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ABSTRACT. A discussion is given of some of the properties of the functional
Volterra Integral equation

AX
#(x) = £(x) +j g(x,y,6(y)) dy .
0

and of the corresponding multidimensional equation. Sufficient conditions are
given for the uniqueness of the solution, and an iterational process is provided
for the construction of the solution, together with error estimates. In addition
bounds are provided on the solution. The results obtained are illustrated by

means of the pantograph equation.

KEY WORDS AND PHRASES. Functional Integral Equation.
1980 AMS SUBJECT CLASSIFICATION CODES. 45D0S, 45G10, 45L10, 34KO0S.

1. INTRODUCTION.

A certain amount of attention has been paid to functional differential
equations [1] but it appears that very little attention has been paid to
functional Volterra Equations such as

AX

P(x) = £(x) + I g(x,y,¢ly)) dy . 0<Aa, 0<x (1.1)
0
The first remark which may be made is that if A > 1, there may not be
uniqueness. For consider the equation
a AX
p(x) =1 + X J ¢ly) dy A> 1. (1.2a)
0

Differentiation shows that this integral equation is equivalent to the
differential equation problem
¢’ (x) = a ¢(Ax) (1.2b)
with
¢(0) =1 (1.2c)
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and it is well known that the problem defined by (1.2b) and (1.2c) does not have a
unique solution [2].

In this paper, only values of A such that 0 < A <1 will be considered.
Sufficient conditions will be obtained for the solution of the integral equation
(1.1) to be unique, a number of bounds will be found for the solutions of the
equation and an iterational process, with error analysis, will be given for the
construction of the solution. These results will be valid provided f(x) and
g(x,y,z) obey certain conditions as follows. The relevant conditions will be

mentioned before each piece of analysis.

A) Ig(x,y,zl) - g(x,y,zz)l < P(x) Q(y) Iz1 - zz| P(x) , Q(y) >0 (1.3)
In part of the analysis

PGx) =p®, Q) =y® , p>0, a20,820. (1.4)
(In some places an alternative conditionon &« , 8 , o« + B + 1 >0 is used.)

The equation (1.1) may be rewritten as

AX Az
#(x) = £(x) +f g(x,y,0) dy +J' lg(x,y,(y)) - glx,y,0)] dy (1.5a)
0 0
* Ax *
=f (x) + I g (x,y,¢(y)) dy . (1.5b)
0
Clearly it follows from the inequality (1.3) that
B) lg (x,y,6(y))| < P(x) Qly) 18] . (1.5¢)
) k(x)] < MA?x® y20,820, M20 (1.6a)
where
AX
K(x) =j g(x,y, £(y)) dy . (1.6b)
0

If A =1, the theory is that of the usual Volterra equation which is
well known.
2. UNIQUENESS

It may be shown that, if condition A holds there is uniqueness. For
suppose that ¢A(x) , ¢B(x) are two possible solutions

AX
|¢A(x) - ¢B(x)| = I {g(x,y,¢A(y) - g(x,y,¢B(y)} dy (2.1)
0
* A B
< I |S(X.Y.¢ (y)) - glx,y, ¢ (y))l dy
(]
X A B
s [ Peoaw |62 - 6B ay . (2.2)
0

By using the processes similar to those involved in the proof of
Gronwall’'s inequality [3], it follows that |¢A(x) - ¢B(x)| vanishes and there is

thus uniqueness.
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3. BOUNDS ON THE SOLUTION
It is possible, using Gronwall’s inequaliy to obtain functions which bound
the solution of equation (1.1).
a) Suppose that condition A holds.
The equation (1.1) can be rewritten as

AX AX
$(x) - £(x) = J' glx,y,f(y)) dy + I (g(x,y,¢(y)) - glx,y,f(y))} dy
0 0

AX

= k(x) + j (g(x,y.8(y)) - glx,y,£(y))} dy . (3.1)
0
It follows that

AX
l6x) - £60| < [k + [ |8y, 8(9)) - glxy. £y dy
0

and using condition A it follows that

|¢(x) - £(x)| < |k(x)]| + I:x P(x) Qly) [ely) - f(y)| dy . (3.2)

