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ABSTRACT. The following theorem is proved: Let r = r(y) > 1, s, and t be non-negative
integers. If R is a left s-unital ring satisfies the polynomial identity [zy — z°y"z',z] = 0
for every =,y € R, then R is commutative. The commutativity of a right s-unital ring
satisfying the polynomial identity (zy — y"z'.z] = 0 for all z,y € R, is also proved.
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1. INTRODUCTION.

Throughout this paper, R will be an associative ring (may be without unity 1). Z(R)
will represent the center of R, N(R) the set of all nilpotent elements in R, N'(R) the
set of all zero-divisors in R and C(R) the commutator ideal of R. For any z,y € R,
[z,y] = zy — yz, the well-known lie product. By GF(q), we mean the Galois field (finite
field) with ¢ elements, and (GF(q))2 the ring of all 2 x 2 matrices over GF(q).

A ring R is called left (resp. right) s-unital if z € Rz (resp. ¢ € zR) for each z € R.
Further, R is called s-unital if it is both left and right s-unital, that is, z € zR N Rz for
each z € R. If R is s-unital (resp. left or right s-unital), then for any finite subset F' of
R, there exists an element e € R such that ez = ze = z (resp. ez = r or ze = r) for all

z € F. Such an element e is called the pseudo (resp. pseudo left or pseudo right) identity
of Fin R.

In a recent paper, it was proved.

THEOREM HK ([1, Theorem]). Let R be a ring with unity 1. If there exist fixed
positive integers r > 1, s > 1 such that [zy — z°y"z°,2] = 0 for all z,y € R, then R is
commutative.

The objective of this paper is to generalize Theorem HK. Indeed, we consider the case
that r is no longer fixed, depending on y for its value, and also R is left s-unital. Another
commutativity theorem for right s-unital rings is also obtained.

2. PRELIMINARY.

In preparation for the proof of our results, we need the following well-known results.

LEMMA 1 ([2, Lemma 2]). Let R be a ring with unity 1, and let  and y be elements
in R. If kz™(z,y] = 0 and k(z + 1)™[z,y] = O for some integers m > 1 and k > 1, then
necessarily k(z,y] = 0.

LEMMA 2 ([3, Lemma 3]). Let z and y be elements in a ring R. If [z,[z,y]] =0,
then [z¥,y] = kz*~![z,y] for all integers k > 1.

LEMMA 3 ([4, Lemma]). Let R be a left (resp. right) s-unital ring. If for each
pair of elements z and y in R, there exists a positive integer m = m(z,y) and an element
e = e(z,y) € R such that z™e = 2™ and y™e = y™ (resp. ez™ = z™ and ey™ = y™),
then R is an s-unital ring.
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LEMMA 4 ([3, Lemma 3]). Let R be a ring,with unity 1, and let z and y be elements
in R. If (1 — y*)z = 0, then (1 — y*™)z = 0 for some integers k > 0 and m > 0.

THEOREM K ([6, Theorem]). Let f be a polynomial in n non-commuting inde-
terminates r,,rs,...,z, With relatively prime integral coefficients. Then the following are
equivalent:

(1) For any ring R satisfying the polynomial identity f = 0, C(R) is a nil ideal.

(2) For every prime p, (GF(p)): fails to satisfy f = 0.

(3) Every semi-prime ring R satisfyving f = 0 is commutative.

THEOREM H ([7, Theorem 21]). Let R be a ring, and let n = n(z) > 1 be an
integer depending on z. Suppose that z" —z € Z(R) for all z € R. Then R is commutative.

3. RESULTS.

The main result of this paper is the following:
THEOREM 1. Let R be a left s-unital ring, and let r = r(y) > 1, s, and t be
non-negative integers. Suppose that R satisfies the polynomial identity

[ty — z’y"z*,z] = O for all z,y € R. (3.1)

Then R is commutative.

LEMMA 5. Let R be aring, and let r = r(z,y) > 1, s = s(z,y), and t = t(z,y) be
non-negative integers. Suppose that R satisfies the polynomial identity (3.1). Then C(R)
is nil. Further, if R has unity 1, then

C(R) € N(R) C Z(R). (3.2)

PROOF. Let z =€ = (g (;)yaﬂdy=¢21+ezz = (2 2

satisfy the polynomial identity (3.1) in (GF(p)),, for a prime p. Therefore, C(R) C N(R)
by Theorem K.

