fractional diffusion equation. They have solved the multi-term
fractional diffusion equation using NIM and ADM and have shown that the results are in
perfect agreement.

Recently Usman et al. [23] have solved a wide range of physical problems using NIM
and various other methods and have shown that NIM has better performance as compared
to other methods.

In the present paper, we solve fractional-order logistic equation. We compare the
results obtained by NIM, ADM [3], and homotopy perturbation method (HPM) with exact
solution. Further, we propose sufficient condition for the convergence of NIM solution of
fractional order logistic equation.

2. Preliminaries and Notations

In this section, we set up notation and recall some basic definitions from fractional calculus
[24].

Definition 2.1. Riemann-Liouville fractional integration of order a is defined as

1 ~
I"‘f(t)=mfo(t—y) 'f(y)dy, t>0. (2.1)
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Definition 2.2. Caputo fractional derivative of order a is defined as

D*f(t) :Im_“<dr;{r£t)>, O<m-l<a<m.

Note thatfor0<m-1<a<m, a>0andy > -1

. _ TI(r+1) ‘a
I (t—b)Y-—r(Y+a+1)(t—b)Y ,

m-1 k
(I“D*F)(®) = f(H) - 3. fP0)=.
= k!

3. Fractional-Order Logistic Equation

Consider

Dx(t) =rx(t)(1-x(t)), t>0,r>0, 0<a<l1
with initial condition
x(0) = xo.
Operating I* on both sides of (3.1) and using (3.2), we get

x(t) = xo + rI*(x(t)) - rI* <x2(t)>.

3.1. Adomian Decomposition Method

(2.2)

(2.3)

(3.1)

(3.2)

(3.3)

Adomian decomposition method [25] is one of the most powerful methods used to solve
(1.3). In this method, solution u is assumed to be of the form >,%, u;, and the nonlinear

operator N is represented as
N<Zu,~> = ZAi,
i=0 i=0
where
1 dn 1L k
A, = EWN(%WA > , n=0,12,...
= A=0

are the Adomian polynomials. The terms of the series are given as

Up1 = L(uy) +A,, n=0,1,2,....

(3.4)

(3.5)

(3.6)
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For convergence of this series, we refer the reader to [26]. Fractional order logistic equation

is solved using ADM in [3].

3.2. New Iterative Method

Recently Daftardar-Gejji and Jafari [4, 8] have used a different decomposition of the term
N (u). They have decomposed N (u) as follows:

N( E ui> :N(uo)+N(u0+u1)—N(u0)+£\f(u0+u1+u2)—N(u0+u12+~- . (37)
i=0 v N ~
GO G] GZ

The terms of the series u = X7, u; are determined by the following recurrence relation:

uy = f,
u1 = L(uo) + Go, (3.8)

Uy = L(uy) +G,, n=1,23,....

Discussion regarding convergence of this series and comparison of ADM and NIM can be
found in [5].
In view of NIM, the solution of (3.3) is given by x(t) = X2, x; where

x1 = rI*(xg) — rI“(xé),

n 2 w1\ 2 (3.9)
Xp1 = r1%(xy,) — rI® <in> +7rI* <in> , n=1,2,....

i=0

The k-term approximate solution is given by
ue = D .xi. (3.10)

3.3. Homotopy Perturbation Method

Homotopy perturbation method (HPM) proposed by He [27, 28] is a useful technique to
solve nonlinear problems. In view of HPM, we construct the following homotopy for solving
fractional order logistic equation (3.1):

D%x =prx(1-x), (3.11)
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where p € [0,1] is an embedding parameter. For p = 0, the homotopy (3.11) gives a linear

equation D*x = 0 and for p = 1, it gives the original equation (3.1). The solution of homotopy
equation (3.11) is assumed to be

x(t) = X+ px1+PPxy + P xz + - (3.12)

The solution of (3.1) is obtained from series (3.12) by substituting p = 1. Substituting (3.12)
in (3.11) and equating like powers of p, we get

D"‘xo = O,

D%x; = r<xo - xé),

(3.13)
D%x; = r(x1 = 2x0x1),
D%x3 = r<x2 - xf - 2xOxz>,
and so on. The linear equations given in (3.13) give
tll
- _ 2
X1 = T‘(.XO .’)CO) F(a+ 1),
Xy = 0,
3.14
. N2 a (3.14)
X3 = —Tr <x0 - x0> > ’
Ia+1)TBa+1)
X4 = O,

and so forth. It can be seen from (3.11) that the HPM solutions are the same as ADM solutions
given in [3].

