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Abstract. Time-invariant nonlinear systems with differentiable motions are considered. The algorithmic
necessary and sufficient conditions are established in various forms for one-shot construction of a Lyapunov
function, for asymptotic stability of a compact invariant set and for the exact determination of the asymptotic
stability domain of the invariant set.

The classical conditions are expressed in terms of existence of a system Lyapunov functions. The
conditions of theorems presented herein are expressed via properties of the solution v to v = —p, or of the
solution wto w = —(1 — w)p, for arbitrarily selected p € P(S;f) or p € P*(S;f), where families P(S;f) and
P(S;f) are well defined. The equation v = —p, or its equivalent w = —(1 —w)p, should be solved only for
one selection of the function p.
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1. INTRODUCTION

The fundamental classical problem of the Lyapunov stability theory [5] has been that of the exact
one-shot construction of a system Lyapunov function. This is a consequence of the conditions for asymptotic
stability because they are expressed for nonlinear systems via existence of a Lyapunov function. Such
classical criteria for asymptotic stability of a set were proved by Zubov [7, p. 204], Bhatia and Szdge [1,
p. 207}, and La Salle [4, p. 32].

The open problems are the following:

- What are the necessary and sufficient conditions for asymptotic stability of a compact invariant set
J, which are not expressed via existence of a Lyapunov function?

- What are the necessary and sufficient conditions for one-shot algorithmic construction of a
Lyapunov function?

- What are the necessary and sufficient conditions for exact one-shot determination of the asymptotic
stability domain of the set J? The notion of the asymptotic stability domain is defined in the
Appendix by following [2], [3].

All three problems are solved in various forms in what follows for a large class of time-invariant

nonlinear systems.
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2. NOTATION

Capital Roman letters will denote sets and spaces. J will be an invariant set of a system,J CR". Its
neighborhood will be denoted by A(J),N(J) or S(/), and its -neighborhood will be designated by B,/ ),
By(J) = {x : p(x,J ) < 8}, where p(x,J) - inf{|x-y] :y €J} with |x]| = (x"x)". Notice that J CA(J)
andJ C By(J). The closure, interior and boundary of a setJ are denoted by J, ,J and &J. The empty set is
2.

Dy(J),D,(J)and D(J) will be used for the domain of stability of J, the domain of attraction of J and
the domain of asymptotic stability of J, respectively. Their definitions are given in the Appendix by referring
to (2], [3]

A motion of the system to be considered is denoted by x(#;x,) with x(0;x,) mx. If v:R* =R is
differentiable then dv(x)/dt = v(x) is the Eulerian derivative of v along system motions.

Other notation will be explained in the sequel.

3. SYSTEM DESCRIPTION
A system to be studied is described by

dx
I-f(x), (3.1a)

tER, xER", f:R"—R". (3.1b)
It is accepted that the system possesses one of the next two smoothness properties.
Weak Smoothness Property:
(i)  There is an open neighborhood S(J) of a compact invariant setJ of the system (3.1ab) such that for
every x €[S(/) —.7]:
(a) the system has the unique solution x(¢;x,), and
(b) the motion x(f;%) is defined, continuous and differentiable in (¢,x;) € Ix[S() -J }
Iy = Io(x) ER, and I = ¢.
(i)  For every x, €E[R" - S(J )] every motion x(¢;x,) of the system (3.1ab) is continuous in ¢ € I,
Strong Smoothness Property:
()  The system (3.1ab) possesses the Weak Smoothness Property.
(ii)  If the boundary 85(J) of S(/) is non-empty then every motion of the systent (3.1ab) passing through
X, €3S ) obeys inf {p{ x(£:,),S(U)]:t ER,} > 0 for every x, E aS(J).

4. LYAPUNOYV FUNCTION GENERATION AND DETERMINATION
OF THE ASYMPTOTIC STABILITY DOMAIN FOR THE SYSTEM
WITH STRONG SMOOTHNESS PROPERTY

A function v :R" — R will be called positive definite with respect to J if and only if there is a
neighborhood A (J) of J such that
() v(x)is continuous inx EA(J),
(i) v(x)>O0foreveryx E[AWU)-T],
(iii) v(x)=0 for everyx €J.
A function v is positive definite on N(J) with respect to J if and only if the preceding conditions (i)-(iii)
hold forA(J) =N(J).



NONLINEAR SYSTEMS WITH DIFFERENTIABLE MOTIONS 105

We shall write A, By.,, D.;, N and S instead of A(J), B.((J), D/ ), N(J) and S(J), respectively, as
soon as J is known and fixed. In the sequel the set J is assumed known and fixed.