Let
[¢(x) - £(x)| = P(x) p(x) (3.3a)
Jk(x)] = P(x) h(x) . (3.3b)

Using the relations (3.3a), (3.3b) and (2.3b), the inequality (3.2) may be

rewritten as
AX
Y(x) € h(x) + I U(y) y(y) dy (3.4a)
0

whence
x
Y(x) < h(x) + I U(y) y(y) dy . (3.4b)
o]

The inequality (3.4b) is in a form suitable for the application of Gronwall’s
inequality. Multiplying by U(x) , and writing the result as a first order

differential relation for
X
®(x) =f U(y) yly) dy (3.4c)
0

it follows that

X X
J)( Uly) gly) dy < j h(y) Y(y) | exp j U(z) dz dy . (3.5)
0 0 Yy

It follows from the inequalities (3.4a) and (3.5) that

AX AX
Y(x) < hix) + I h(y) U(y) | exp f U(z) dz dy (3.6)
0 y

whence there follows the bounding inequality
AX AX
60 = £60] < [k + PG [ [k(y)] @) fexp [ P @) azt | ay.
0 y

(3.7a)
In the special case P(x) =p, Q(y) =1, and |k(x)| 1is differentiable the
right hand side of (3.7a) becomes
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AX
kG| - k)| + [k@[P™ s [ & [k(y) [PRXY) gy (3.7b)
0

b)  Suppose that condition B holds. Then, using the relations (1.5b) and
(1.5c), it follows that

AX
l6(x)] < |£ (x)] + [ Peo e o] ay (3.8)
0

It will be noted that if f’(x) is zero the inequality (3.8) implies that
¢(x) vanishes.

By exactly the same process as the inequality (3.7a) was deduced from the
inequality (3.2), it follows that

AX AX
lex)| < 5760 + Poo) [ £ )] aw) fexp { |
0 y

and in the special case mentioned above, the right hand side of this becomes

P(z) Q(z) dz } } dy (3.9a)

* * Ax -
[£7G0] - |8 | + |£ (0)]eP™ + Io & 15 0P gy (3.9b)

A simplification occurs if P(x) =1, when
* AX AX
l6(x) < |£ (x)] + f £ ] aw) fexp{ [ atz) gz | | ay (3.10a)
0 y

which can be rewritten as

AX
[6x)] < £ 00| - |£ Ox)]| + [£ ()] exp { [ @ a2 }
0

AX AX
d *
+ Io [ Iy |£f (y) exp { Iy Q(z) dz } ] dy (3.10b)

if |f‘(x)| is differentiable.
4. CONSTRUCTION OF SOLUTIONS BY AN ITERATIVE PROCESS
a) It will now be shown that, if conditions A , B. and C are satisfied, the
sequence of functions ¢n(x) defined by
AX

By X) = £(x) + IO gx.y, 8 (y)) dy n20 (4.1a)
¢0(x) = f(x) (4.1b)
converges to the solution ¢(x) of equation (1.1). It is also possible to use
this sequence to obtain a further bound for |¢(x)| . (In fact it is possible to
start with an arbitrary ¢0(x) in which case there wil be slightly different
results.)
Let
x () = Je(x) - ¢n(x)| . (4.2)
xn(x) may be regarded as the error involved in stopping at the nth
iteration.
Then
AX
xn+1(x) = I; {glx,y,¢ly)) - g(x.y,¢n(y))) dy | . (4.3a)
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AX
< IO |80y 80) - BOxy. 4, 0)| gy .

< j:x " ¥P [#09) - 8, dy .