Now, we notice that the polynomial identity (3.1) can be written in the form

) . Then z and y fail to

z[z,y] = 2°[z,y"]z" forall z,y € R. (3.3)

Let u € N(R), and = € R. Then there exist integers r; = r(z,u) > 1, 81 = s(z,u) 20,
and t; = t(z,u) > 0 such that

z[z,u] = 2" (z,u"]z" forall z € R. (3.4)

If we choose 7, = r(z,u™) > 1, s, = s(z,u™) > 0, and t; =-t(z,u™) 2 0, then (3.3)
becomes z[z,u™] = z**[z,(u")"]z**. Hence z2[z,u] = z****2[z,u" 2]z **2. Thus for
any positive integer q,

29z, u] = 2?7 2" [z, u" 2"
= z""zz’l"‘”[z,u""]z""’"

_ z-'l+-’2+"'+" [:L‘, un "z"""]zh+¢z+'~+¢q X

But u is nilpotent, u™ """ = 0 for sufficiently large q. So z%(z,u| = 0 and by Lemma 1,
we get [z,u] = 0 for all z € R. Therefore, N(R) C Z(R) and hence (3.2) holds.

LEMMA 6. Let R be a left s-unital ring, and let r = r(z,y) > 1, s = s(z,y) 2 0,
and t = t(z,y) > 0. Suppose that R satisfies the polynomial identity (3.1). Then Ris an
s-unital ring.

PROOF. Let z,y € R. Then there is an element e = e(z,y) € R such that ez =
z, and ey = y. Further, there exist integers r = r(z,e) > 1, s = s(z,e) 2 0, and
t = t(z,e) > 0 such that z°+**le” = [ze — z%e"z’,z] + 2! = :’r"‘:““. Also if r =
r(y,e) > 1,5 = s'(y,e) > 0, and ' = t'(y,e) > 0, then we have y* ¥/ +lem = y**! 1
Hence, potte’He+2,r Ic+t+s'+t'+2’ and ya+t+s'+t'+2er' - ys+t+o'+l'+2. Thus we ob-
tain pdttte ' 2zerr oS HUH2 oo Gy gatthe H 2o 1.:+(+.1'+'('+2' and

N ——

r' —times
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similarly y**t+e'+¢' 42" = yattds'+t'42 Therefore, R is s-unital by Lemma 3.

LEMMA 7. Let R be a ring with unity 1, and let r = r(y) > 1, 5, and t be
non-negative integers. Suppose that R satisfies the polynomial identity (3.1). Then R is
commutative.

PROOF. If s = t = 0, then (3.1) becomes z{z,y] = [z,y"]. Replace z by z + 1 in
the last identity to get [z,y] = 0 for all z,y € R. Therefore, R is commutative. Next, if
s=0,and t = 1 (resp. s = 1, and t = 0), then z[z,y] = [z,y"|z (resp. z(z,y] = z[z,y")).
Replacing = by z+1 gives [z,y" —y] = 0 for all z,y € R, that is, y™® —y € Z(R), r(y) > 1
for all y € R. Thus R is commutative by Theorem H.

Now, assume that s > 1 or ¢ > 1. Consider the positive integer k = p*+*+! — p?, where
p is a positive integer larger than 1. Then by (3.3), we get for all z,y € R,

P20z, y"le! - pPe(z,y] = (p2)*((p2),y"I(p2)" — (p2)((P2), 4] =

Replace z by z+1 to obtain k[z,y] = 0 for all z,y € R. In view of Lemma 5, C(R) C Z(R),
and hence {z*,y] = kz*~1[z,y] = 0. So

kz[z,y] =

z*¥ € Z(R) for all z € R. (3.5)
If ry = r(y), then (3.3) becomes
z[z,y] = z°[z,y"|z" for all z,y € R. (3.3)
Let ry = r(y™). Then replace y by y" in (3.3)" to get
z(z,y"] = z°[z,(y"*)"]z* for all 7,y € R.

Thus
z[z,y™*]) = z°[z,(y™)")z! for all 7,y € R. (3.6)

Since C(R) C Z(R) by Lemma 5,

z[z,y™] = [,y ]z = roy™ "z, 4]z
=roy"  zfz,y] = roy 2%z, y o

_ rzyr;—l [It, yrl ]zs+t‘
Also by using (3.3)', we have

[z, (™))t = [z, (y") )2
= rz(y" )r,—l [t, yrl]za+l

=ray D[z, y" o H

Thus (3.6) gives rz(1 —y{n~D(r2=D)yra=1[z yri]z3+t = 0, The usual argument of replacing
z by z+1 and using Lemma 1, yields r5(1 — (" =D(r2=1))yr2=1[z 4] = 0. Then Lemma 4
gives

ro(1 — y"(""1)(""1))y""1[z,y"] =0forall z,y € R. 3.7

It is well-known that R is isomorphic to a subdirect sum of subdirectly irreducible
rings R; (¢ € I, the index set), each of which as a homomorphic image of R satisfies the
property placed on R. Thus R itself can be assumed to be subdirectly irreducible ring. Let
S be the intersection of all its non-zero ideals of R. So S # (0). Thus Sd = 0 for all central
zero-divisors d (see [8]).

