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We define the concept of generalized ¢-pair mappings and prove some common fixed point
theorems for this type of mappings. Our results generalize some recent results.

1. Introduction

Huang and Zhang [1] recently introduced the concept of cone metric spaces and established
some fixed point theorems for contractive mappings in these spaces. Afterwards, Rezapour
and Hamlbarani [2] studied fixed point theorems of contractive type mappings by
omitting the assumption of normality in cone metric spaces. Also, other authors proved
the existence of points of coincidence, common fixed point, and coupled fixed point
for mappings satisfying different contraction conditions in cone metric spaces (see [1-
12]). In [6] Di Bari and Vetro introduced the concept of ¢-map and proved a main
theorem generalizing some known results. We define the concept of generalized ¢-mappings
and prove some results about common fixed points for such mappings. Our results
generalize some results of Huang and Zhang [1], Di Bari and Vetro [6], and Abbas
and Jungck [3]. First, we recall some standard notations and definitions in cone metric
spaces.

Let E be a real Banach space and let 6 denote the zero element in E. A cone P is a
subset of E such that

(i) P is closed, nonempty, and P # {0},
(ii) if a, b are nonnegative real numbers and x, y € P, then ax + by € P,
(iii) PN (-P) = {6}.
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For a given cone P C E, the partial ordering < with respect to P is defined by x < y
if and only if y — x € P. The notation x < y will stand for x < y but x#y. Also, we will
use x < y to indicate that ¥ — x € int P where int P denotes the interior of P. Using these
notations, we have the following definition of a cone metric space.

Definition 1.1 (see [1]). Let X be a nonempty set and let E be a real Banach space equipped
with the partial ordering < with respect to the cone P C E. Suppose that the mapping d :
X x X — [E satisfies the following conditions:

(d1) 0<d(x,y)forallx,y € Xand d(x,y) =0 ifand only if x = y,
(dp) d(x,y) =d(y,x) forall x,y € X,
(d3) d(x,y) <d(x,z) +d(z,y) forall x,y,z € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space.

The cone P is called normal if there exists a constant K > 0 such that for every x,y € E
if 0 < x < y, then ||x|| < K||y||. The least positive number satisfying this inequality is called
the normal constant of P. The cone P is called regular if every increasing (decreasing) and
bounded above (below) sequence is convergent in E. It is known that every regular cone is
normal [1] (see also [2, Lemma 1.1]).

Definition 1.2 (see [1]). Let (X, d) be a cone metric space, let {x,} be a sequence in X, and let
x e X.

(i) {xn} is said to be Cauchy sequence if for every ¢ € E with 0 « ¢ there exists N € N
such that for alln,m > N, d(x,,, x,;) < c.

(ii) {x,} is said to be convergent to x, denoted by lim, _, ,x, = x or x, — xasn — oo
if for every ¢ € E with 0 < c there exists N € Nsuch thatforalln > N, d(x,,x) < c.

(iii) X is said to be complete if every Cauchy sequence in X is convergent in X.

(iv) X is said to be sequentially compact if for every sequence {x,} in X there exists a
subsequence {x,,} of {x,} such that {x,,} is convergent in X.

Clearly, every sequentially compact cone metric space is complete (see [1-12]) for
more related results about complete cone metric spaces). We also note that the relations
P +int P Cint P and Aint P C int P(A > 0) always hold true.

Definition 1.3 (see [13]). Let T and S be self-mappings of a cone metric space (X, d). One says
that S and T are compatible if lim,, ., d(STx,, T Sx,) = 0, whenever {x,} is a sequence in X
such that lim,, _, ., Tx,, = lim,,_, . Sx,, = f for some t € X.

The concept of weakly compatible mappings is introduced as follows.

Definition 1.4 (see [13]). The self-mappings T and S of a cone metric space (X, d) are said to
be weakly compatible if they commute at their coincidence points, that is, if Tu = Su for some
u € X, then TSu = STu.
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2. Main Results

In this section, we introduce the notation of generalized ¢-mapping and a contractive
condition called generalized ¢-pair. We prove some results on common fixed points of these
mappings on cone metric spaces.

Let P be a cone. A nondecreasing mapping ¢ : P — P is called a ¢-mapping [6] if

(1) p(0) =0 and 0 < p(w) <w forw € P\ {0},
(¢p2) w—(w) €int P for every w € int P,
(p3) lim,, _, ,p" (w) = O for every w € P \ {0}.

