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ABSTRACT. Let e,8 be *-automorphlsms of avon Neumann algebra M satisfying the

operator equation

-I -I+ =+8

In this paper we prove a general decomposition theorem in the non-commuting situation

as compared to the usual commuting case (see references) and prove that there exists

a central projection p in M such that 2 82 on Mp and 2 8-2 on M(l-p).
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i. INTRODUCTION.

Let M be avon Neumann algebra and e,8 be *-automorphlsms of M satisfying the

equation

+ -I 8 + 8-I.

In this section, we first give a brief description of this equation, (some of) its

solutions and applications to get a clear picture of the problem that we intend to

resolve in the following sections of this paper. This operator equation if of an

active research interest in operator theory since several years. A. Van Daele used

this equation in his famous paper on a new approach to the Tomlta-Takesakl theory

and generalized Hilbert algebras [I] in a special form for unbounded modular

operator 4. In a series of papers the present author has studied this operator

equation in detail and has obtained the solutions in various situations (see for

instance [2], [3] and [4]). An important question that why this equation after all

occurs in a natural way has been considered in [5] (see also [6]). There a bounded

map has been associated to a one-parameter group of *-automorphlsms {t:t e R}

of a yon Neumann algebra M by the formula

2(x) I
t -t at(x) dt (x e S).

e + e

It has been shown that determines the group of automorphlsms almost completely in

the sense that if @and48 are the maps associated to the one-parameter groups of
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*-automorphisms {=t:t e R} and {St:t e R} respectively, then @s 8 implies that

et + e-t 8t + 8-t for all t R. The study of the equations of this type has led

to important applications in Tomlta-Takesakl theory. Haagerup and Olsen [7] have

considered the mappings {t + -t :t R} as a substitute to the modular operator A

to develop the Tomlta-Takesakl theory for Jordan algebras.

As regards the solutions of the equation t + -t 8t + 8-t’ it has been shown

in [4] (see also [8]) using Arveson’s theory of spectral subspaces [9] (see also [I0])

that M admits a central decomposition such that t Bt on Mp and t B-t on M(l-p),

(t E R) for a central projection p M. A similar result for derivations has also

been obtained. It has been shown that if 61 and 62 are the generators of

{=t:t e R} and {St:t R} respectively and 612 622 then there exists a central

projection p in M such that 61(p) 62(p) 0 and 61 62 on Mp and 61 -62 on

M(l-p). In case of factors these results become more interesting (see [4] for

details).

The general form of the equation = + -I + 8-I for any pair of automorphisms

,B of avon Neumann algebra was considered in [2]. It was shown there (see also [3])

that if and B commute then there exists a central projection p M such that

on Mp and -i on M(l-p). This decomposition has played an important role in the

geometric interpretation of the Tomita-Takesaki theory [II]. The commutatlvity

assumption of and B has been very important to the solution of this equation. In

some situations, it has been shown that the equation + -I + B-I already implies

the commutativity of = and B and thus a decomposition of M can be obtained in a

simpler way (for more details, see [2]).

In this paper we consider the equation + -I B + B-I in a general form and

without assuming the commutatlvlty of and In section 2 of this paper we

construct an example of automorphisms and B satisfying the equation + -I B + -I
on avon Neumann algebra M but there is no decomposition for which B on one part

and -i on the other part. In section 3, we show, however, that there exists a

central projection p in M such that 2 B2 on Mp and 2 B-2 on M(l-p). This

provides a general solution of the problem for yon Neumann algebras.

We believe that the techniques of this paper and out previous papers concerning

this problem may contribute to a new and simpler way to study automorphlsm groups and

derivations. In a subsequent paper we intend to use this theory to study a problem

on one-parameter groups of automorphisms on a yon Neumann algebra.

Recently, Sakai [12]suggested this problem for C*-algebras and thus it remains

an unsolved problem.

2. AN EXAMPLE.

Let M
2 denote the algebra of all 2 2 complex matrices and consider the von

Neumann algebra M M2 + M2 the direct sum of two copies of M2. Let u and v be two

unitaries in M
2
and define two automorphisms and 8 on M by

a(x,y) (uyu*,x)

B(x,y) (uv*yvu*,vxv*).
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It is easy to check that and 8 are indeed *-automorphism of M.

We want to have some conditions on u and v such that + -! 8 + 8-I

Now
a-(x,y) (y,u*xu)

8-1 (x, y) (v*yv, vu*xuv*)

So we must have

,
uyu + y uv*yvu* + v yv

X + U*XU VXV* + VU*XUV*

(2.1)

V(X + U*XU)V*. (2.2)

If we set x u in equation (2.2) we obtain 2u 2vuv* and hence uv vu.

We see from equation (2.2) that v(x + u*xu) (x + u*xu)v for any x e M2.
using the fact that uv vu (and uv* v’u), we see from equation (2.1) that

v(uyu* + y) (uyu* + y)v for any y e M2. Thus, we see that the two equations give

the same commutability relations.

