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ABSTRACT. The concept of relatively nonexpansive maps is introduced. Fixed point and
coincidence results for families of four self maps of metric spaces are obtained. Non-continuous
compatible and relatively nonexpansive maps on star-shaped compact subsets of normed linear

spaces are highlighted, and two theorems of Dotson are generalized.
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1. INTRODUCTION

In [1] Dotson proved the following theorem.

THEOREM 1.1 (Dotson). If T is a nonexpansive self-map of a compact star-shaped subset C
of a Banach space (i.e., || Tz —Ty|| < ||z—y||for z,y € C), then T has a fixed point in C.

Our intent is to generalize this result. We do so by introducing the concept of relatively
nonexpansive functions. Our first result is a fixed point theorem for four self maps of a general
metric space, which has known results as corollaries, and is used to prove our main result which
pertains to star-shaped compact subsets of a linear space. Of interest is the fact that none of the
results in the body of this paper require that functions be continuous; this is effected in part by
using the concepts of compatibility and surjectivity.

Self maps f and g of a metric space (X,d) are compatible ([2]) iff whenever {z,} is a sequence in
X such that fz,, gz,—t for some t€ X, then d(fgz,, gfz,)—0. An immediate consequence of the
definition (Proposition 2.2, [2]) is that if f and g are compatible and a € X is a coincidence point of
f and g (fa = ga), then fga=gfa. (We shall write fa for f(a) when convenient and confusion is not
likely.) In fact, Cor. 2.3 in [3] asserts that whenever f and g are continuous and (X,d) is compact,
then f and ¢ are compatible iff fga = gfa whenever fa = ga.

We should also note that a subset C of a linear space X is star-shaped iff 3¢ € C such that
tz+(1—t)geC for t€[0,1] and z€ C. In this event, we shall say that C is star-shaped with respect
to g. Of course, if C is convex, C is star-shaped with respect to any ¢ € C.

2. A PRELIMINARY RESULT.

We need the following definition.
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DEFINITION 2.1. ([2]) Self maps A and B of a metric space (X,d) are (¢,6)—S,T—
contractions relative to maps S,7:X—X iff A(X)CT(X), B(X)C S(X), and there is a function
5:(0,00)—(0,00) such that 6(¢) > ¢ for all ¢, and for all z,y € X we have:

(i) €<d(Sz, Ty) < é(¢) implies d(Az, By) <e, and

(i) Az = By whenever Sz = Ty.

THEOREM 2.1. Let S and T be self maps of a metric space (X,d), and let the pair 4,B be
(¢,6) — S, T-contractions. If T(X) is complete, there exist u,v,p € X such that Au=Su=p=Bv="Tv.
If furthermore, the pair 4,5 (B,T) is compatible, then Ap=Sp=p(Bp =Tp=p). And if both pairs
A,S and B,T are compatible, p is the unique common fixed point of 4,B, S, and T.

PROOF. Since A and B are (¢,6) - S, T — contractions, A(X)C T(X) and B(X)C S(X), and as a
consequence of (i) and (ii) in the definition we know that

Sz = Ty implies Az = By, and d(Az, By) < d(Sz,Ty) if Sz # Ty. (2.1)

In particular, d(Az, By) < d(Sz,Ty) for z,y € X. Let zj€ X. For ne N, let Yo _1=T2g, 1 =Azq, _4
and y,,, = Szy,, = Bz, _ ;. Since A(X)C T(X) and B(X)C S(X), the z; can be so chosen. By Lemma
3.1 in [2], the sequence {y,} thus inductively defined is a Cauchy sequence. But then the sequence
{v9,, _ 1}, which is in T(X), is also Cauchy. Since T(X) is complete, {y,, _,} converges to a point
p=Tv for some ve X. Therefore, y,—p. Now (2.1) implies that for n e N:

d(p, Bv) <d(p, Azy,) +d(Azg,, Bv) < d(p, Azg,)+d(Szy,, Tv). (2.2)