AX
=I px* yB x (y) dy . (4.3b)
0 n
Now
Xy (x) = |¢(x) - ¢0(x)| = |¢(x) - £(x)] . (4.3c)
Suppose that the range of interest is 0 < x < c . Then it follows that,

using the inequality (3.7a),

Ac Ac
Xx) <k +P jo lk(y)| Qly) [ exp { jy P(z) Q(z) dz } ] dy  (4.4a)
where k , P are respectively the maximum values of |k(x)| and P(x)
max max
over 0 < x<c.
= C(c) say (4. 4b)
Look for a solution of the recurrence inequality (4.3b) of the form
n tn
xn(x) < Cn AT x . (4.5)
Substitution of the inequality (4.5) in the inequality (4.3b) gives
AX s t
x .,(x) < I pxa yB c Al y n dy . (4.6a)
n+1 0 n
Sh o« AX tn+B
=pC A x I y dy
n
0
s t_+B8+1
_ n o (Ax)
= an A t——:—B‘_*‘—l . (4.6b)
n
The form (4.5) will be preserved if
pC
Covt T 7B +T (4.72)
n
tn+1 =t ta+p+l (4.7b)
Spe1 = Sp * tn + B8+ 1. (4.7c)
Comparison with the relation (4.4b) gives
Co =C (4.8a)
to =0 (4.8b)
So = 0 (4.8c)

Solution of the recurrence relations (4.7) with the initial conditions (4.8)
gives the following results

c =——PC (4.9a)
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tn =nla +B + 1) (4.9b)

s, = 2122:—11 (x + B+ 1) +n(B+1) (4.9c)

and thus the error in stopping at the nth approximation has been defined by (4.5)
and (4.9). These results hold for x < c . In particular they hold for x = c¢

and so it follows that
n . °n tn
p A c¢c  C(ec)
f — -
n-1

£=0

¢ however is arbitrary and can be replaced by x and so

xn(c) (4.9d)

n .5 _th

P A x C(x)
{ -

n-1

ﬂ[te*ﬁ*l]

£=0
where C(x) 1is defined by the relations (4.4). It can easily be verified

xn(x) (4.9e)

that if 2 <1 and a +B8 + 1> 0, the sequence xn(x) converges to zero.
The sequence functions can also be used to determine a bound for |¢(x)| .
Consider the sequence

n

e (X) = 8, (x) + m);1 ¥, (x) (4.10a)
where
wm(x) = ¢m+1(x] - ¢m(x)(4.10b) (4.10b)
and
AX
$,(x) = £0x) + I g(x,y, £(y)) dy (4.10c)
0
= f(x) + k(x) . (4.10d)
Then
n
[ne1 0] $ [0 + ) [¥n®)] - (4.10e)
m=1
If the series
n
¥ (x)
mzl I m l
converges, it dominates the series
n
¥ (x)
m=1 "
which must also converge. Therefore the sequence ¢n+1(X) converges and it
follows from the relation (4.1a) that the limit is the solution ¢(x) of equation
(1.1). It follows from the inequality (4.10d) that there is a further bound to
|#(x)| namely
[
|¢1(x)| + Z'wm(x)l . (4.11)
m=1

Following the analysis of equations (4.3) it can easily be shown that
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AX
e @] < [ oS [0, 0] oy
Yo(x) = 8, (x) - ¢y(x) = ¢,(x) - £(x)

AX
= [ ety £ dy = kix)
0

and so
lwo(x)l <Ma? O,
In exactly the same way as previously consider the inequality sequence

lwn(x)l <M Aun xvn .

Using the relation (4.12a) in the same way as the relation (4.6a) was used

M =.___pﬁn__
n+1 vh + B8 +1

v =V + a + + 1
n B

n+1

u

=u +v +8+1
n+1 n n B

The initial relations are now

Mo =M
Vo = 3
Uy, =7
Thus
n
M= PM
n n-1
[Tlere+1)
£2=0

v = n(a + g +1) +8

u = Eiﬁ.%_ll (a +B+1) +n(8+B+1) + 7.