Let a € N'(R). Then by (3.5), a¥(ni=D(r2=1) ¢ N'(R)NZ(R), and Sa*(n—1(2-1) = 0
By using (3.7), we get ra(1 — a*(n=D(r2=1yqra=1[z gr1] = Q for all z € R.

If rpa™"!z,a"] #0, then 1 — a¥(m=-1(r2=1) ¢ N'(R), and so

0= 5(1 _ ak(rl—l)(r:—l)) =5 - sak(rl-—l)(r;—l) =5
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which is a contradiction to the fact § # (0). Thus r2a™~![z,a"] = 0 for all z € R. From
(3.3),and using Lemma 2 repeatedly we obtain for r, = r(a), and r; = r(a™),

z¥(z,d] = z’z[r,a" ]z’
- t')a [I, (an )r,]zn
= [.‘L‘, (arl )r,]z2n+2!

= rzarl(rg—l)[z’an]z?rl-'lt

- f‘za("-”("-l)a"-l[z,a"]zz"""

=0.

Replace z by z + 1, and apply Lemma 1 to obtain [z,a] = 0 for all z € R. Hence N'(R) C
Z(R).

Now, if z € R, then z*¥ € Z(R), and z*" € Z(R), where r = r(y) for any y € R. By
(3.3), we get (z* — 2*7)z(z,y] = z*zz,y] - 2*"zfz, y] = 2z, (z*y)] - 2*[z, (z*y)Ta* = 0.
Thus

(z —z*"=*+1)zk(z,y] = 0 for all z,y € R. (3.8)

If R is not commutative, then by Theorem H, there exists an element z.€ R such that
z —z" ¢ Z(R), where n = kr — k + 1. This also reveals z ¢ Z(R). Thus neither z nor
z — z" is a zero-divisor, and so (z — z")z* ¢ N'(R). Hence (3.8) forces that [z,y] = 0 for
all z,y € R. Thus z € Z(R) which is a contradiction. Therefore, R is commutative.

EXAMPLE 1. Lemma 7 is false for rings without unity 1. In fact, any nilpotent
ring of index < 4 and nil ring of index 2 will easily satisfy the polynomial identity (3.1),
but such a ring need not be commutative (see [9]).

Indeed, let Di be the ring of all k x k matrices over a division ring D, and let

Ak={(a:‘j)€Dk | a.'j=0.j2i}.

Then A; is a non-commutative nilpotent ring of index k. for any positive integer k > 2.
Obviously A; satisfies (3.1) and A; is not commutative (see [10]).

EXAMPLE 2. Let F be a field. Define an algebra A over F' with basis {a,b,c}
where ab = ¢ and all other products are zero. A is nilpotent of index 3, satisfies (3.1) and
A is not commutative.

COROLLARY 1 ([11, Theorem]). Let R be a ring with unity 1 such that there exist
fixed integers r > 1, and ¢t > 1 satisfying the polynomial identity (zy — y"z*,z| = 0 for all
z,y € R. Then R is commutative.

COROLLARY 2 ({12, Theorem]). Let R be a ring with unity 1 in which [zy —
z’y",z] = 0 for all z,y € R and fixed integers r > 1, s > 1. Then R is commutative.

PROOF OF THEOREM 1. By Lemma 6, R is an s-unital ring. Hence in view of
Proposition 1 of [13], we can assume that R has unity 1, and satisfies (3.1). Hence R is
commutative by Lemma 7.

REMARK 1. The example of Grassman algebras rules out the possibility that r =1
in Theorem 1.

COROLLARY 3 ([5, Theorem]). Let R be a left s-unital ring, and let r > 1, and
t > 1 be fixed non-negative integers. If R satisfies the polynomial identity [zy—y"z‘,2] =0
for all z,y € R, then R is commutative.

REMARK 2. Corollary 1 is also true for right s-unital rings.

If s =t =r =n > 1, then we have the following:

COROLLARY 4. Let R be a left s-unital ring, and let n > 1 be a fixed integer. If
R satisfies [zy — z"y"z",z] = O for all z,y € R, then R is commutative.

