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ABSTRACT. The concept of uniform connectedness, which generalizes the concept of
well-chainedness for metric spaces, is used to prove the following: (a) If two points
a and b of a compact Hausdorff uniform space (X,U) can be joined by a U-chain for
every U € U, then they lie together in the same component of X; (b) Let (X,U) be a
compact Hausdorff uniform space, A and B non-empty disjoint closed subsets of X such
that no component of X intersects both A and B. Then there exists a separation
X =X,UX_, where XA and XB are disjoint compact sets containing A and B

A" "B
respectively. These generalize the corresponding results for metric spaces.
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1. INTRODUCTION.

All topological spaces and all uniform spaces considered are Hausdorff, (X,U)
being used to deote a uniform space with U the family of entourages of X. In [1]
Mrowka and Pervin introduced into the theory of uniform spaces the concept of uniform
connectedness: (X,U) is uniformly connected iff every uniformly continuous function on
X to a discrete uniform space 1is constante. As 1is evident from the definition,
connectedness 1is a stronger property than uniform connectedness. However, for the

class of compact uniform spaces these two properties are equivalent [1].

In [2] a criterion for a completely regular Hausdorff space to have a locally
connected compactification was obtained. This criterion, which involved the concept
of uniform connectedness, is that the space must possess a compatible uniformity with
respect to which it has weak property S. A uniform space (X,U) is said to have weak
property S 1if given Ue(, X can be covered by a finite collection of uniformly
connected sets each of which is U-small [2]. 1In view of the fact that the concept of
uniform connectedness bears on the problem of existence of locally connected
compactifications a further study of this concept was felt to be justified. Our
specific aim in this paper is to show how we can use this concept to generalize to
compact Hausdorff uniform spaces the following two propositions appearing in [3], pp.
15.
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PROPOSITION 1l.1. If two points a and b of a compact metric space X can be joined
by an e-chain for every € > O,they lie together in the same component of X.
PROPSITION 1.2. If A and B are disjoint closed sets of a compact metric space X
such that no component of X intersects both A and B, there exists a separation
X=X U)(B where X, and X, are disjoint compact sets containing A and B respectively.

A A B
Along the way a problem in [4], p. 170 is strengthened.

2. PRELIMINARIES.

We need some basic facts on Efremovi¢ proximities, (EF-proximities, for short).
Proofs of these can be found 1in [5]. If (X, 8) is an EF-proximity space, its
associated topology defined by

T(8) = {GCX| x $(X-G) for each xeG}
is completely regular and 1is Hausdorff iff (X,68) is separated. Conversely every
completely regular space (X,T) admits an Ef-proximity & such that T(8) = T. Each
uniform space (X,U) has an associated EF-proximity 8 = &(U) given by
ASB <=> (AxB) N U/# 0 for every U el .Furthermore the uniform topology T(Y{) = T(9).
As pointed out in [1], (topological) connectedness implies uniform connectedness
but the convese is not true in general, the rational numbers with the usual uniformity

providing a counterexample.

We now define the concept of a well-chained uniform space which Mrowka and Pervin
have called 'chain-connected' in [1]. This is a natural generalization of the concept
of well-chained metric spaces (see eg [3]).

DEFINITION 2.1. A U-chain from a point x € X to a point y € X in a uniform space
(X,U), where U € U, is a finite sequence of points x = Xy Kyseee X =Y such that
i‘H)EU for each 1 = 1,2, ...,n~1l. (X,U) is said to be well-chained iff any
two points x and y in X can be joined by a U-chain for every U € U.

(xi’ X

We require the following two results due to Mowka and Pervin [1].

THEOREM 2.2. Let (X,U) be a uniform space and 6 the induced proximity relation.
The following conditions are equivalent:

(a) (X,U) is uniformly connected

(b) For every ACX, ¢ # A # X, we have A §(X-A)

(¢) (X,U) is well-chained.

THEOREM 2.3. A uniform space (X,U) is connected iff it is uniformly connected
with respect to every uniformity compatible with its topology. Thus a compact uniform
space which is uniformly connected must be connected, as it has a unique compatible
uniformity.