Definition 2.1. Let P be a cone and let {w,} be a sequence in P. One says that w, — @ if for
every € € P with 6 « e there exists N € N such that w, < e foralln > N.

For a nondecreasing mapping F : P — P, we define the following conditions which
will be used in the sequal:

(F;) F(w) =60ifand only if w =6,
(Fy) for every w, € P, w, = @ if and only if F(w,) = 6,

(F5) for every wy, w; € P, F(w; + wy) < F(wy) + F(w,).

Definition 2.2. The self-mappings f,g : X — X are called generalized ¢-pair if there exist a
(p-mapping and a mapping F satisfying the conditions (F1), (F2), and (F3) such that

F(d(fx, fy)) <o(F(d(gx,8v))), (2.1)

for every x,y € X.
Now, we are in the position to state the following theorem.

Theorem 2.3. Let (X, d) be a cone metric space and let f,g : X — X be a generalized -pair.
Suppose that f and g are weakly compatible with fX C gX such that fX or gX is complete. Then the
self-mappings f and g have a unique common fixed point in X.

Proof. Let xo € X and choose x; € X such that fxy = gxi. This can be done, since fX C
gX. Continuing this process, after choosing x,, € X, we choose x,.1 € X such that gx,,1 =
fxu. Since f and g are generalized ¢-pair, by Definition 1.2, there exist a ¢-mapping and a
mapping F satisfying the conditions (F;)—(F3) and the inequality of (2.1). By (2.1), we deduce

F(d(fxna, fxn)) < ¢(F(d(8%ns1,8%n))) = ¢(F(d(fXn, frn-1)))

(2.2)
< ¢*(F(d(gxn, §xn-1))) < -+ < " (F(d(fx1, fx0)))-

Let € € int P, then, by (¢2), €0 = € — ¢(€) € int P. By (¢3),

lim " (F(d(fx1, fx0))) = 6. (2.3)
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Therefore, one can find that N € N such that, for all m > N, F(d(fxm, fxm+1)) < € —¢p(e). We
show that

F(A(fxm, fxXn1)) <€, (2.4)

for a fixed m > N and n > m. This holds when n = m. Now let (2.4) hold for some n > m,
then we have

F(d(fxm fxni2)) < F(A(foxm, fXm1)) + F(d(fXme1, fXn2))
< e—(e) +@(F(d(gxme1, §xns2)))
<e—ge)+ tp(F(d(me,fxnﬂ)))

Ke—p(e)+yp(e) =e.

(2.5)

Therefore, by induction and (F;) we deduce that { fx,} is a Cauchy sequence. Suppose that
fX is a complete subspace of X, then there exists y € fX ¢ ¢gX such that fx, — y and also
gx, — Yy (This holds also if gX is complete with y € ¢X.). Let z € X be such that gz = y.
We show that fz = gz. By (F;) for 0 <« € one can choose a natural number N such that
F(d(y, fx,)) < e/2and F(d(gx,, gz)) < €/2foralln > N. Then,

F(d(y, fz)) < F(d(y, fxn)) + F(d(fxn, f2)) < F(d(y, fxa)) + ¢(F(d(8%n 82)))

<F(d(y, fxn)) + F(d(gxn, g2)) < g + g =e.

(2.6)

Thus, (e/m) — F(d(y, fz)) € P for every m € N. This implies that —F(d(y, fz)) € P, and
hence, F(d(y, fz)) = 0. So applying (F;), we get d(y, fz) = 0 which implies thaty = fz = gz,
that is, y is a point of coincidence of f and g. Now, we use the hypothesis that f and g are
weakly compatible to deduce that y is a common fixed point of f and g. From fz = gz =y,
by compatibility of f and g, it follows that fy = fgz = gfz = gy. If gy #y, then we have

F(d(fy, fz)) <o(F(d(gy,82))) <F(d(gy,8z)) = F(d(fy, fz)), (2.7)

which implies that fy = y = gy. So y is a common fixed point of f and g. The uniqueness of
the common fixed point is clear. O

Example 2.4. Let E = R and let P = {x € R : x > 0} be a normal cone. Let X = [1, +00) with
usual metric d(x,y) = |x — y|. Define f,g: X — X by fx =xand gx =2x -1, forall x € X.
Also, define F,¢ : P — P by pw = (2/3)w and Fw = (1/2)w, for all w € P. Then