REMARK 3. One might conjecture a possible generalization of Theorem 1 when
R is right s-unital. Some extra conditions are required to established the commutativity.



COMMUTATIVITY OF ONE-SIDED s-UNITAL RINGS 817

The following example shows that there is a non-commutative right s-unital ring satisfying
the polynomial identity (3.1).

00 11 00
EX . = = = = =
AMPLE 3. Let R { a (0 0), b (0 0), c (1 1), d

11 .
(1 1)} be a subring of (GF(2)),. It is easy to check that R is a right s-unital ring

satisfying the polynomial identity (3.1) for r > 1,3 > 1, and ¢t > 1. Also, R is not a left
s-unital ring. However, R is a non-commutative ring (see [14, Examples]).

If s =0 in Theorem 1, then Theorem 1 is also valid for right s-unital ring.
THEOREM 2. Let r = r(y) > 1, and t be non-negative integers. If R is a right
s-unital ring satisfies the polynomial identity

[zy —y"z',z] = 0 for all z,y € R, (3.9)

then R is commutative.

LEMMA 8. Let r = r(z,y) > 1, and t = (z,y) be fixed non-negative integers. If R
is a right s-unital ring satisfies the polynomial identity (3.9), then R is s-unital.

PROOF. Since R is right s-unital, then for any z,y € R there exists an element
e = ¢(z,y) € R such that ze = z and ye = y. Let r = r(z,y) > 1, t = t(z,y) > 0,
r' =r'(z,y) > 1, and ¢' = t'(z,y) > 0. Replace y by e in (3.9) and follow the argument
of Lemma 6 to obtain ™" ztt¢+2 = zt+¢'+2 and ¢rr'yt++2 — yt+¢'42 By Lemma 3, R is
s-unital.

PROOF OF THEOREM 2. By Lemma 8, R is s-unital. Hence, we can assume
that R has unity 1 (see [13, Proposition 1]). Therefore, R is commutative by Lemma 7.

ACKNOWLEDGMENT. We would like to express our gratitude and indebtedness to

Professor M. S. Khan (Sultan Qaboos University, Muscat, Oman) for his helpful sugges-
tions and comments.

REFERENCES

. ABUJABAL, H. A. S., AND KHAN, M. S., A Commutativity Result for Rings, Bull.
Inst. Math. Acad. Sinica, 18 (1990), (to appear).

. ABU-KHUZAM, H., AND YAQUB, A., Rings and Groups with Commuting Powers,
Internat. J. Math. & Math. Sci., 4 (1981), 101-107.

. NICHOLSON, W. K., AND YAQUB, A., A Commutativity Theorem for Rings and
Groups, Canad. Math. Bull., 22 (1979), 419-423.

. TOMINAGA, H., AND YAQUB, A., A Commutativity Theorem for One-Sided s-Unital
Rings, Math. J. Okayama Univ., 26 (1984), 125-128.

. QUADRI,M.A., AND KHAN,M.A., A Commutativity Theorem for Left s-Unital Rings,
Bull. Inst. Math. Acad. Sinica, 15 (1987), 323-327.

. KEZLAN, T. P., A Note On Commutativity of Semiprime PI-Rings, Math. Japon., 27
(1982), 267-268.

. HERSTEIN, LN., A Generalization of a Theorem of Jacobson III, Amer. J. Math., 75
(1953), 105-111.

. PSOMOPOULOS, E., Commutativity Theorems for Rings and Groups with Constraints
on Commutators, Internat. J. Math. & Math. Sci., 7 (1984), 513-517.

. GUPTA,R.N., A Note on Commutativity of Rings, Math. Student, 34 (1971), 184-
186.




818 H.A.S. ABUJABAL AND M.A. KHAN

10. ASHRAF, M., AND QUADRI, M. A,, On Commutativity of Associative Rings with
Constraints Involving a Subset, Radovi Mat., 5 (1989), 141-149.

11. QUADRI,M.A., AND KHAN,M.A., A Commutativity Theorem for Associative Rings,
Math. Japon., 33 (1988), 275-279.

12. ASHRAF, M., AND QUADRI, M. A., On Commutativity of Associative Rings, Bull.
Austral. Math. Soc., 38 (1988), 267-271.

13. HIRANO, Y., KOBAYASHI, Y., AND TOMINAGA, H., Some Polynomial Identities
and Commutativity of s-Unital Rings, Math. J. Okayama Univ., 24 (1982), 7-13.

14. KAYA, A., A Theorem on the Commutativity of Rings, J. Pure Appl. Sci. (METU),
10 (1977), 261-265.




