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ABSTRACT. Let S(A,B,p, a) denote the class of functions g(z) = 2P + z bz
n=p+l1
analytic in the unit disc U = {z: Izl < 1} and satisfying the condition

n

3&%)_ < P+[PB+§¢;123) (wlz ey, _1<p<asl, ofac<op.

©

Let C(A,B,p,B,a) denote the class of functions f(z) = 2L+ I anzn analytic in
n=p+1
U, and satisfying the condition

Re {—zgf(_z()"Z)}> B, z€U, ge S(AB,p,0).

In this paper we determine the coefficient estimates and distortion theorems for the

class C(A,B,p,B,a).
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1. INTRODUCTION.

Let Ap(p a fixed integer greater than zero) denote the class of functions
f(z) =2P+ & a
k=p+1

kzk which are analytic in U = {z: |z| < 1}. Let Q denote the

class of bounded analytic functions w(z) in U satisfying the conditions w(o) = o

and lw(z)| s |z|, for z € U. We use P to denote the class of functions
]

Pi(z) =1+ L d 2" which are analytic in U and have a positive real part there.
n=1 o
Also we use P(p,B) the class of functions that have the form P(z) =p + I ¢y zk,

k=1
which are analytic in U and satisfy the conditions P(o) = p and Re{P(z)} > B
(0sB<p) in U. The class P(p,B) was introduced by Patil and Thakare [1]. It is
well known that a function P(z) 1is in P(p,B8) 1if and only if there exists a
function Pl(z) € P such that

P(z) = (p - B) P (z) + B . (1.1)
For -1 <B<As1 and o $a < p, denote by S(A,B,p,a) the class of functions

g(z) € Ap which satisfy
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2g(z) . p+(pB+(A-B) (p-a)]z
g(z) 1+ Bz

z €y,

By definition of subordination it follows that g(z) € S(A,B,p,a) has a representa-
tion of the form

zg(z) _ ptipB+ (A-B) (p-0)]w(z) € q. (1.2)
2(z) 1+Bw(z) ’

Obviously S(A,B,p,a) 1is a subclass of the class Sp(a), osa<p, of p-valent star-
like functions of order «, investigated by Goluzina [2]. The class S(A,B,p,a)
introduced by the author [3].

Moreover, let C(A,B,p,B,a) denote the class of functions £(z) € Ap which
satisfy

Re {%féf%& > B, g € S(A,B,p,a). (1.3)

Thus if f(z) € C(A,B,p,R,a), then we may write
zf(z) = g(z) P(z), P(z) € P(p,B). (1.4)

We note that C(1,-1,1,B,a) = C(R,a), is a subclass of the class of close-to-

convex functions of order B and type «a introduced by Libera [4].

o

Let ¢(z) = £ a 2z and Y(z) =
n=0 O n

N~ 8

Bn 2" be any two functions, then by
o

¢ (2) x ¥(2) we shall mean the Hadamard product or convolution of ¢(z) and ¥(z),
that is

o

$(2) , V(@) = T o B8 2.

n n
n=o

We state below some lemmas that are needed in our investigation.

LEMMA 1 [1]. If P(z) =p+ % C X € P(p,B), then
k=1

[cn[ < 2(p - B) for all n. (1.5)
The function Po(z) defined by

p+(p-28) 8,2

PO(Z) = —I-—E_l_z— s I(SII = ]. (1.6)

shows that the result is sharp for each n 2 1.
LEMMA 2 [1). If P(z) € P(p,B), then for |z| =r <1

-|1p-28|r < IP(Z)I < E+ EI—ZSII'
-r

1+r . (1.7)

Equality occurs for Po(z) defined by (1.6).
LEMMA 3 [5]. If V(z) is regular in U, ¢(z) and h(z) are convex univalent
in U such that ¥(z) < ¢(z), then y(z) x h(z) <¢(z) , h(z), z€ U.

LEMMA 4 [3]. If g(z) = zP + :

bz € S(A,B,p,a), then for n 2 p+l
n=p+1
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-(p+1 .
b | s T el (1.8)
n j=o0 (3+1)

The function go(z) defined by

(A-B) (p-a)
B

go(z) = zp(1+B 522) , B # o, |62| =1

shows that the result is sharp for each n 2 p+l.
2. COEFFICIENT ESTIMATES FOR THE CLASS C(A,B,p,B,a).

©

THEOREM 1. If £(2) =2P + T & z" € c(aA,B,p,B,a), then for n 2 p+l

n=p+1
n-(p+1) _ _ . _ n-(p+2) k _ _ :
lals2. & |8 A)(gzlc)x)wal + 2(:»l B) (14 % . Lo A)((.2+S)+B]| L@
j=o J k=0 j=o J
The result is sharp.
PROOF. Since f € C(A,B,p,B,a), it follows that
zf(z) = g(z) P(z), (2.2)
. P > ptk _ > k
where g(z) =z + I b z € S(A,B,p,a2) and P(z) =p+ I ¢,z € P(A,B,p,B).
_1 Ptk “Tk
k=1 k=1
Hence
lpzP + I (pHoa , 2P) = [P+ I b P o+ I e 2. (2.3)
k=1 P k=1 P k=1
Equating coefficients of z" on both sides of (2.3), we obtain
nan = pbn + clbn_1 + c2bn—2 + ... + cn-p-l bp+1 + cn-p
This gives
£
alal s plo |+ leyllb 1+ leyllo o1+ oe+ lep 1o+ Dol (2.4)
Substituting the value from (l1.5) and (1.8) in (2.4), we obtain
n-(p+1) (
. B-A)(E—m)+Bj| _
ala|sp- @ RIS + 2(p-B) X
Jj=o
n-(p+2) _ . n-(p+3) _
[« (B=n) (o Bil 1&=8) (p-a)+Bi| A Qra)iBil 4 ...+ (a-B) (po)+1]
j=o J j=o 3