(1) f and g are weakly compatible,

(2) fXcgX,

(8) we have F(d(fx, fy)) < ¢(F(d(gx, gv))),

)
)
)
(4) fl=gl=1.
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Example 2.5. Let E = R? and let P = {(x,y) € R? : x,y > 0} be a normal cone. Let X = [1, +c0)
with metric d(x,y) = (|x — y|, (1/2)|x — y|). Define f,g¢ : X — X by fx = (x +1)/2 and
gx =2x -1, for all x € X. Also, define F,¢ : P — P by @(wi,w>) = ((1/2)ws, (1/3)w,) and
F(wy,w,) = (wy, w1 + wy), for all wy, w, € P. Then

(1) f and g are weakly compatible,

(2) fXcgX,
(8) we have F(d(fx, fy)) < ¢(F(d(gx,8V))),
4) fl=g1=1.

Example 2.6. Let E = R? and let P = {(x,y) € R? : x,y > 0} be a normal cone. Let X = [1, +c0)
with metric d(x, y) = (|x — y|,2|x — y|). Define f,g: X — X by fx=(1/2)x+1and gx = x
for all x € X. Also, define F,¢ : P — P by ¢(wi, w2) = ((1/2)ws, (2/3)ws) and F(w;, wy) =
(wr, w1 + wy), for all wy, w, € P. Then

(1) f and g are weakly compatible,

(2) fX cgX,

(3) we have F(d(fx, fy)) < p(F(d(gx, 8¥))),
(4) f2=g2=2.

If we let the mapping F be the identity mapping in Theorem 2.3, then we obtain the
following corollary.

Corollary 2.7. Let (X, d) be a cone metric space. Suppose that the mappings f, g : X — X satisfy
d(fx, fy) < p(d(gx gy)), (28)

forall x,y € X. If fX C gX, f and g are weakly compatible, and fX or gX is complete, then f and
g have a unique common fixed point in X.

Remark 2.8. Corollary 2.7 generalizes Theorem 1 in [6]. Also, if we choose the ¢-mapping
defined by ¢(w) = kw, where k € [0,1) is a constant, then Theorem 2.3 generalizes Theorem
2.1in [3]. Furthermore, if we let g be the identity map of X, then we obtain Theorem 1in [1],
that is, the extension of the Banach fixed point theorem for cone metric spaces.

If we replace the condition (¢;) with the following condition:

(¢1)" there exists k € [0,1/2) such that p(w) < kw for w\ {6} and ¢(0) = 0, then we have
the following theorems.

Theorem 2.9. Let (X, d) be a cone metric space and let f,g: X — X be self-mappings such that
F(d(fx, fy)) < o(F(d(fx gx) +d(fy.8y))). (29)

forall x,y € X where ¢ is a nondecreasing mapping from P into P satisfying the conditions (¢1)’,
@2, and @3, and F : P — P is a nondecreasing mapping satisfying the conditions (Fy)—(F3). Suppose
that f and g are weakly compatible, fX C g¢X, and fX or gX is complete. Then the mappings f and
g have a unique common fixed point in X.
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Proof. Let xy be an arbitrary point in X. Choose a point x; € X such that fxy = gx;. This can

be done since fX C gX. Continuing this process, after choosing x,, € X with fx, = gx,.1, by
(2.9) and (¢1)', we have

F(d(fxna, fxn)) < @(F(d(fXnn, §Xni1) +d(fXn, 8%n)))

(2.10)
<k(F(d(fxnn, fxn)) + F(d(fxn, fXn1)))-
Consequently,
F(d(fxua, fxn)) <hF(d(fxn, fxn-1)), (2.11)
where h = k/(1 — k). For n > m we have
F(d(fxn, fxm)) < F(d(fxn, fXn1)) + F(d(fXn1, fXn-2))
+--+ F(d(foXme1, fXm))
(2.12)

. <hn_1 P S hm>F(d(fx1,fxO))
< 1h__mhF(d(fx1, fx0))-

Then F(d(fxn, fxm)) =, 0asn,m — oo, and hence, by (F»), {fx,} is a Cauchy sequence.
Suppose that fX is a complete subspace of X, then there exists g € fX C ¢gX such that
fxn — gand also gx, — g (this holds if gX is complete). Let p € X be such that gp = g.
By (Fy), for a fixed 8 « ¢ and every m € N there exists a natural number N such that
F(d(gxn+1,8%n)) < (c(1-k))/2k and F(d(gxn+1,8p)) < (c(1-k))/2 for all n > N. Hence,