It is not now difficult to see that the series

mZ1 |wm(x)l converges for A < 1

It is possible to use the results (4.15) to obtain a simpler bound by using

further inequalities.

u _ pn+1 M ‘ pn+1 M
n+1 n n
]_I'["e*’“‘] (s+1)ﬂ'<e(a+3+1)+s+1)
£=0 2=1
. pn+1 M 1
B+ D+p+ 1" n!
U= iﬁ_i_%liﬂl (@ +B+1)+(n+1)B+8+1)+7

2n(la +B8+1)+(n+1)(B+8+1)+7

(4.

(4.

(4.

33

12a)

12b)

12c)

(4.13)

(4.

(4.

(4.

(4.

(4.

(4.

(4.

14a)

14b)

14c)

. 15a)
. 15b)

.15¢)

16a)

16b)

16c)

17a)
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=nla +28+8 +2)+(B+7+38+1) (4.17b)
vn+1 =nla+B+1) + (a +B +8 +1) . (4.17c)
Thus
p M _B+y+8+1 _a+B+3+1
lwm+1(x)l SETI A x g, (x) (4.18a)
where
+28+5+2 a+8+1/// n
_ (pka X (a + 8+ 1))
gn(x) = al . (4.18b)
Thus
[
) [9at)| < P M Byasl jasfedil (4.19)
1 m 8 +1
exp (pha+23+8+2 Xa+B*£{a+8+1))
and from this a bound can be obtained using the expression (4.10d). It may be

noted that, even if f(x) 1is zero and there is no free term in the integral
equation (1.1) it is possible if the equation is non-linear to rewrite the
equation in the form (3.1) and proceed as indicated. If a relation of form A
holds however, the only solution possible, when the free term is zero, is the zero
solution.

5. THE SPECIAL CASE OF A LINEAR EQUATION

In this case

glx,y,¢(y)) = K(x,y) ¢ly) (5.1)
and equation (1.1) is of the form
AX
x) = £60 + [ KGuy) $(y) dy . (5.2a)
0
The alternative form corresponding to equation (3.1) is
AX
$(x) - £ = k) + [ KOGuy) {8(y) - £(y)) dy (5.2b)
0
= k(x) + G(x) say (5.2¢)
where
x
k(x) = IA K(x,y) f(y) dy . (5.2d)
0

If A< 1, and condition A holds, that is

|K(x,y)| < P(x) Qly) , (5.2f)
the solution will be unique, and evidently if f(x) 1is zero, the solution
will be the zero solution. Furthermore the whole of the theory of section 3 and
section 4 remains valid.
The relation (3.7a), which is a bounding inequality for |¢(x) - f(x)| still
holds, and, by analogy, it follows from equation (5.2a), on taking moduli and
applying the Gronwall inequality that

AX AX
[600)] < [£60] + PG [ @] Q) fexp {[  P(2) Q(2) dz| gy (5.3)
0 y

The iterative solution is given by
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AX

9.4 (¥) = £0x) + jo K(x,y) $_(y) dy n20 (5.43)
¢0(x) = f(x) (5. 4b)
amd it can be shown that
¢n(x)
is of the form
n Amx
$(x) = £(x) + mzl jo K (x,y) £y) dy . (5. 4c)

The values of Am and Km may be obtained by substituting the relation
(5.4c) into the Right Hand Side of equation (5.4a).

Let
AX n Amz
v = £60 + [ Ke2) | £2) + Y [ " kw0 ay| a2 (5.5a)
0 0
m=1
AX n AAmx
= £(x) +J’ K(x,y) £ly) dy + ) I £(y)
0 m=1 "0
AX
I K(x,z) K (z,y) dz| dy .
_1 m
YA
m
(5.5b)
The reversal of the order of integration is in fact valid for fairly wide
conditions on K and f . It can be seen that the Right Hand Side of the
equation (5.5b) can be rewritten as
n+1 Amx
£x) + ) J' K, (x,y) £ly) dy (5.5¢)
m=1 “0
provided that
A =" (5.6a)
m
and the Km are defined by the iterative sequence
AX
Koy 09 = [ LK@ K@y dz ma (5.6b)
YA,
and
Kl(x,y) = K(x,y) (5.6c)
and thus the solution of equation (5.1), if the appropriate conditions hold is
A x
© m
£00 + [ Ky £y ay (5.6d)
m=1 0 "