which, on simplification, takes the form of (2.1). The function fo(z) defined by

. p-1 Pt(p-28)8,2 (A-B) (p-a)
fo(z) =z ¢« ———— ¢« (1+B §.2) B , B#o,
1 - Glz 2
ls ] = 18, =1, 2.5

shows that the bound (2.1) is sharp for each n 2 pt+l.
Remarks on Theorem 1.

(1) Choosing p=1 and a=B=o in Theorem 1, we get the result due to Goel and

Mehrok [6].
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(2) Choosing p=1l, A=l, B=-1 and o=B=0 in Theorem 1, we get the result due to
Reade [7].
3. DISTORTION THEOREMS.

LEMMA 5. T1f g € S(A.B,p,a), then for all [s| <1, [t] <1, (s#t)

tpg(sz) (1+Bsz) (A B)B( %)

5 < r(1+Btz) , B#o; (3.1)
s g(tz)

P (sz)

L glsz) . exp [A(p-a)(s-t)z], B=o. (3.2)
spg(tz)

PROOF. The proof is similar to the one given by Ruscheweyh [8] and Goel and
Mehrak [6].

We first consider the case when B#o. We have

22(2) . PtlpB+(A-B) (p~a)lz

g(z) 1+Bz >z €U
This implies that
28) ) pHPBGD) (prw)le _ | (aB) (pa)e 3.3
g(z) P 14Bz P 1+Bz ’ .
where <A=B)(p- ?iéz is convex, univalent in U. TFor |s| <1, |t]| <1, (s#t),
z
T )du (3.4)

1-su 1- tu

h(z) = J (37 -
o

is convex, univalent in U. (3.3) and (3.4) satisfy the conditions of lemma 3, and

therefore
‘( ) (A-B) (p-o)
[—Z_gg?_zz)— -ple h(z) < —_(1—+gz—)— « 0(2). (3.5)

Now for every analytic function q(z) with q(o) = o, we have

sz
4= , b = 1 qw . (3.6)
tz

By the application of (3.6), (3.5) can be written as

sz ug'(u) du sz du
ti L 2 (1) -pl o < (A-B) (p-a) tﬁ T¥Ba

from which (3.1) follows.
Similarly for B=o, we obtain (3.2).
LEMMA 6. If g ¢ S(A,B,p,a), then for lzl =r<l

(A-B) (p-2) (A-B) (p-a)
rp(l—Br) B < Ig(z)l < rp(1+Br) B , B#o, (3.7)
P exp(-A(p-a)r) < [g(z)] < rP exp(A(p-a)r), B = o. (3.8)

|arg g(z) | < (A-B) (p-a)
p

e |
3 sin © (Br), B # o, (3.9)
z

In

[arg ELFZT)I A(p-a)r , B=0. £3.10)

z
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These bounds are sharp, being attained by the function go(z) defined by

(A-B) (p-o)
g (2) = 2P (148 §,2) B , B#o,
= zp exp (A(P"a)ézz) , B=o0, 162! =1,

PROOF. The author [3] proved the results in lemma 6 using a different method.
However, we deduce them from lemma 5.

Taking s=1, t=o in (3.1) and (3.2), we get

(A-B) (p-o)
3%) < (14Bz) B , B#o, (3.11)
z
Eiﬁl < exp(A(p-0)z) , B=o. (3.12)
z
(A-B) (p-2)
(3.11) implies that &i%l = (14Bw(z)) B , B #o.
z
(i) When B >o
(A-B) (p-)
1Ei§l| = | (14Bu(z)) B

z

lexp[(A_Bﬁf ~a) log (1+Bw(z))1 |

exp Re[(A-Bﬂ; -a) log (1+Bw(z)) ]

= exp(ié:g%éE:gl log | 1+Bw(2) | )

(A-B) p-a)
< | 1+Bw(z) | B
(A-B) (p~-@)
B
< (14Br)

(ii) When B<o, put B = -C, C >o.

