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1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H. Recall that a mapping
T :C — Cis said to be nonexpansive if

|Tx - Ty|| < [|x -yl (1.1)

for all x, y € C. We use Fix(T) to denote the set of fixed points of T

Construction of fixed points of nonlinear mappings is an important and active research
area. In particular, iterative algorithms for finding fixed points of nonexpansive mappings
have received vast investigation (cf. [1, 2]) since these algorithms find applications in a
variety of applied areas of inverse problem, partial differential equations, image recovery,
and signal processing see; [3-8]. Iterative methods for nonexpansive mappings have been
extensively investigated in the literature; see [1-7, 9-21].

It is our purpose in this paper to introduce two iterative algorithms for nonexpansive
mappings in Hilbert spaces. We prove that the proposed algorithms strongly converge to a
fixed point of nonexpansive mapping T.
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2. Preliminaries

Let C be a nonempty closed convex subset of H. For every point x € H, there exists a unique
nearest point in C, denoted by Pcx such that

, VyeC. (2.1)

llx = Pex|| < [lx -y

The mapping Pc is called the metric projection of H onto C. It is well known that Pc is a
nonexpansive mapping.
In order to prove our main results, we need the following well-known lemmas.

Lemma 2.1 (see [22], Demiclosed principle). Let C be a nonempty closed convex of a real Hilbert
space H. Let T : C — C be a nonexpansive mapping. Then I — T is demiclosed at 0, that is, if
xp —=x€Candx,-Tx, — 0, then x = Tx.

Lemma 2.2 (see [20]). Let {xy}, {zn} be bounded sequences in a Banach space E, and let {f,} be a
sequence in [0, 1] which satisfies the following condition: 0 < liminf, o, B, < limsup, ,_ f, < 1.
Suppose that x,.1 = (1= Pn) Xy + Ppzy forall n > 0 and limsup,, _, _ ([|zn1 = zall = |X041 = x4l]) <0,
then lim,, , o ||z — x| = 0.

Lemma 2.3 (see [22]). Assume, that {a,} is a sequence of nonnegative real numbers such that a1 <
(1= yu)an + Ynbu,n > 0, where {y,} is a sequence in (0, 1) and {6, } is a sequence in R such that

(i) 2o ¥n = o,
(ii) imsup, 6, <007 3720 [6nYnl < oo,

then lim,,_,  a,, = 0.

3. Main Results

Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C — C be a
nonexpansive mapping. For each t € (0,1), we consider the following mapping T; given by

Tix=TPc[(1-t)x], VxeC. (3.1)

It is easy to check that || Tix — Tyy|| < (1-t)||x —y|| which implies that T; is a contraction. Using
the Banach contraction principle, there exists a unique fixed point x; of T; in C, that is,

x; = TPC[(1 - B)xt]. (3.2)

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C — C
be a nonexpansive mapping with Fix(T) # (. For each t € (0, 1), let the net {x;} be generated by (3.2).
Then, as t — 0, the net {x;} converges strongly to a fixed point of T.

Proof. First, we prove that {x;} is bounded. Take u € Fix(T). From (3.2), we have

llxe = ull = ITPc[(1 = £)x] = TPcul| < (1 = £)||x — ul| + |ul], (3.3)
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that is,
lloce = ual| < lae]]- (3.4)
Hence, {x;} is bounded.
Again from (3.2), we obtain
lloct = Txt|| = ||TPc[(1 = #)xt] = TPexy|| < tjxt]] — 0, ast — 0. (3.5)

Next we show that {x;} is relatively norm compact as t — 0. Let {t,} C (0,1) be a sequence
such thatt, — 0asn — oo. Put x,, := x; . From (3.5), we have

2 = Txu|| — 0. (3.6)
From (3.2), we get, for u € Fix(T),

lloce — ul* = [|TPc[(1 - £)x:] - Tul)*

< o — u — txe)?

(3.7)
= [l — ul|* = 2(2x;, x¢ = 1) + ]| x|
= [loee = ul® = 2620 =, 200 = w) = 2(u, 2 = w) + £2l2e]|.
Hence,
2 too2 t
locr — u||” < (w,u—x;) + §||xt|| <{u,u—x¢)+ EM’ (3.8)
where M > 0 is a constant such that sup, {||x;||} < M. In particular,
t
o, — ul* < (u,u—x,) + =M, u e Fix(T). (3.9)

2

Since {x,} is bounded, without loss of generality, we may assume that {x,} converges weakly
to a point x* € C. Noticing (3.6) we can use Lemma 2.1 to get x* € Fix(T). Therefore we can
substitute x* for u in (3.9) to get

t
2, — x*[)* < (x*, x* = x,) + E"M. (3.10)

Hence, the weak convergence of {x,} to x* actually implies that x, — x* strongly. This has
proved the relative norm compactness of the net {x;} ast — 0.