The error in stopping at the nth term is given again by the relations (4.5)
and (4.9).
Consider now how the theory of sections 3 and 4 can be applied when K(x,y)

and f(x) obey the fairly loose condition of boundedness.
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[K(x,y)| < p (5.7a)
[f(x)] < ¢ . (5.7b)

It follows immediately that

AX
|k(x)| = I K(x,y) f£(y) dy| < peax (5.7¢)
0
and the C defined in (4.4b) is given by
AX
C < péAc [ 1+p I ep(Ac-y) dy } = péAc eApc . (5.7d)
0

G(x) as defined by equation (5.2c) now obeys the inequality

AX
IGx)| < p I V] ep(hx-y) dy = e[epkx - 1] . (5.7e)
0

Thus, the bound given by equation (5.2b) becomes
|¢(x) - £(x)]| < peax + e[epxx - 1] (5.8a)
and the bound given by the inequality (5.3) becomes

66| < J£6a] + 2[eP* -] . (5.8b)
The following results follow for the various quantities defined in equations
(1.4) and (1.6)

a =0 (5.9a)
B=0 (5.9b)
y =1 (5.9¢)
§ =1 (5.9d)
M=pe. (5.9e)

The relevant results from equations (4.9) become

n  Cpore PC

Cn S P a7 (5.10a)
TT0erY
£2=0
tn =n (5.10b)
aln - 1), n = n2 *n (5.10¢)
n 2 2 '
gliving
n+1 Apc
c B Cle (5.10d)
n n!
and the error involved in stopping at the nth member of the sequence in the
iterative solution is given by
1 2
pchexpc E[n +n] n
xn(x) < = A C(px)" . (5.10e)

The bound given by (4.10) can also be obtained. Equation (4.10c) gives
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AX
|¢1(x)| = |f(x) + I glx,y, f(y)) dy
0
AX
= |f(x) + I K(x,y) f(y) dy
0
< 2 (1 + pax) (5.11a)
and equation (4.19) gives
P 3
z |wm(x)| < pzeA3x2 P X (5.11b)
m=1
giving a further bound
3
|¢(x)| < p + poax + pzeA3x2 PP X (5.11c)

6. MULTIDIMENSIONAL EQUATION
The theory outlined above may easily be extended to multidimensional systems
of equations.
Consider the n dimensional system of equations
AX
¢(x) = £(x) + I g(x,y,¢(y)) dy (6.1)
were °

$x) = (#,....4)

g satisfies the conditions

“g(X.y.zl) - g(x.y.zz)ﬂ < P(x) Q(y)"g1 - ZZ” (6.2a)
lg(x,y,z)ll € R(x) s(y)llzll (6.2b)
and
kGOl < MAYx® (6.2¢)
where
AX
k(x) =I g(x,y,£(y)) dy . (6.2d)
0

Il Il denotes an appropriate norm.

In exactly the same way as previously it follows that

AX AX
lip(x) - £ < kOGO + P(x) I lik(y)Il Q(y) |exp I P(z) Q(z) dz}| dy
0 y
(6.3)
which corresponds to (3.7a) and
AX AX
llp GOl < HEGOI + R(x) I HE(II S(y) |exp I R(z) S(z) dz}| dy (6.4)
0 y

which corresponds to (3.9b).
An iterative sequence function vector may be generated

AX
80 X) = £x) + J’o gx,y,8 (y) dy n20 (6.5a)
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Qo(x) = f(x) . (6.5b)
The error in stopping at the nth iteration

% (x) is defined as lg(x) - Qn(x)”
and identical formulae to those of (4.4) to (4.9) are obtained, save that
llk(x)Il replaces |k(x)]

Similarly
n
lg_,, Gl < llg, (Il + mzl Iy Gl (6.6a)
where
wm(x) = Qm+1(x) -8, (x) (6.6b)
giving
o)
gl < HEG) + kGOl + § i GOl (6.6c)
m=1
a bound for the infinite sum being given by the expression (4.19), when
P(x) =p .
For a linear system, the set of equations assume the form
AX
$(x) = £(x) +I K(x,y) ¢(y) dy (6.7)
0

where K(x,y) 1is a matrix.