Since {y,}, and hence any subsequence thereof, converges to p, (2.2) and the definition of {y,} imply
that d(p,Bv)=0; i.e., p=Bv=Tv. But B(X)C S(X), so there exists u€ X such that Su=Bv=Ty
(2.1) therefore implies that Au= Bv. We have:

p=Bv=Tv=Su= Au (2.3)

Thus, the first conclusion of the theorem is verified. If moreover, 4 and § are compatible, (2.3)
implies that ASu=SAu, or Ap=Sp. In fact, p=Ap. Otherwise, Tv# Sp, so (2.1) yields
d(p, Ap) = d(Bv, Ap) < d(Tv,Sp) = d(p,Ap), a contradiction. We thus have, p= Ap=Sp. Similarly,
p=Bp="Tp, provided B and T are compatible. If both pairs 4,5 and B,T are compatible, the fact
that p is the only common fixed point of 4, B, S, and T follows easily from (2.1).

COROLLARY 2.1. Let 4, B, S, and T be self maps of a complete metric space (X,d), and
suppose that S and T are surjective. If 3 r € (0,1) such that for z,y € X:

d(Az, By) <r d(Sz, Ty), (2.4)

then 3 u,v,p € X such that Au=Su=p=Bv=Tv. If moreover, the pairs 4, and B,T are each
compatible, then 4, B, S, and T have a unique common fixed point.

PROOF. Define 6:(0,00)—(0,00) by 8(t) = t/r.

To highlight the central role of compatibility, we observe

COROLLARY 2.2. Let 4 and S be compatible self maps of a complete metric space (X,d). If
S is surjective and if 3 r€(0,1) such that d(Az, Ay) <r d(Sz, Sy) for z,y € X, then 4 and S have a
unique common fixed point.

The major conclusion of Theorem 1 by Park [4] follows from Theorem 2.1 with A= B and
S=T. Since the identity map i(z) = z commutes with and is therefore compatible with any map
f:X—X, Theorem 1 of Rhoades [5] is a consequence of Corollary 2.1 with A = B =1.
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3. RELATIVELY NONEXPANSIVE MAPS.

Sehie Park [6] defined a self map g of a metric space (X,d) to be f-nonexpansive if 3 a
continuous self map f of (X,d) such that d(gz, gy) < d(fz, fy) for z,y € X. Since we wish to extend
the concept to four functions and drop the continuity requirement we shall say:

DEFINITION 3.1. Let 4,B,S, and T be self maps of a metric space (X,d). A and B are
nonexpansive (n.e.) relative to S and T iff d(Az, By) < d(Sz, Ty) for z,y € X. Of course, if A = B and
S =T, we shall say that A is nonexpansive relative to S.

Note that “order” is crucial in this definition. Thus, the pair A,B may be nonexpansive
relative to the pair §,T, whereas the pair B,A may not be n.e. relative to the pair §,T (See [2],
Remark 3.1).

We now state and prove our main result.

THEOREM 3.1. Let A,B,S,T be self maps of a compact subset C of a normed linear space X,
and suppose that C is star-shaped with respect to g€ C. If S and T are surjective and if for all
z,y€C:

Il Az - By|| < || Sz-Tyll, (3.1)

then there exist p,t,z€C such that Bz=T:=p=At=5t. If A and S (B and T) are compatible,
then Ap =Sp (Bp=Tp).
PROOF. Let k, € (0,1) such that k,—1, and for n € N and z € C define:

Apz = kyAz + (1 —ky)q, and Bpz = kyBz + (1 — ky)q. (3.2)

Since A,B:C—C and C is star-shaped with respect to g, (3.2) assures us that A4,,B,:C—C.