4. Convergence of NIM Solutions

In this section, we provide sufficient condition for the convergence of NIM solution series
(3.10).
Let f(t,x) = rx(1 — x) be defined on a rectangle

R: || <a, [x—x0|<b, (a>0, b>0). (4.1)

It is clear that |f| is bounded on R. We have |f(t,x)| < M, for some real number M
on R.
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Lemma 4.1. For the initial value problem
D%x(t) = f(t,x(t)), O<a<l,

(4.2)
x(0) = xo

the m-term approximate NIM solution (3.10) exists on the interval 1 = [-y,x], where xy =
min{a, (['(a+ 1)b/M)1/“ }, on rectangle R. Moreover, the points (t,u,,(t)) € R, forallm =1,2,...
whenever t € 1.

Proof. We prove the lemma by induction on m.
Clearly, the result is true for m = 1. Now,

Uy (t) = xo(t) + x1(£). (4.3)
Since the points (f, x(t)) € R, forall t € I,

[ua (t) — xo(£)] < |17 (£, x0(t)) |
SMern Sb

Thus, (t,ux(t)) € R.
We assume that the result is true for positive integer m — 1 and proves for m. Using

NIM solutions, we get
ni:z
I"fL t, > xi(t)
=0 ! (4.5)

= [I°f (t, um-1(1))]-

[1m (£) = x0(H)] <

Induction hypothesis implies that the points (f,1,,-1(f)) € R, for all t € I. Hence

It*
- < <b. 4.
i (£) = 30(0)] € M =5 < b (+6)
This implies that the points (t, u,,(t)) € R, forallm =1,2,... whent € I. O

Theorem 4.2. The NIM solution series converges on the interval I = [y, x| to a solution of the [VP
(4.2).
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Proof. Note that f(t,x) = rx(1 — x) is continuous function defined on a rectangle R and
|f] £ M on R. Further

lft,x) = f(ty)| =Irl[1- (x+y)||x-y]
< (71 =2(b + x0)) |x - | (4.7)
= K|x-yl|.

Thus, f is Lipschitz in the second variable on R with Lipschitz constant K = |r|[1 — 2(b + xo)|.
Now

|#*
Ta+1)’

lx1(t)]| < M

|2 ()] < I7[ f (£, x0(F) + x1.() = £ (£, x0(8))|
< I*K|xq (1)

(4.8)

|t|2a

<MK—1
sM TQa+1)

It can be proved by induction that

M (K"

KT(ma+1) (*9)

1xm (£)] <

m=1,2,....
This shows that the mth term of the NIM solution series is bounded by ((M/K)times)
the mth term of the Mittag-Leffler function

E.(K|H). (4.10)

Thus, the NIM series is convergent under given conditions. O

5. Illustrative Examples
Mathematica 8 has been used for solving the following problems.

Example 5.1. Consider a fractional-order logistic equation

D%x(t) = %x(t)(l -x(t)), t>0,0<a<l,
(5.1)
x(0) = %
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Equivalent integral equation of (5.1) is

x(t) = % + %I"‘(x(t)) - %I“(xz(t)).

In view of NIM,
X0 = 05,
0.125t%
x1 = 0.5%(x) — 0.51% (xg) a1

_ 0.0078125T (1 + 2a1)

x5 = 0.5I%(x1) — 0.51%(x0 + x1)% + 0.51° (xg) ST
o o

. _ 0.0009763625°°T (1 + 2a)I (1 + 4a)
’ T(1 +a)’T(1 +3a)T(1 + 5a)

~0.000030517578125¢7*T (1 + 2a)*T (1 + 6at)
I(1+a)*T(1+3a)’T(1 + 7a)

and so on. Few terms of ADM [3] and HPM solution are

X0 = 05,

L 0125t
T T+ 1)

x =0,

_0.0078125£%T (1 + 2a1)
I'(1+a)’T(1+3a)

