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ABSTRACT. We define a module M to be directly refinable if whenever M=A +B,

there exists XEA and EgB such that M = A @ E Theorem. Let M be a quasi-
projective module. Then M is directly refinable if and only if M has the finite

exchange property.
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Examples of directly refinable modules are semisimple modules, hollow
modules [1], dual continuous modules [2], and strongly supplemented modules [6].
In [3, Proposition 2.9], Nicholson has shown that a projective module has the finite
exchange property [5] if and only if it is directly refinable. In this note we will
generalize this result to quasi-projective modules. We also observe that from
Nicholson's result and [4, Corollary 4] every projective module over a regular ring
is directly refinable. Our first lemma presents some of the basic properties of
directly refinable modules.

LEMMA 1. Let M be a directly refinable module.

(i) If X is a direct summand of M, then X is directly refinable.

(i) ¥ M=% A, then M=® | X where X, cA for i=12,...,n. In
particular, if Ai is cyclic, then Xi is cyclic. Hence, if M is finitely generated,
then it is a direct sum of cyclic submodules.

(iii) If M has no infinite direct sum of direct summands of M, then M is
strongly supplemented.

PROOF. The proof is routine.
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From [6] a module M is said to be co-continuous if whenever M = A + B,
there exists f e End (M) such that f(M)c A and (l - f)(M)c B. Z8schinger
observes [6, p. 242] that quasi-projective modules are co-continuous.

LEMMA 2. If M is a co-continuous module which has the finite exchange
property, then M is directly refinable.

PROOF. Assume M = A + B. There exists f ¢ End (M) such that f{(M)c A
and (1 - f)(M)c B, From [3, Proposition 1.1 and Theorem 2. 1], there exists
e,h,k ¢ End (M) suchthat fh =e and (1 - f)k =1 - e where e = ez. Therefore,
M = e(M) & (1 - e)(M) where e(M)C A and (1 - e)(M)c B.

THEOREM 3. Let M be a quasi-projective module. Then M is directly
refinable if and only if M has the finite exchange property.

PROOF. I M is directly refinable, Nicholson's proof of Proposition 2.9 [3]

can be used. The converse follows from Lemma 2.
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