In order to generate a v-function (Lyapunov function) for the system (3.1ab) the following definition
is introduced.
Definition 1. (i) P(S;f) is the family of all functions p : R" — R obeying 1)-3),
1) pis differentiable on S and positive definite on S with respect to J,
2) for any a > 0 such that B, C S there is B > 0, = B(c;p;S), satisfying inf[p(x) : x € (S -B,)] =B,

3) there is p €]0, +oof, u = u(p;f), such that there exists a solution v to the following system determined

along motions of the system (3.1ab),
d
= V) =[grad v fx) = -p(x) (4.1a)

vix)=0, VxeJ, (4.1b)
which is defined and continuous in x €B,.

(i) P'(S;f) is the family of all functions p € P(S;f) for which the solution function v to

(4.1ab) is also differentiable on E,,.

Notice that p € P(S;f) does not imply by itself that the solution function v to (4.1ab) is positive
definite with respect to J. In fact, p € P(S;f) guarantees only existence of a continuous solution v to
(4.12ab) on any small neighborhood —B_,, of J. Therefore, a selection of p to obey p € P(S;f) is rather a
pure problem of solving (4.1ab) than a stability problem. Methods for solving (4.1ab) will not be considered
herein.

The condition 2) of Definition 1 means that p(x) does not converge to zero as x —aS or
| x| = +,x €ES. For example, p(x)=0 if x €J and p(x)=(|x|*-1)(2+|x|? if x&J, and
S =B, ={x:p(x,J) <1} with J = {x:| x| <1} obey the condition 2). But, p(x)=0 if x €J and
px)=(|x|*-1)(2-|x|? if x &€J, and S = B, do not fulfill the condition 2). Notice that p is positive
definite on B, with respect to J and differentiable on B, in both cases.

Theorem 1. In order for a compact invariant set J of the system (3.1ab) with the Strong Smoothness
Property to have the domain D of asymptotic stability and for a set N, N CR", to be the domainD :N =D,
it is both necessary and sufficient that
1) the set N is an open connected neighborhood of J and N C S, and
2) (a) for arbitrarily selected function p € P(S;f), the equations (4.1ab) have the unique solution v on
N with the following properties:
(i) v is positive definite on N with respect to J,
(ii)  if the boundary dN of N is non-empty then v(x) — +~ as x — dN,x €N, or,
(b) for arbitrarily selected p € P'(S;f) the equations (4.1ab) have the unique solution v on N with
the following properties:
(i)  visdifferentiable on N and positive definite on N with respect to J, and
(ii)  if the boundary oN of N is non-empty then v(x) —» +®@ asx — N, x EN.
Proof. Necessity. Let the compact invariant setJ of the system (3.1ab) with the Strong Smoothness Property
have the asymptotic stability domain D. Hence, it also has D, (Definitions A-2 and A-3 of the Appendix),
which is a connected open neighborhood of J. Evidently, D, NS = ¢. Let D, C S be first proved. If 3S = ¢
thenS = R"andD, C S duetoD, CR". If3S = ¢ thenx, € aS andx, € (R" - S) will be analyzed separately.
In case x, € 3S then x, & D, due to the Strong Smoothness Property. Hence, S ND, = ¢ and S ND = ¢
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due to D = D, implied by the Weak Smoothness Property (Lemma A-1, Appendix). In case x, € (R" -S)
then x(t;x;) does not converge to J due to the Strong Smoothness Property. Therefore, x, & D, and
D,N(R"-8)=¢ so that D N(R" -S)=¢. From D NS =¢, D NaS = ¢ and D N3R" -S) = ¢ it results
thatD CS. LetN = D. Hence, N C S and N is open connected neighborhood of J, which proves necessity
of the condition 1).

N =D implies (Definitions A-1 to A-3) that Io(x;) = R,, Vx, EN. Let p € P(S;f), [p € P'(S;f)], be
arbitrarily selected. Hence, there is a solution v to (3.1ab), which is defined and continuous on B w [and
differentiable on B ], respectively,

v(x)ECB,), [vx)eC"B] 4.2)
Let T €]0, +oo[, T = T(x,:f;/ ), be such that for any x, € N the condition (4.3) holds,
x(tx) EB,, VtE[x,+]. 4.3)

Existence of such t is implied by N = D = D, (Definition A-2). Besides,
x(+ox,) ET, VX, EN. 4.4)
After integrating (4.1.a) and using (4.1.b) together with (4.4) we derive (4.5),

V[ x(t3x0)] = j plx(ox)ldo, V(%) ERAN . 4.5)