X4=0,

_0.0009765625t%°T (1 + 2a)T'(1 + 4at)
I(1+a)’T(1+3a0)[(1+5a)

X5

(5.2)

(5.3)

(5.4)

Figure 1 shows the solutions of (5.2) for a = 1 by NIM (5-term solution), ADM, and HPM
(6-term solution) and exact solution x(t) = exp((1/2)t)/(1 + exp((1/2)t)). In Figures 2 and
3 we compare ADM, HPM, and NIM solutions of (5.2) for a« = 0.5 and a = 0.7, respectively.

Figure 4 shows NIM solutions for different values of a.

Example 5.2. Consider the following logistic equation of fractional order

D%x(t) = }Lx(t)(l -x(t)), t>0,0<ac<]l,

x(0) = %

(5.5)

(5.6)
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0.65
0.6 |

055

Figure 2: (a = 0.5, dashed = ADM & HPM, solid = NIM).

Applying I* on both sides of (5.5) and using (5.6), we get
— 1 1 a 1 af . 2
x(t) = 5+ 1G0) - 41 (x (t)). (5.7)

In Figure 5, we compare the solution of (5.7) for « = 1 by NIM (5-term solution), ADM (3],
and HPM (6-term solution) and exact solution exp((1/4)t) /(2 +exp((1/4)t)). Figure 6 shows
NIM solutions of (5.7) for different values of a.

6. Conclusions

Fractional-order logistic equation is solved using a new iterative method (NIM). From
Figures 1-6, it is clear that NIM solutions are more stable than ADM and HPM. Further the
condition for the convergence of NIM solution series is also provided. It can be concluded
that NIM is a useful technique for solving nonlinear problems.
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0.7
0.65
0.6

0.55

Figure 3: (a = 0.7, dashed = ADM & HPM, solid = NIM).
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Figure 5: (Example 5.2, a = 1).
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Figure 6: (NIM solutions).

Acknowledgments

V. Daftardar-Gejji acknowledges the Department of Science and Technology, New Delhi, India
for the Research Grants [Project no. SR/S2/HEP-024/2009].

References

[1] S. H. Strogatz, Nonlinear Dynamics and Chaos, Levant Books, Kolkata, India, 2007.

[2] A. M. A. El-Sayed, A. E. M. El-Mesiry, and H. A. A. El-Saka, “On the fractional-order logistic
equation,” Applied Mathematics Letters, vol. 20, no. 7, pp. 817-823, 2007.

[3] S. Momani and R. Qaralleh, “Numerical approximations and Padé approximants for a fractional
population growth model,” Applied Mathematical Modelling, vol. 31, no. 9, pp. 1907-1914, 2007.

[4] V. Daftardar-Gejji and H. Jafari, “An iterative method for solving nonlinear functional equations,”
Journal of Mathematical Analysis and Applications, vol. 316, no. 2, pp. 753-763, 2006.

[5] S. Bhalekar and V. Daftardar-Gejji, “Convergence of the new iterative method,” International Journal
of Differential Equations, vol. 2011, Article ID 989065, 10 pages, 2011.

[6] S. Bhalekar and V. Daftardar-Gejji, “New iterative method: application to partial differential
equations,” Applied Mathematics and Computation, vol. 203, no. 2, pp. 778-783, 2008.

[7] S. Bhalekar and V. Daftardar-Gejji, “Solving evolution equations using a new iterative method,”
Numerical Methods for Partial Differential Equations, vol. 26, no. 4, pp. 906-916, 2010.

[8] V. Daftardar-Gejji and S. Bhalekar, “Solving fractional diffusion-wave equations using a new iterative
method,” Fractional Calculus & Applied Analysis, vol. 11, no. 2, pp. 193-202, 2008.

[9] M. A. Noor and K. I. Noor, “Three-step iterative methods for nonlinear equations,” Applied
Mathematics and Computation, vol. 183, no. 1, pp. 322-327, 2006.