One bound is given by

llp(x) - £l < Hlk () + G(x) (6.8a)
where
AX
k(x) = J K(x,y) f(y) dy (6.8b)
0

and G(x) 1is defined by (5.2c), f(y) being replaced by llf(y)ll and another
bound is given by

g I < TEGT + G(x) . (6.8c)

The solution sequence becomes

AX
8, (X) = £0x) + Jo K(x,y) ¢ (y) dy , n20 (6.9a)
Qo(x) = f(x) (6.9b)
and if

IK(x,y)l < p (6.10a)
HEGH < 2, (6.10b)

the results of (5.7) hold, giving
pPAX

lip(x) - £(x)l < peax + &{e -1} (6.11a)
HeGl < HEGON + 24P - 1} (6.11b)

3
Hp(x)ll < p + poax + p227\3x2epA X (6.11c)

It can easily be shown that for small x (6.11b) gives the tighter bound for
llg(x)ll , but for large x (6.11c) gives the tighter bound.
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7. APPLICATION TO EXAMPLES

A) Consider now the generalised pantograph equation
8’ (x) = a 8(Ax) + b 6(x) .

This equation has been discussed extensively [2], [4], [S].
Let

8(x) = ™ 6(x) .
Equation (7.1a) then assumes the form
¢’ (x) = a explb(A - 1)] ¢(Ax)

and if 6(0) = ¢(0) = 1, this assumes the integral equation form

-1 AX
¢(x) =1 + ar I exp (b*y) ¢(y) dy
where °
b* = b(a - 1)
b=c+ i , b* =c* + io* .
The alternative form for (7.1d) becomes

-1 AX
P(x) - 1 = k(x) + ar I exp (b*y)l¢(y) - 1] dy
0

where
-1 AX
k(x) = aa I exp (b*y) dy .
0

Taking moduli, equations (7.1d) , (7.1g) , (7.1h) take the respective forms

1 M
[6(x)] < 1+ [a]A I exp (c*y) [¢(y)| dy
(]

-1 AX
Jo(x) - 1] < |k(x)]| + |a]a J exp (c*y) |¢(y) - 1| dy
0

-1 AX -1
Jk(x)| < |a]a I exp (c*y) dy = |a| (Ac*) " [exp (c*ax - 1)]
0

39

(7.1a)

(7.1b)

(7.1¢)

(7.1d)

(7.1e)

(7.1f)

(7.1g)

(7.1h)

(7.2a)

(7.2p)

(7.2¢)

In the special case of ¢ zero, it can easily be seen from the inequality

(7.2c) that
[k(x)| < |a] x

and the inequality (7.2b) becomes

-1 AX
l60) - 1] < [alx + [ax™ [ |oty) - 1] gy
0

and application of the Gronwald-Bellman-Reid inequality gives

AX
Jex) - 1] < |a]x + |a|7\—1 I |aly [exp |a|A_1 (A - y)] dy
0

L}

lajx(1 - a) + acel2l¥ -1y

AX -1
Ja|x(1 - a) + I |a] exp {]a]x = (Ax - y)} dy
0

(7.2d)

(7.2e)

(7.21)

Clearly, because of linearity, the results for ¢(0) arbitrary can easily be
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obtained.
The bound given by (3.10a) becomes, on using the inequality (7.2a),

AX -1
|¢(x)]| < exp I Ja]a " exp (c*z) dz (7.3a)
0

or in the special case of c¢ zero

|¢(x)]| < exp [|a|x] . (7.3b)
Using the fact that

lex)| = e |¢x)] (7.3¢c)

a bound for ©(x) can easily be obtained.
The bound given by (3.7a) becomes, on using the inequalities (7.2b) and
(7.2¢)