In [6], -Sieber and Pervin discuss connectedness in syntopogeneous spaces (which
generalize the notions of topological, proximity and uniform spaces; see [5] eg.).
The following results which we have stated in the context of uniform spaces, have been
obtained in the general setting of syntopogenous spaces in [6], and are stated here

for subsequent reference. First a definition.
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DEFINITION 2.4. Two sets A and B in a uniform spaces (X,U) are said to be
uniformly separated iff A # B, where 6§ = 6(U) is the induced EF-proximity.
THEOREM 2.5 [6]. (a) The uniformly continuous image of a uniformly connected space
is again uniformly connected.
(b) If A is a uniformly connected subset of (X,U) and Ac (M UN) where M and N
are uniformly separated subsets of X, then either ACM or Ac N,
(c) If A is a uniformly connected subset of (X,U) and B< X is such that AC B
<A , then B is uniformly connected.
(d) If {A)‘IK € A) is a family of uniformly connected subsets of (X,U) and
A)‘O (Ao € A) is not uniformly separated from any A,, (A # J\o),
then A = 2 A)‘ is uniformly connected.
From (d) above it follows that the union of all uniform connected subsets of X
which contain a fixed point peX is a uniformly connected set, which is called the
uniform component of P denoted by Cu(p). It is clearly the maximal uniformly

connected set containing p.

If Cu (p) and Cu (q) are not uniformly separated, then by (d), Cu (p)\,)Cu (q) is
uniformly connected, and by maximality we have cl (p) = cl (q). Thus a uniform space
is partitioned into uniformly separated uniform components. Clearly by (c) above
these uniform components are closed sets. Since each connected set is uniformly
connected, the " component CP containing peX is clearly contained 1in Cu (p)e An
example where C (p) is strictly larger than Cp is easily found: Let Q be the
rational numbers with the usual uniformity. Then Cp = {p} for each peQ, but cl (p) =

Q since Q is uniformly connected as was remarked in [1].

3. THE RESULTS.

Let (X,U) be a uniform space. For each subset A of X and U €U let
CU(A) = {x€X|x can be joined to some point of A by a U-chain }
and let C(A) = n CU(A)
Uel
We thus have the following result which is a generalization of problem T(a) in [4] p.
170.
PROPOSITION 3.1. For each A€ X, U elU, CU(A) is clopen.
PROOF. To show CU(A) open, let x € CU(A). Find a € A and a U-chain
X = X, Xpy eeey X =3 joining x to a. Find open symmetric V € U such that
VCU. Then er[x]cCU(A): for if yeV[x] then (x,y)e V and hence (y,x) € Vc U. Thus
Yo Xy Xps eee, X = a is a U-chain joining y to a and hence y € CU(A), thus
showing CU(A) open.
To show CU(A) closed, let y € CU(A). Find x € CU(A) such that
x € Ulyl. There exists a U-chain x = Xps Xys seey X = a joining x to some point
a€A, and hence y, X|» Xys eeey X = a is a U-chain joining y to a€A, ie y € CU(A),
thus showing CU(A) is closed.
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The next proposition proved in the setting of uniform spaces, when interpreted in
the setting of metric spaces, strengthens Problem T(b) of [4], p. 170 viz, that for a
compact metric space X, if ACX is connected, then C(A) is connected, C(A) being
defined as !‘) 0C(_:(A) for metric spaces. It is of course a strengthening since A may
be take to be uniformly connected instead of (the stronger) connected in the
hypothesis. Use is made of this result in the generalizations of Proposition l.l and
1.2. First we need the following lemma which can be easily proved or can be found in
[4], p. 163, Problem F(a).

LEMMA 3.2. Let F be a family of closed compact sets in a topological space such
that n{AIAe F }CU where U is open. Then there exists a finite subfamily ¥ of 3‘ such
that N{A|Ac H }CU.

PROPOSITION 3.3. Let (X, U ) be a compact uniform space, A © X uniformly
connected. Then C(A) is connected.

