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ABSTRACT. Let o,B be *-automorphisms of a von Neumann algebra M satisfying the

operator equation

a+al-pgs+pl,

In this paper we prove a general decomposition theorem in the non-commuting situation
as compared to the usual commuting case (see references) and prove that there exists

a central projection p in M such that a? = g2 on Mp and a2 = B2 on M(1l-p).
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1. INTRODUCTION.
Let M be a von Neumann algebra and o«,B be *-automorphisms of M satisfying the
equation
a+al= B + g1,

In this section, we first give a brief description of this equation, (some of) its
solutions and applications to get a clear picture of the problem that we intend to
resolve in the following sections of this paper. This operator equation if of an
active research interest in operator theory since several years. A. Van Daele used
this equation in his famous paper on a new approach to the Tomita-Takesaki theory
and generalized Hilbert algebras [1] in a special form for unbounded modular
operator A. 1In a series of papers the present author has studied this operator
equation in detail and has obtained the solutions in various situations (see for
instance [2], [3] and [4]). An important question that why this equation after all
occurs in a natural way has been considered in [5] (see also [6]). There a bounded
map ¥ has been associated to a one-parameter group of *-automorphisms {ut:t e R}

of a von Neumann algebra M by the formula

- 2
v = 1= -t

a (x) dt , (x € M).
t
-0 e +e

It has been shown that determines the group of automorphisms almost completely in

the sense that if waandwe are the maps associated to the one-parameter groups of
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*-automorphisms {at:t € R} and {Bt:t € R} respectively, then v, = wB implies that
e, + a_t = Bt + B_t for all t € R. The study of the equations of this type has led
to important applications in Tomita-Takesaki theory. Haagerup and Olsen [7] have

considered the mappings {at + a__:t € R} as a substitute to the modular operator A

to develop the Tomita-Takesaki t;eory for Jordan algebras.

As regards the solutions of the equation oy + a_t = Bt + B-t’ it has been shown
in [4] (see also [8]) using Arveson's theory of spectral subspaces [9] (see also [10])
that M admits a central decomposition such that a, = Bc on Mp and a, = B—t on M(l-p),
(t € R) for a central projection p € M. A similar result for derivations has also
been obtained. It has been shown that if 61 and 62 are the generators of
{ut:t € R} and {Bt:t € R} respectively and 612 = 622 then there exists a central
projection p in M such that Gl(p) = 62(p) = 0 and 61 = 62 on Mp and 61 = -62 on
M(1-p). 1In case of factors these results become more interesting (see [4] for
details).

The general form of the equation a + a"l =8 + 8! for any pair of automorphisms
a,B of a von Neumann algebra was considered in [2]. It was shown there (see also [3])
that if « and B commute then there exists a central projection p € M such that a = B
on Mp and a = 87! on M(1-p). This decomposition has played an important role in the
geometric interpretation of the Tomita-Takesaki theory [11]. The commutativity
assumption of o and B has been very important to the solution of this equation. In
some situations, it has been shown that the equation a + al =g+ ! already implies
the commutativity of o and B and thus a decomposition of M can be obtained in a
simpler way (for more details, see [2]).

In this paper we consider the equation a + ol =g+ 8! in a general form and
without assuming the commutativity of a and B . In section 2 of this paper we
construct an example of automorphisms @ and B satisfying the equation o + alapg+p-l
on a von Neumann algebra M but there is no decomposition for which a = B on one part
and @ = 8~! on the other part. In section 3, we show, however, that there exists a
central projection p in M such that a? = B2 on Mp and a2 = 8~2 on M(l-p). This
provides a general solution of the problem for von Neumann algebras.

We believe that the techniques of this paper and out previous papers concerning
this problem may contribute to a new and simpler way to study automorphism groups and
derivations. In a subsequent paper we intend to use this theory to study a problem
on one-parameter groups of automorphisms on a von Neumann algebra.

Recently, Sakai [12] suggested this problem for C*-algebras and thus it remains
an unsolved problem.

2. AN EXAMPLE.

Let MZ denote the algebra of all 2 X 2 complex matrices and consider the von

Neumann algebra M = M2 + MZ’ the direct sum of two copies of M2. Let u and v be two

unitaries in MZ and define two automorphisms a and B on M by

a(x,y) = (uyu*,x)

B(x,y) = (uvkyvu*,vxv¥).
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It is easy to check that a and B are indeed *-automorphism of M.
We want to have some conditions on u and v such that o + a”1 = 8 + g-l.
Now N
ol (x,y) = (y,u*xu)

(v*yv,vu*xuv®) .