Without loss of generality we assume that us is diagonal. So

Now we want to determine the set

V x + u*xu x e M2

with the condition that v commutes with all the operators from this set.

x then x + u*xu
+

Also

If % # 0 then V M
2
and v would be a scalar operator which means that 8. So

we assume that A -I or equivalently -%. We can assume that % and -I

because changing u by a scalar does not affect the automorphism. So if

u =[ -I .on u u" an u<x+ uxu <+ uo + ux. u + uu

diagonal matrix.

Now, if we choose v to be a diagonal matrix, we will have all our conditions and
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+ 8 + 8 If v with X # so that v is not a scalar and hence

# 8. When X # - then vu is not a scalar and hence # 8
-I

Thus, there is not central decomposition of M such that = 8 on one part and
-I

8 on the other part.

It is easy to check that in the example above

2(x,y) (uxu*,uyu*)

82(x,y) 8(uv*yvu*,vxu*)

(uv*(vxv*)vu*,vuv*yvu*v*)

(uxu*, uyu*)

so that 2 82. This is the situation that we intend to obtain in general in the

next section.

3. CENTRAL DECOMPOSITION.

In this section we prove that if ,8 are *-automorphisms of avon Neumann

algebra M and a + -I 8 + 8-I then M can be decomposed by a central projection

such that 2 82 on one part and =2 8-2 on the other part. If M is a factor then

either a2 82 or 2 8-2.
We begin with the following

PROPOSITION 3.1. Let M be avon Neumann algebra which is the direct sum of type

I factors and a,8 be *-automorphisms of M satisfying the equation a + =-I B + B-I.
Then there exists a central projection p in M (invariant under a and 8) such that

a2 82 on Mp and = 8-2 on M(l-p).

PROOF. We may assume that M E Mi, where M
i

are type I factors. The
JEll

center Z of M can be identified with (II). To each i g II, we can associate a

central minimal projection e
i
which corresponds to an element of (II) which is

for i and 0 elsewhere. Each automorphism leaves the center invariant and the

central minimal projections are transformed into the central minimal projections.

Now take a central minimal projection e in M. Then there are two possibilities:

Either (e) -l(e) or (e) # =-l(e). If (e) -l(e) then 2(e) e. Taking

square of the equation + a-I B + B-I, we get that 2 + -2 2 + B-2; hence

82(e) + 8-2(e) 2e and by [2] B2(e) e. Thus 2 82 or a2_= 8-2onatype I factor Me.

Next assume that a(e) # a-l(e). Then we must have 8(e) # B-l(e) because

8(e) 8-1(e) implies 2(e) e or (e) =-l(e) by the above considerations. Since

(e) and -l(e) are both central minimal projections and are distinct, therefore

they must be orthogonal. Similarly 8(e) and 8-1(e) are orthogonal.

Now (e) + a-l(e) B(e) + B-l(e). By minimality condition, a(e) 8(e) or

a(e) 8-1(e). If =(e) (e) and x Me then a(x) + a-l(x) B(x) + B-l(x). Now

a(x) g Ms(e), a-l(e) Ma-I (e) and 8(x) e MB(e) Ms(e), 8-1(x)M8-I (e) Ma-I (e).

Hence a 8 on Me. Similarly if (e) B-l(e), we get that a 8-1on Me. So we have

a central projection e such that 8 or 8-I on Me.

So in any case 2 82 or 2 8-2 on Me. Putting p equal to the sum of all such
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central projections e, we obtain the required projection p and hence the decomposition

of M such that 2 82 on Mp and e2 8-2 on M(l-p).

We now come to a general decomposition.

THEOREM 3.2. Let M be avon Neumann algebra and ,8 be *-automorphlsms

satisfying: + -I 3 + 8-I Then there exists a central projection p in M such

that 2 82 on Mp and 2 8-2 on M(l-p).

PROOF. Considering M as a C*-algebra, let be the atomic representation of M.
a

Put N (M) (the s-weak closure of (M)). Then N is the direct sum of type I
a a

factors. Also the automorphlsms e and 8 can uniquely be extended to automorphlsms
g and of N. By continuity and also satisfy the equation + -I + -I
By proposition 3.1, there is a central projection q in N which is invarlant under

and and 2 2on Nq and 2 -2 on N(l-q). Put

I {x M (x)q 0}
a

and J {y e M (y)(l-q) 0}
a

Then I and J are norm closed ideals of M and also for any x e I and y e J,

a(XY) a(X)a(y)

(x)(l-q) (y)q
a a

a(x)a(Y)q(l-q) 0

Thus l’J 0. By continuity, it follows that l’J 0 (where I denotes the o-weak

closure of I). Then there exist central projections e and f in M such that

l=Me

and J Mf and e’f 0.

Since q is fixed under and I and J are invarlant under s and 8 thus e and f

are invarlant under and 8

Put I M(l-e) and note that the map x (x)q is faithful on II. Let y e I+/-.
Then both s2(y) and 82(y) belong to Ii. Moreover

(2 (y))q 2 2a (a (y))q (a (y))q

(82(y))q
a

Hence by injectlvlty of the mapping x (x)q on I+/-, we get that 2 82 on
a

I M(l-e). Similarly 2 8-2 on J+/- M(l-f). As (l-e) (l-f) I, the required

decomposition is obtained and the proof is complete.
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