To show that the entire net {x;} converges to x*, assume x;, — X € Fix(T), where
tm — 0.Put x,, = xy,. Similarly we have

t
1% — x*||* < (x*, X" = x ) + 7*”M. (3.11)
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Therefore,

I% = x| < (", x" = ). (3.12)
Interchange x* and X to obtain

l* = F|* < (%, % - x*). (3.13)

Adding up (3.12) and (3.13) yields

2" - x| < |lx* - X%, (3.14)

which implies that X = x*. This completes the proof. O

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C — C
be a nonexpansive mapping such that Fix(T) #0. Let {ay,} and {p,} be two real sequences in (0,1).
For given xo € C arbitrarily, let the sequence {x,}, n > 0, be generated iteratively by

Yn = Pc[(1 - ay)xn], Xne1 = (1= Bu)xn + BT Yn. (3.15)

Suppose that the following conditions are satisfied:
(i) im, e a, =0and 377 a, = oo,
(ii) 0 < liminf, o B, <limsup, ,  pn <1,

then the sequence {x,} generated by (3.15) strongly converges to a fixed point of T.

Proof. First, we prove that the sequence {x,} is bounded. Take u € Fix(T). From (3.15), we
have

%1 = ull = [ (1 = Bu) (xtn = 1) + Pu(Tyw — ) |
< (1= Bu)llacn = ull + Bullyn — ul|
< (1= Bu)ll2cn = ull + Bul (1 = )|t — 1] + et ]} (3.16)
= (1= aupu) o — ]| + atuPullu|
< max{ [l — ul], [Jull}.

Hence, {x,} is bounded and so is {Tx;,}.
Set z,, = Tyy,, n > 0. It follows that

||Zn+1 - Zn“ = ||Tyn+1 - T]/n”
< ||yns1 = |

S = aps1)xXpe1 — (1= ) x|

(3.17)

< ”xn+1 - xn” + an+1||xn+1” + an”xn”-
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Hence,

lim sup(||zn+1 — Zall = |01 — x4l|) < 0. (3.18)
n— oo

This together with Lemma 2.2 implies that

lim ||z, — x,|| = 0. (3.19)
n—oo
Therefore,
nli_)rr;”xnﬂ = Xnl| = nlglgo Pullxn = zall = 0. (3.20)

We observe that

llxn = Txull < {120 = Xpaa |l + |21 = Toxnl|

< lotn = Xt ll + (1 = Bu) 10 = Txull + B || Tym — T |

(3.21)
< lon = Xuarll + (1= Bu) 1% = Txull + B || yn — x|
<l = X || + (1 _ﬁn)”xn = Txnll + anllxnll,
that is,
1
lxn = Txull < —{llxnse1 = Xnll + anllxnll} — O. (3.22)

n

Let the net {x;} be defined by (3.2). By Theorem 3.1, we have x; — x* ast — 0. Next we
prove limsup, , _(x*,x* — x,) < 0. Indeed,

llact = 2l = [lct = Tty + Tty — X
= |lxe = Tl + 2(3; = Totn, Tx — ) + | T — 2]
<l = Tau || + M2y = T |
) (3.23)
<X = £)xp = x4 |” + M|y — Ty |

= [|x = xal® = 26 Cxt, i = 20) + E{|xe]|* + M2, = T |

<oy = xall® = 28(xs, x¢ — %) + M + M||x, — Ty,

where M > 0 such that sup|{ el 2l = Txcall, |26 = xall, £ € (0,1), 1> 0} < M. It follows that

t M
(xt, Xt — xp) < EM + EHTxn = Xl (3.24)
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Therefore,

lim sup lim sup(x;, x; — x,) <0. (3.25)

t—0 n— oo

We note that

(%, X" = xy) = (X", x" = xp) + (X" = x4, X0 — X ) + (X, Xt — Xpy)
<X, X =) + || = x|l = xnll + (o, X0 — X ) (3.26)

<X, X = xp) + || X = x| M+ (xp, X — X))
This together with x; — x* and (3.25) implies that

limsup(x*, x* — x,) <0. (3.27)

n—oo

Finally we show that x, — x*. From (3.15), we have

12061 = 1P < (1= Ba) 16 = X7+ Ballym = °|)°

< (1= Ba)lloen = > + Bull (1 = ) (0 — x*) = ux”|?

< (1 - ﬂn)”xn - x*”2+ﬁn [(1 —ay)|lxn - x*Hz_zan(l —an)(x", X — X*>+a121”x*”2]

SO—%MW%—fW+%MPO—%NfJ“w0+%MW1
(3.28)

We can check that all assumptions of Lemma 2.3 are satisfied. Therefore, x, — x*. This
completes the proof. O
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