F(d(gp, fp)) < F(d(gp, fxn)) + F(d(fxu, fp))
S F(d(gp, fxu)) + o(F(d(fxn gxn) +d(fp, gP))) (2.13)
S F(d(gp, fxn)) + k(F(d(fxn gxn)) + F(d(gp, fP))).

which implies that

F(d(3p, fp)) < T F(d(p, f)) + T F(d(f 0, 870) -

-
—+-=c
2 2

Thus, F(d(gp, fp)) < c¢/m for all m > 1. This implies that F(d(gp, fp)) = 0, and therefore,
gp = fp. Since f and g are weakly compatible, fq = fgp = gfp = g9. If 9# gq, then
F(d(fa,fp)) < w(F(d(fq,89) +d(fp.gp)) )

(2.15)
<k(F(d(fq,8q9)) + F(d(fp.8p))),
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which gives F(d(fq, fp)) = 6, and hence, gq = fq = q. So q is a common fixed point for f and
g. The uniqueness of common fixed point is clear. O

If in Theorem 2.9 we let F be Idx and let the ¢p-mapping be ¢(w) = kw, where k €
[0,1/2) is a constant, then we obtain the following corollary.

Corollary 2.10. Let (X, d) be a cone metric space and let f, g : X — X be self-mappings such that
d(fx, fy) <k(d(fx, gx) +d(fy, gy)), (2.16)

forall x,y € X, where k € [0,1/2) is a constant. Suppose that f and g are weakly compatible, the
range of g contains the range of f, and fX or ¢X is complete. Then the mappings f and g have a
unique common fixed point in X.

Remark 2.11. Corollary 2.10 generalizes Theorem 2.3 of [3]. If in Corollary 2.10 we let g be the
identity map on X, then we obtain Theorem 3 of [1].

Theorem 2.12. Let (X, d) be a cone metric space and let f, g : X — X be self-mappings such that
F(d(fx fy)) < p(F(d(fx gy) +d(fy, 8x))), (2.17)

forall x,y € X. Suppose that f and g are weakly compatible, the range of g contains the range of f,
and fX or gX is complete. Then the mappings f and g have a unique common fixed point in X.

Proof. Let x( be an arbitrary point in X. Choose a point x; in X such that fxg = gx;. This can
be done since fX C gX. Continuing this process having chosen x,, in X such that fx, = gx,.1,
we have

F(d(fxns1, fxn)) < @(F(d(fxns1, §%n) +d(fXn, §%ns1)))
< @(F(d(fxni1,8%n)) + F(d(fxn, gXn41)))

(2.18)
< k(F(d(fxna, fxn-1)))
< k(F(d(fxna1, fxn)) + F(A(fxn, fXn-1)))-
So,
F(d(fxna, fxn)) <hF(d(fxn, fxn-1)), (2.19)
where h = k/(1 - k) <1. Now let m,n € N with n > m. Then,
F(d(fxn, fxm)) < F(d(fxn, fxn1)) + F(d(fXn1, fXn2)) + -+ F(d(fxXmr, fXm))
(2.20)

< (W4 R F(A(f1, f20)) < 1h_—mhF(d(fx1,fxo)).

Following an argument similar to that one given in Theorem 2.9, we obtain a unique common
fixed point of f and g. O
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If in Theorem 2.12 we let F be the identity map on X and let the ¢-map be ¢p(w) = kw,
where k € [0,1/2) is a constant, then we obtain the following corollary.

Corollary 2.13. Let (X, d) be a cone metric space and let f,g: X — X be self-mappings such that
d(fx fy) < k(d(fx gy) +d(fy, 8x)), (2.21)

forall x,y € X, where k € [0,1/2) is a constant. Suppose that f and g are weakly compatible, the
range of g contains the range of f, and fX or gX is complete. Then the mappings f and g have a
unique common fixed point in X.

Remark 2.14. Corollary 2.13 generalizes Theorem 2.4 of [3] and if in Corollary 2.13 we let g be
the identity map on X, then we obtain Theorem 4 of [1].
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