(A-B) (p-a) o (A-B) (p-9)
+Ba(z)) ~ B | = [((-ca(z")  C |
. (A-B) (p-%)
= | (1-cw(z)) | c
1 (A-B) (p-a)
s (y—% C
1 - Cr
(A-B) (p-a)
= (14Br) B

Similarly (3.8) is a direct counsequence of (3.12).
For |z| =r, from (3.11), we get

|arg gj;)l _ (A—Bﬁgp-&) larg (1+Bw(2))| < (A—Bi; -a) sin~L (Br).

z

Similarly (3.10) is a direct consequence of (3.12).
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THEOREM 2. If f € C(A,B,p,8,a), then for [z| =r<1

1 plp= (A-B) (p-a) -
Pl P——LL—iBJl (1-Br) B < J£(2)] <

(a-8) (p-a)
Pt RHPZZBIE  (14py) B , B#o, (3.13)

Pl Bs 1;58 L exp(-A(p-a)r) < |f'(z)| <

rp-l P-tLI;:—f_—B-IL exp (A(p-a)r) , B = o0 (3.14)

. (A-B) (p-2)
s rP-l p- Bl;jglr (1-Br) B dr < | f(2)]| <
o

’ s

r (A-B) (p-a)
J rp_1 Eﬂ.g:_fB_ll (14Br) B dr B # o3 (3.15)

s P oRo 1;53 L exp(-A(p-a)r)dr < |£(2)] <

p-1 p+|p-28|r

- exp (A(p-a)r)dr , B=o (3.16)

All those inequalities are sharp.
PROOF. From (2.2), we have
l£°(2)| = I%H p(z) | . (3.17)
Using (1.7), (3.7) and (3.8) in (3.17), we obtain (3.13) and (3.14).

Now

r -
l£@)] =] 7 f(2) dz |
o

r -
</ 1f(2)] dr

o
r . (A-B) (p-a)
roePt Bﬂl;—:ﬂl—‘ (1+Br) B dr, B # o
o r
<

* _p-1 p+|p-28|r
S r ot exp(A(p-a)r)dr, B = o.
o

Let =z, Izol = r, be chosen in such a way that If(zo)l < |£(2)], for all e,

Iz[ =r. If L(zo) is the pre-image of the segment [o,f(zo)] in U, then
T (A-B) (pro)
I rp-l L-—LP;—IZ:B-I—E (1-Br) B dr, B # o;

o

If(zo)|= i |E(z)||dz| >/ |E(z)]drz

L(z ) L(z )
o o J’r rp'l ~lp-28lr

Tor exp(-A(p-a)r)dr, B = o.
X
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Equality signs in (3.13), (3.14), (3.15) and (3.16) are attained by the function
fo(z) defined by (2.5) with B # o, and
- _ p-1 p+(p-28)68)2 - - = =
fo(z) z 1- 512 exp (A(p a)62 z), B = o, [61] |62| 1.
Remarks on Theorem 2.

Choosing p=1 and o=B=0 in Theorem 2, we get the result due to Goel and
Mehrok [67.
4, ARGUMENT OF sz).

LEMMA 7. Let p(z) € P(p,8). Then for |z| < r,

[P(z) - Pﬂ-zg)rz | < 2(p-8)r

. (4.1)
l-r l—r2
PROOF. It is well known [9] that for Pl(z) € P
2
[P (z) - L) < 20 (4.2)
1 2 2
l-r l-r
Thus the result follows from (1.1) and (4.2).
LEMMA 8. If P(z) € P(p,B), then
|arg P(z)] < sin * 2(p=8)x lz| = r. (4.3)

p+(p—26)r2

The bound is sharp.
PROOF. The proof follows from Lemma 7. To see that the result is sharp, let

1+(1- 28 5,2
[ R

P(Z) =p >
1 - 612
28 i/1-(1- 28y2 2 /142
51 =L P TR P . 4.0
z .
1-(1- ~p—)r 1-(1- 28y ;2
) p
THEOREM 3. If f e C(A,B,p,B8,a), then
arg f(fi | s (A—B)B(p-a) sin‘l(Br) + sin L M‘E CBto, (4.5)
2P p+(p-2B)r
|arg f(fi | < A(p-a)r + sin—l _ZLE:ﬁlE_f , B=o. (4.6)
2P p+(p-28)r

These inequalities are sharp.

PROOF. From (2.2), we have féfi = Eﬁﬁl P(z). Thus
z z
arg flz) arg 8(z) + arg P(z) . (4.7)
P71 P

Using (3.9), (3.10) and (4.3) in (4.7), we obtain (4.5) and (4.6). Equality signs in
(4.5) and (4.6) hold for the function fl(z) and fz(z) respectively, where
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. o 1+ a- ﬁg)612 (A-B) (p-a)
£ (z) =p 2" - —P . (14B 5, 2) B ,
1 2
1 -6,z
1
. oot -y
fz(z) = p2? -2 . exp(A(p-a) ézz) ,
1 -6.2
1
where p —
28y V1-(1- 2822 /1or
§. = r p + P ] 7 ’
Loz |- 28,2 1-(1- 2By
P P
8, = [-Br + i/1-B2r? 1.

Remarks on Theorem 3.

(1) Choosing p=1 and a=B=o0 in Theorem 3, we get the result due to Goel and
Mehrok [6].

(2) Choosing p=l, A=1 and B= -1 in Theorem 3, we get the result due to
Silverman [10].

(3) Choosing p=1, A=l, B= -1 and a=B=0 in Theorem 3, we get the result due

to Ogawa [11] and Krzyz [12].
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