PROOF. Suppose C(A) is disconnected. Now since C(A) = UQLFU(A) and CU(A) is
closed for each Uel by Proposition 3.1, C(A) is closed in X and hence compact. This
implies by Theorem 2.3 that C(A) is not uniformly connected. By Theorem 2.2 C(A) =
B UD where B # ¢, D # ¢ and BfD, where 6 = 8(U) is the EF-proximity induced by U .
Hence there exists vleu such that (BxD) N Vl = ¢o Now find open symmetric V€U such
that Vo V o VCVl. Noting that each CU(A) is closed and compact and that C(A)
= UQUCUI(‘A)CV[B]UVID] we have, by the above lemma, a finite collection
{Cui(A) }i-l’ Uieu , such that

n
10 €y (A< VB UVID]
i

n

LetU = 0N U

1=1 Yi° Then U €U and clearly we have

CU(A) 12]1 Cui (A) cVv[B] U V[D].

We may assume without loss of generality that US V. Now since A is uniformly connected
and Ac C(A) = BUD with BﬁD we have from Theorem 2.5(b) that either A cB or Ac D.
Lets assume AcD.

Since B = ¢, find x € B. Then x € C(A)CCU(A) and hence there exists a U-chain

X = xl, xz, ...,xn = a joining x to some point a € A, Clearly each xi, for
1 < i < n, belongs to CU(A), and hence {xl, xz,-..,xn}cV[B] UV[D]. As 1is easily
verified V[B] NnV[D] = ¢.

Now 1let X, be the last point in this chain such that L V[B]. Then X # x = a
otherwise V[B] N V[D] # ¢. Thus Kol belongs to this chain and Xy € V[D]. Thus we
can find beB, deD such that X € V[b] and Xl € V[d]. Since (xk, xk+1) e UcV, we

have (b,d) € Vo Vo VcV contradicting the fact that (BxD)n Vl = ¢. Hence C(A) is

1
connected.
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Noting that every connected set is well chained we have:
COROLLARY 3.4. 1If (X,U) is a compact uniform space and xeX, then C({x}) = C,» the
component of x in X.
We now genralize Proposition l.1.
COROLLARY 3.5. If twopoints a and b of a compact uniform space (X,U) can be joined
by a U-chain for every Ue€ U, then they lie together in the same component of X.
PROOF. From Corollary 3.4, C({a)}) = C, c({ph = Cy- By hypothesis a ¢ c({ph.

Thus Caf‘lC # ¢ and hence Ca =C, .

b b

We remark that the condition that X is compact cannot be dropped, the rationals
with the usual uniformity providing an easy counterexample.

The next result generalizes Proposition 1.2.

THEOREM 3.6. Let (X,U) be a compact uniform space, A and B non-empty disjoint
closed subsets of X such that no component of X intersects both A and B. Then there
exists a separation X = XAU XB, where XA and XB are disjoint compact sets containing
A and B respectively.

PROOF. We claim there exists U€élU such that no U-chain in X joins a point of A to
a point of B. For suppose not. Then for each U € (/, there exists ay € A and bU € B
such that there is a U-chain in X joining a; to bU. Now (U, <) is a directed set
according to the definition U1 < U2 iff Ul DUZ.

in A and B respectively. Now (aU) has a cluster point a€A since A is compact.

Consequently (aU) and (bU) are nets

>
Let (aux) be a subnec of (au) such aUA ae Then (bux) is a subnet of (bU) in the
compact set B, and hence has a cluster point b € B. Now let Uel be arbitrary. Find
symmetric U'elU such that U'€ U. Find Ao such that U' < U}‘ .

o
Since a, *a, we can find Ai > Ao such that A > Al =>a; € U'[a]. Since b 1is a
A A

cluster point of (bU ) we can find )‘2 2 )‘l such that bU € U'[b]. Now we have

A A
2
1 1 ] -
aUA e U'lal, by e U'[b], UAZZ UAIZ U*oz U'. Now there exists a U)\2 chain in X
2 A
2
joining ay to bU . Since U)‘ c U', this is also a U'-chain, and since (a, a Ye U
Ay Ay 2 A2

and (b, by ) €U', there is thus a U'-chain joining a to b, and hence a U-chain

A2
joining a to b. By Corollary 3.5, a and b lie together in the same component of X,
contradicting the fact that no component of X intersects both A and B. Thus a Uel as
claimed above exists.

Let X, = CU(A) and Xp = X - X, By Proposition 3.1 N

XB are compact. Furthermore A CXA is clear, Bc XB follows by the above claim, and

is clopen and hence XA and

U . .
XA XB is a separation of X.
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