[10] M. A. Noor, K. I. Noor, S. T. Mohyud-Din, and A. Shabbir, “An iterative method with cubic
convergence for nonlinear equations,” Applied Mathematics and Computation, vol. 183, no. 2, pp. 1249-
1255, 2006.

[11] K. I. Noor and M. A. Noor, “Iterative methods with fourth-order convergence for nonlinear
equations,” Applied Mathematics and Computation, vol. 189, no. 1, pp. 221-227, 2007.

[12] M. A. Noor, “New iterative schemes for nonlinear equations,” Applied Mathematics and Computation,
vol. 187, no. 2, pp. 937-943, 2007.

[13] M. A. Noor, K. I. Noor, E. Al-Said, and M. Waseem, “Some new iterative methods for nonlinear
equations,” Mathematical Problems in Engineering, vol. 2010, Article ID 198943, 12 pages, 2010.

[14] S.T.Mohyud-Din, A. Yildirim, and S. M. M. Hosseini, “Numerical comparison of methods for Hirota-
Satsuma model,” Applications and Applied Mathematics, vol. 5, no. 10, pp. 457-466, 2010.

[15] S. T. Mohyud-Din, A. Yildirim, and M. M. Hosseini, “An iterative algorithm for fifth-order boundary
value problems,” World Applied Sciences Journal, vol. 8, no. 5, pp. 531-535, 2010.

[16] M. A. Noor and S. T. Mohyud-Din, “An iterative method for solving Helmholtz equations,” Arab
Journal of Mathematics and Mathematical Sciences, vol. 1, pp. 13-18, 2007.

[17] S.T. Mohyud-Din, A. Yildirim, and M. Hosseini, “Modified decomposition method for homogeneous
and inhomogeneous advection problems,” World Applied Sciences Journal, vol. 7, pp. 168-171, 2009.



12 International Journal of Differential Equations

[18] M. Sari, A. Gunay, and G. Gurarslan, “Approximate solutions of linear and non-linear diffusion
equations by using Daftardar-Gejji-Jafari’s method,” International Journal of Mathematical Modelling
and Numerical Optimisation, vol. 2, no. 4, pp. 376-386, 2011.

[19] H. Koyunbakan, “The transmutation method and Schrodinger equation with perturbed exactly
solvable potential,” Journal of Computational Acoustics, vol. 17, no. 1, pp. 1-10, 2009.

[20] H. Kogak and A. Yildirim, “An efficient new iterative method for finding exact solutions of nonlinear
time-fractional partial differential equations,” Nonlinear Analysis: Modelling and Control, vol. 16, no. 4,
pp. 403414, 2011.

[21] M. Yaseen and M. Samraiz, “The modified new iterative method for solving linear and nonlinear
Klein-Gordon equations,” Applied Mathematical Sciences, vol. 6, pp. 2979-2987, 2012.

[22] V. Srivastava and K. N. Rai, “A multi-term fractional diffusion equation for oxygen delivery through
a capillary to tissues,” Mathematical and Computer Modelling, vol. 51, no. 5-6, pp. 616624, 2010.

[23] M. Usman, A. Yildirim, and S. T. Mohyud-Din, “A reliable algorithm for physical problems,”
International Journal of the Physical Sciences, vol. 6, no. 1, pp. 146-153, 2011.

[24] 1. Podlubny, Fractional Differential Equations: An introduction to Fractional Derivatives, Fractional
Differential Equations, to Methods of Their Solution and Some of Their Applications, vol. 198 of Mathematics
in Science and Engineering, Academic Press, San Diego, Calif, USA, 1999.

[25] G. Adomian, Solving Frontier Problems of Physics: The Decomposition Method, vol. 60 of Fundamental
Theories of Physics, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1994.

[26] Y. Cherruault, “Convergence of Adomian’s method,” Kybernetes, vol. 18, no. 2, pp. 31-38, 1989.

[27] J.-H. He, “Homotopy perturbation technique,” Computer Methods in Applied Mechanics and Engineering,
vol. 178, no. 3-4, pp. 257-262, 1999.

[28] ]J.-H. He, “Homotopy perturbation method: a new nonlinear analytical technique,” Applied
Mathematics and Computation, vol. 135, no. 1, pp. 73-79, 2003.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