Je(x) - 1] < |au|(7u:")”1 [exp (c*ax) - 1]

-1 AX -1 -1 AX
+ |aja j Jaj(Ac*) " [exp(c*ay) - 1lexp(c*ylexp|ja|a I exp(c*z)dz|dy .
0 y

(7.4a)
In the special case of ¢ zero, the formula (3.7b) may be used, giving
[¢(x) - 1] = alel2lx - 1) (7.4b)
Ax -
< Jalx(1 = a) + J |a] exp [[a]a ~ (Ax - y)] dy
0
< falx(1 - a) + agel2lx - gy (7.4¢)

Slightly more complicated formulae will follow for the corresponding bound
for 6(x) .

B) Consider now the many dimensional generalised pantograph equation

8’ (x) = A8(Ax) + Ba(x) (7.5a)
where @ is an n dimensional vector and A and B are constant complex square
matrices of order n . An analytical discussion of this has been given in [6]

Bounds associated with this equation may be obtained by extensions of the
methods discussed previously.

Suppose that, first of all a suitable linear (possibly complex)
transformation has been made so that B 1is diagonal. If B is degenerate, all
that happens is that some of the diagonal terms will be zero.

Then equation (7.5a) may be rewritten as

n
o (x) = s§=:1 a 8. (ax) +b 8 (x), 1<r<n (7.5b)

with an obvious notation.
Let
er(x) = exp (brx) ¢r(x) . (7.5¢)

The set of equations (7.5b) then assumes the form

n
exp (brX) ¢;(x) = SZI a . exp (bsAx) ¢S(Ax)
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n
¢ (x) = szl a_ exp (B Ax) ¢ (ax)
Brs = bs - br/h .
¢r(0) =c. .
ion (7.5d) takes the form
n -1 AX
. (x) =c_+ SZI a_ A fo exp (B_y) ¢_(y) dy .

lternative form for equation (7.5g) is

n -1 AX
$.(x) - c_ =k (x) + SZI a2 jo exp (B, 0y) {#,(y) - c} dy

-1 AX
kr(x) = \ a A Io exp (Brsy) cg dy .

S

e~1-

max Re Brs =8 .
r,s

equation (7.5g) becomes

n -1 AX
l6.(x)] < [e | + sZ1 la | A fo exp (By) |o (y)| dy .

max |a__| = a
rs r

the inequality (7.6b) becomes

-1 AX n
1660 < Je | +a_ A jo exp (By) Zl le (y)] dy

s=

n n n
Z ar =a, z IcrI =Ch z |¢r(X)I =¢x) .
r=1 r=1 r=1

it follows from the inequality (7.6d) that
-1 AX
P(x) < c + aA I exp (By) ¢(y) dy .
0
llows immediately that in the same way as previously
AX -1
¢(x) € c exp I aA = exp (Bz) dz
0

A second bound follows from equation (7.5h).

¢r(x) -c. = wr(x) .

(7.

(7.

(7.

(7.

(7.

(7.

(7.

(7.

(7.

(7.
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.5d)

.5e)

.5f)

.5g)

Sh)

5i)

6a)

6b)

6c)

6d)

6e)

6f)

6g)

7a)
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Then equation (7.5h) assumes the form

n AX

_ -1
wr(x) = kr(X) + SZI a . A Io exp (BrsY) WS(Y) sy .

In the same way as before
-1 AX n
o )] < [k ()] +aA I exp (By) z v ()| ay .
0 s=1

With an obvious notation, it follows that

-1 AX
Y(x) < k(x) + aa I exp (By) v(y) dy .
0

Thus, using the inequality (3.6), it follows that

Ax -1 A
Y(x) < k(x) + I k(y) ax = exp (By) |exp f ad ~ exp (Bz) dz}| dy
o y
and, if k(x) is differentiable, the relation (7.7e) can be written as

AX

AX , -1
v(x) < I k’ (y) |exp I aA = exp (Bz) dz}| dy .
0 o]

Clearly, if B = 0, these formulae simplify.