Moreover, (3.2) and (3.1) imply that for all z,yeC and fixed neN:| A,z—Byyll

=k, || Az—By|| <k,||Sz—Ty|l. But C=S(C)=T(C) is compact and therefore complete, and
0 < k, < 1; consequently, Corollary 2.1 implies that for each n € N there exist z,, y, € C such that:

Apzy =Sz, = pp = By, =Ty, (33)

Since C is compact, there is a subsequence {i,} such that Ai,,’i,,:‘g"'i,,_"’ec' However,
1l A‘,'"-S’,'n =1 Az; —A; = =1 Az,’ﬂ‘(k.’nﬂf.'""'(l—ki")‘l) Il S(l—".'”) Il Az; II+Q —k;n) Tell
<( —kin)M for some M >0 by (3.2) and (3.3) since C is bounded. Therefore, || Az —Sz; || -0 as
"in"l’ so that

Aziu,Sz‘-”—-op as n—oo. (3.4)

Now since C = T(C), Tz = p for some z € C. By (3.1) we also have
IBz—plt < || Bz—f“iﬂ" +1 At,‘ﬂ‘?" < ||Tz—Sz,-n|| + Atgn—Pll-

Since Tz = p, (3.4) and the preceding inequalities imply that p = B2 = T2. By a similar argument it
follows that At = St = p for some t € C.

If moreover, A and S are compatible, At = St = p implies that SAt = ASt; i.e., Sp= Ap. In like
fashion, if B and T are compatible, Tp = Bp. /

If A=B in the statement of Theorem 3.1 and A is also injective, then Bz = At implies that
t =z, and we have Az = Sz =Tz. So we can say the following.
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COROLLARY 3.1. Let A,S, and T be self maps of a compact subset C of a normed linear
space X, and suppose that C is star-shaped with respect to g€ C. If S and T are surjective and

Il Az - Ay|| < || Sz—Ty|| for z,y€C, (3.5)

then 3p € C such that Ap = Sp = Tp provided one of (a) and (b) below obtains:

(a) A is one-to-one,

(b) A,S and A,T are compatible pairs.

With § = T in Corollary 3.1, we obtain:

COROLLARY 3.2. Let A and S be compatible self maps of a compact star-shaped subset C of
a normed linear space. If S is surjective and A is nonexpansive relative to S, then 4 and § have a
coincidence point.

Again, with A =i, the identity map, we have by Corollary 3.1:

COROLLARY 3.3. If S and T are surjective self maps of a star-shaped compact subset C of a
normed linear space X such that ||z—y]|| < ||Sz—Ty|| for z,y € C, then p = Sp = Tp for some p€C.

Of course, the fixed point p of Corollary 3.3 need not be unique; e.g., let S =T =.

Note that Dotson’s result, Theorem 1.1, which states that any nonexpansive self map of a star-
shaped compact subset of a normed linear space has a fixed point, follows from Corollary 3.1(b)
with § = T =, the identity map.

Our next theorem extends Dotson’s Theorem 2. [1] for weakly compact sets. We shall use the
symbol ¥ to denote weak convergence. We sketch the proof since it is similar to that of Theorem
3.1 and it incorporates ideas used in the proof of Dotson’s Theorem 2. We remind the reader that a
mapping S:C—X of a subset C of a Banach space X is demi-closed provided whenever {z,}CC,
a:,,'—”»z €C, gnd Sz,—y € X, then Sz =y.

THEOREM 3.2. Let 4,B,S, and T be self maps of a weakly compact subset C of a Banach
space X, and suppose that C is star-shaped with respect to g€ C. If S and T are surjective and the
pair A,B is nonexpansive relative to the pair §,T, there exists z(y) € C such that Az = Sz(By = Ty)
provided S — A(T - B) is demi-closed. ‘

PROOF. Define k,, A, and B, as in the proof of Theorem 3.1. Since C = T(C) is weakly
compact and therefore norm-closed, C is complete. Consequently, the argument given in the proof
of Theorem 3.1 up to (3.3) pertains and 3 z,, y, €C such that (3.3) holds. Since C is weakly
compact and z,, A,z,€C for neN, there exists a subsequence {i,} such that zi"'—”oz and
A’-nz,-n = Sz,-ni”»p for some z,p € C. And as in the proof of Theorem 3.1, we'have for all »:

Il Az; - S”.'n <= k,'n) Il Az; IM+@- ",'n) llell- (3.6)

Since weakly convergent sequences are norm-bounded and since "in_’l' (3.6) implies that
(A= 8)z; —0. But z,-n'—"m and A-S is demi-closed, so that (4—S)z=0; i.e., Az =Sz. Similarly,
Ty = By for some y € C if B—T is demi-closed, so that (4 - S)z =0; i.e., Az = Sz. Similarly, Ty = By
for some y € C if B~ T is demi-closed. /

COROLLARY 3.4. Let 4 and S be self maps of a weakly compact subset C of a Banach space
X and suppose that C is star-shaped with respect to g€ C. If S is surjective, A is nonexpansive
relative to S, and if A — S is demi-closed, then Ap = Sp for some p € C.
4. RETROSPECT.

It is known-as a consequence of Theorem 3.2 in [3]-that if f and ¢ are continuous and
compatible self maps of a compact metric space (X,d) such that f(X)C g(X) and d(fz, fy) < d(gz,gy)
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when gz # gy, then 3 a unique z € X such that fz =gz =z. In view of Corollary 3.2 above, we are
prompted to ask under what circumstances we could relax the preceding strict inequality by merely
requiring that f be nonexpansive relative to g, and still obtain a common fixed point for f and g.
The next theorem provides a possible beginning point for such inquiry. We prove this theorem by
appeal to the following lemma, which lemma is actual proved in [7].

LEMMA 4.1 ([8]) Let f,g:I—I be continuous and compatible. If f and g have a coincidence
point but no common fixed points, there exists a,b € I =[0,1] such that

(i) f(a)=g(a)2b<a> f(b)=g(b), and

(11) f(z) < g(z) for z € (a,b).

THEOREM 4.1. Let f and g be continuous, compatible self maps of the interval I =[0,1] such
that f(I)C g(I). If f is nonexpansive relative to g, then fz = gz = z for some z € I.

PROOF. Since f and ¢ are continuous and f(I) C g(I), fz = gz for some z € I. Suppose that f
and g have no common fixed point. Then 3a,b € I such that (i) and (ii) of Lemma 4.1 hold. Since
g(@)>a and g(b)<b, 3ce€(ab) such that g(c)=c. But then (i) and (ii) imply that
fle) < g(c) =c < b< f(a)=g(a); i.e., | f(a)- f(c)| > |9(a) - g(c) |, a contradiction. /

The following examples demonstrate that each of the hypothesized properties in the above
theorem fills a necessary role (In none of the examples cited does the defined pair, f, ¢ have a
common fixed point.). In each example, I =0,1].

EXAMPLE 4.1. Let f(z)=1 and g(z)=1-z for z€I. Then f and g satisfy all aspects of the
hypothesis of Theorem 4.1 except compatibility. Note that f(0)=g(0)=1, but fg(0)= f(1)
=1#0=g(1) = gf(0)

EXAMPLE 4.2. Let g(z) =(2z on [0,1/2],1 on [1/2,1], and 1/2 at z =1) and let f(z) =(1-2z on
[0,1/4] and g(z) on [1/4,1]). We assert that f and g satisfy the hypothesis of Theorem 4.1 except for
“continuity”. Since f=g¢g and fg=gf on [1/4,1], the only occasion for concern regarding
compatibility would be fz,,¢z,—-1/2, in which instance gfz,,fgz,—1, thereby confirming
compatibility.

EXAMPLE 4.3. Let f(z)=1-z and g(z) = (1-z)? for z€ I. Note that f is not n.e. relative to
g, and conversely. Consider successively: z=1/2,y=1, and z=0,y=1/2. On the other hand, the
remainder of the hypothesis is satisfied (e.g., f and g commute at z=0,1, their point of
“coincidence”).

QUESTION. What compacta can be substituted for I in Theorem 4.1 and still yield a true

result?
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