B-I(X:y)

So we must have

uyu” +y = uv*yvu* + v*yv (2.1)

*x *
X + u*xu = VXV* + vu xuv

vix + u*xu)v*. (2.2)

* and hence uv = vu.

If we set x = u in equation (2.2) we obtain 2u = 2vuv
We see from equation (2.2) that v(x + u*xu) = (x + u*xu)v for any x € MZ’ Also

using the fact that uv = vu (and uv* = v*u), we see from equation (2.1) that

v(uyu* +vy) = (uyu* + y)v for any y € MZ' Thus, we see that the two equations give

the same commutability relatioms.

Without loss of generality we assume that us is diagonal. So

A 0
u = sy AUE ¢ .

Now we want to determine the set
*
V= x+u'xu:x€ Mz

with the condition that v commutes with all the operators from this set.

1 0 2 0
If x = then x + u*xu =
0 O 0 O
0 O 0 O
X = then x + u*xu =
0o 1 o 2
0 1 0 1+Au
X = then x + u*xu =
o o lo o
0o o] 0 0
X = then x + u*xu = _
(1 0 1+Ap 0
If Au # O then V = M2 and v would be a scalar operator which means that a = B. So
we assume that Xu = -1 or equivalently u = -A. We can assume that A = 1 and u = -1

because changing u by a scalar does not affect the automorphism. So if
u =[é _?] then u = u* and u(x + uxu) = (x + uxu)u = x + uxu. Thus X + uxu is a

diagonal matrix.

Now, if we choose v to be a diagonal matrix, we will have all our conditions and
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a+at=g+pl. 1£v= [3 8] with A # u so that v is not a scalar and hence
a # B. When A # -p then vu” is not a scalar and hence a # B-l.

Thus, there is not central decomposition of M such that a = B on one part and
a = B-l on the other part.

It is easy to check that in the example above
az(x,y) = (uxu*,uyu*)

B (uv*yvu*,vxu*)

Bz(x:y)

(uv*(vxv*)vu*,vuv*yvu*v*)

(uxu*,uyu*)

so that o2 = B2, This is the situation that we intend to obtain in general in the
next section.
3. CENTRAL DECOMPOSITION.

In this section we prove that if a,B are *-automorphisms of a von Neumann
algebra M and a + a”! = B + B~1, then M can be decomposed by a central projection
such that a? = B2 on one part and o = 8”2 on the other part. If M is a factor then
either a2 = B2 or a? = B2,

We begin with the following

PROPOSITION 3.1. Let M be a von Neumann algebra which is the direct sum of type
I factors and a,B be *-automorphisms of M satisfying the equation a + ol =g+ 8L,
Then there exists a central projection p in M (invariant under a and B) such that
a2 = B2 on Mp and o= 82 on M(1-p).

PROOF. We may assume that M = I @ M,, where M
1eIl 1 i
center Z of M can be identified with £ _(II). To each i ¢ II, we can associate a

are type I factors. The

central minimal projection ey which corresponds to an element of £ (II) which is 1
for 1 and 0 elsewhere. Each automorphism leaves the center invariant and the
central minimal projections are transformed into the central minimal projectionms.

Now take a central minimal projection e in M. Then there are two possibilities:
Either a(e) = a'l(e) or a(e) # a'l(e). If a(e) = a'l(e) then aZ(e) = e. Taking
square of the equation a + o™l = 8 + 871, we get that a2 + a"2 = g2 + 8~2; hence
B2(e) + B'Z(e) = 2e and by [2] B2(e) = e. Thus a2 = B2 or a2= B'Z'Onatype I factor Me.

Next assume that a(e) # o l(e). Then we must have B(e) # 8~1(e) because
B(e) = B'l(e) implies uz(e) = e or a(e) = a'l(e) by the above considerations. Since
a(e) and a"l(e) are both central minimal projections and are distinct, therefore
they must be orthogonal. Similarly B(e) and g-l(e) are orthogonal.

Now a(e) + a”l(e) = B(e) + B~ l(e). By minimality condition, a(e) = B(e) or
a(e) = 8B7!(e). If a(e) = B(e) and x £ Me then a(x) + a~l(x) = B(x) + B~ 1(x). Now
a(x) € Ma(e), a~!(e) € Ma"l (e) and B(x) € MB(e) = Ma(e), B 1(x) eMB™! (e) = Ma~! (e).
Hence @ = B on Me. Similarly if a(e) = B'l(e), we get that o = B~ lon Me. So we have
a central projection e such that a = B or a = B~! on Me.