(7.7v)

(7.7¢)

(7.7d)

(7.7e)

(7.7f)

Alternative bounds, based on the results of section 6 may also be obtained.

Let
6(x) = exp {Bx} ¢(x)

where exp {Bx} 1is interpreted as

I being the unit matrix of order n .
It is not difficult to see that equation (7.5a) assumes the form

¢’ (x) = exp {B(A - 1)x} ¢ (Ax)

This can be rewritten, using the initial condition as
X -1
¢(x) = ¢(0) + AA © exp (B*y) ¢(y) dy
0

where
B* =B(1 -2a"1) .

It follows from (6.8) that

Ax 4

k(x) = AA"" exp (B*y) ¢(0) dy

Js
X o _*s s
=f mt T BT g0 gy
0

]
s=0 s!

ol B S(ax)S*! ©)
Zo s+ DT 200 -

s=
Thus

(7.8a)

(7.8b)

(7.8¢c)

(7.8d)

(7.8e)

(7.8f)

(7.8g)
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»
2 B I (x)S*?

Gl < Nall A~ ¥ = 1A 181 1igl (011 [exp(lIB lAx} - 1 .

s&o (s + 1)
(7.8h)
If x<c,
AX -1 -
leGoll < [ 1Al A7 exp {118 lle} lig(o)ll ay . (7.81)
0
Thus the constants for the inequality (6.2c) are given by
- *
M= IIAl A" exp <IBTNC (Il , y =1, 8=1. (7.83)
Comparing equation (7.8d) and equation (6.7) it can be seen that
f(x) = ¢(0) (7.9a)
and
_.1 *
K(x,y) = A X exp (By) . (7.9b)
Now
_1 * _1 -
HA A" exp (B y)ll < llAll A~ exp {lIB lly} (7.9¢)
and as
y € AX € Ac (7.9d)
it follows that
- *
Kyl < 1Al A2 exp <UB7I Ac) . (7.9¢)
Thus, the quantities p and £ defined in (6.10) are given by
- *
p = 11l 271 exp (IB"Il Ac) (7.9f)
and
e = ligoll . (7.9g)
Now the relations (6.11) will hold for x < c . In particular, they hold for
X =cC .
The inequality (6.11a) becomes
lig(c) - £()ll < peac + e[epAc - 1] . (7.10a)
The inequality (6.11b) becomes
(ol < HECe)ll + 2[eP* - 1) (7.10b)
and the inequality (6.11c) becomes
3
lip(c)ll < p + plAc + pZMBCZepA ¢ (7.10c)
where p is in fact a function of <c¢ defined by (7.9f). ¢  however is

arbitrary and so the inequalities (7.10) give bounds for all positive c .
8. DISCUSSION

Because of the way in which the bounds discussed in this paper have been
derived, namely by means of a generalisation of Gronwall’s inequality, they

involve exponentials with positive coefficients, associated with an increasing
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divergence from the initial values of the dependent variable as the independent
variable increases. Consequently, they would not be suitable, except near the
initial value of the independent variable for discussing problems such as that
defined by

Y-y L oy =1 (8.1a)

which is equivalent to the integral equation

AX
yx) =1 -7t J' y(u) du . (8. 1b)
0

Generally, where solutions are asymptotically stable, and converge to some limit
for large x , the bounds discussed here will become irrelevant for large enough
X . This would be equally true of multidimensional equations for which the
solutions are asymptotically stable.

If, however, the equations are such that solutions are unstable - as would,
for example, be the case when all the elements of the A and B matrices of
(7.5a) are positive - the bounds here will always be relevant. It may be noted
that sometimes one bound is better, sometimes another. For example, it can be
seen, without much difficulty that if ¢ is near zero, the bound given by the
inequality (7.10b) is tighter than that given by the inequality (7.10c) whereas if
c 1is large, the reverse situation holds.
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