So in any case a?2= 82 or a2 = 872 on Me. Putting p equal to the sum of all such



PAIRS OF AUTOMORPHISMS OF VON NEUMANN ALGEBRAS 289

central projections e, we obtain the required projection p and hence the decomposition
of M such that a2 = B2 on Mp and a2 = 872 on M(1-p).

We now come to a general decomposition.

THEOREM 3.2. Let M be a von Neumann algebra and o,B8 be *-automorphisms
satisfying: o + a =3 + B!, Then there exists a central projection p in M such
that a2 = B2 on Mp and a2 = 872 on M(1l-p).

PROOF. Considering M as a C*-algebra, let L be the atomic representation of M.
Put N = ﬂa(M) (the o-weak closure of ﬂa(M)). Then N is the direct sum of type I
factors. Also the automorphisms o and B can uniquely be extended to automorphisms
a and B of N. By continuity a and B also satisfy the equation a+al =g+ gl
By proposition 3.1, there is a central projection q in N which is invariant under
& and B and a2 =82 on Nq and a2 = g2 on N(l-q). Put

I={xeM: na(x)q = 0}
and J={yemM: ﬂa(y)(l-q) =0} .
Then I and J are norm closed ideals of M and also for any x € I and y € J,

ﬂa(xy) = ﬂa(x)ﬂa(y)

T, ) (-7 (y)q

T, 07 (y)q(l-q) =0 .

Thus I+J = 0. By continuity, it follows that I+J = 0 (where I denotes the o-weak

closure of I). Then there exist central projections e and f in M such that
TI=Me
and J =Mf and e°f = 0.

Since q is fixed under a and B , I and J are invariant under o and B , thus e and £
are invariant under a and B .

Put I1 = M(l-e) and note that the map x * ﬂa(x)q is faithful on I1. Let y e Il.
Then both az(y) and Bz(y) belong to 1. Moreover

7, (a%(y))q = o¥(n_(y))q = B (7_(y))q
= 2
T (B2G)a .

Hence by injectivity of the mapping x ﬂa(x)q on I4, we get that a2 = B2 on

I+ = M(l-e). Similarly a2 = 872 on g = M(1-f). As (l-e) (1-f) =1, the required
decomposition is obtained and the proof is complete.

ACKNOWLEDGEMENT. We are greatly indebted to Professor A. Van Daele for useful

comments concerning the counter example in section 2 of this paper.



290

10.

11.

12.

A.B. THAHEEM

REFERENCES
DAELE, A.VAN A new approach to the Tomita-Takesaki theory of generalized Hilbert
algebras, J. Func. Analysis 15 (1974), 378-393.

THAHEEM, A.B. Decomposition of a von Neumann algebra, Rend. Sem. Mat. Univ.
Padova 65 (1981), 1-7.

THAHEEM, A.B. and AWAMI, M. A short proof of a decomposition theorem of a von
Neumann algebra, Proc. Amer. Math. Soc. (1984), 81-82.

THAHEEM, A.B., DAELE, A.VAN and VANHEESWIJEK, L. A result on two one-parameter
groups of automorphisms, Math. Scand. 51 (1982), 261-274.

THAHEEM, A.B. A bound map associated to a one-parameter group of *-automorphisms
of a von Neumann algebra, Glasgow Math. J. 25 (1984), 135-140.

CIORANESCU, I. and ZSIDO, L. Analytic generators for one-parameter groups,
TOhoku Math J. 28 (1976), 327-362.

HAAGERUP, U. and HANCHE-OLSEN, Tomita-Takesaki theory for Jordan algebras,
J. Operator Theory 11 (1984), 343-364.

THAHEEM, A.B. On one-parameter of groups of automorphisms of a von Neumann
algebra, Proc. of Conf. on Math. Analysis and Its App. (1986), 169-172,
Pergamon Press, 1986.

DAELE, A.VAN Arvesons' theory of spectral subspaces, Nieuw Arch. Wisk. 27 (1979),
215-237.

ARVESON W. On groups of automorphisms of operator algebras, J. Funct. Analysis
15 (1974), 217-243.

HAAGERUP, U. and SKAU, C.F. Geometric aspects of the Tomita-Takesaki theory II,
Math. Scand. 48 (1981), 241-252.

SAKAI, S. Private Communication (1986).