Invariance of D,,D =D,,N =D, continuity of motions x (the weak Smoothness Property), continuity of

p on N, the definition of T (4.3) and compactness of [¢,t] for any ¢t ER, prove

[ pletoxilio| <+, Vim)ERAN . “.6)
(4.2), (4.3) and x (03xp) = x [0;T:x (1;x,)] € B, for 6 € [, +0] and the condition 3) of Definition 1 yield
f plx(ox)do| <+, VX, EN. 4.7
Now, (4.5)-(4.7) gives
[VIx(tx)]| <+, V(t,x) ERXN, (4.8)
or, for t = 0 and x = x;,,
[v(x)] <+o, VXxEN. (4.9)

Differentiability of x inx, EN, p € P(S;f),[p € P\(S;f)), invariance of N = D =D, (4.5) and (4.8) prove
continuity of v on N, [differentiability of v on N],

vx)ECWN), [vix)ECUWN)], (4.10)
respectively. Invariance of N, positive definiteness of p on S with respect toJ,N C S, and (4.5) imply
v(x)>0, VxeWN-J). (4.11)

Now, (4.1a), (4.10) and (4.11) verify positive definiteness of von N with respect toJ [and its differentiability
on N, respectively. Positive definiteness of p, uniqueness of the motions x (¢;x,) for every x, ES,N C S,
invariance of N and (4.5) prove uniqueness of the solution v to (4.1ab). This completes the proof of necessity
of the conditions 2-a-i) and 2-b-i), respectively.

Let x, be a sequence, x, — £ as k — +, £ € N, dN = ¢, and x, EN. Let { €]0, +oo be arbitrarily
selected so that Ft CN. Let T, T, = T;(x,;5) €[0, +oof, be the first moment satisfying (4.12),
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x(t,) EBy, VtE[T,+[. 4.12)
Such T, exists due to x, EN and N =D =D, (Definition A-2). Continuity of x (¢;%,) in (¢,%) E R xN,
N=D,D=D,=D, and D CS imply T, — + as k — +. Let m be such a natural number that
5 €N -Byforallk =m,m +1,.... Such m exists because N is open, By CN and x; — dN as k — +.
Let a be introduced by

a=min[p(x):x E(N -B))]. (4.13)
P EP(S;:f),[p € P'(S;]} guarantees (due to the condition 2) of Definition 1)

a €]0, +oo . (4.14)

From (4.6) and (4.13) we derive (4.15) by setting ¢ = 0 and x(0;x,) = x;,

b oy

v(x,)= f ado + f plx(ox,)do, x, €N-J), k=m,m+1,... (4.15)
0 T,

Invariance of N = D = D,, positive definiteness of p on S with respect to J (the condition 1) of Definition

1), N €S and (4.16) imply
vix,)zal,, ,EIN-J), k=mm+1,... (4.16)
This result, T, — +% as k — + and (4.14) yield v(x;) — +% as x, — dN, x, € N, which proves necessity
of the conditions 2-a-ii) and 2-b-ii), respectively.
Sufficiency. Let all conditions of Theorem 1 be valid. Then, the setJ is asymptotically stable [1, p. 208],
[7, p. 204]. The system (3.1ab) has the domain D of asymptotic stability of J (Definitions A-1 to A-3).
The condition 1) implies N €.S. Two possible cases will be considered: a) the boundary N of N is empty,
and b) dN is non-empty.
a) LetdN =¢. Then N =R" that obviously implies N =D =R" due to the conditions 2-a-i and 2-b-i).
b) LetdN =¢. If S = ¢ then S =R" so that D CS. If S = ¢ then 35S ND = ¢ due to (ii) of the Strong
Smoothness Property. This fact as well as that both D and S are neighborhoods of J prove D CS. In
both cases D CS. Let now dD = ¢ and 3D = ¢ be treated separately. If aD = ¢ then the definition
of v as the solution to (4.1ab), D C S and the proof of the necessity part show that v is continuous on
D and v(x) = +w as x — 3D, x €D. These facts, continuity of von N, N C S, the fact that D and
N are connected neighborhoods of J and v(x) — +® asx — aN,x EN, imply
N=D (4.17)
Let now dD = ¢. Hence, D =R". The solution v to (4.1ab) is continuous on D =R" as shown in the
necessity part. Hence, [ v(x)| < +»foreveryx ER". Sincev(x) — +wasx — dN,x EN,thendN NR" = ¢
and N = R". Finally, (4.17) holds also in case 8D = ¢, which proves (4.17) in all cases and completes the
proof.
From the computational point of view the form of the condition "v(x) — +o asx — N, x EN" is
not suitable. It can be set in another form by utilizing w as used by Vanelli and Vidyasagar [6],
w(x)=1-exp[-v(x)]. (4.18)
Evidently, the following are true:
a) wis defined and continuous [and differentiable] on S if and only if v is defined and continuous [and
differentiable), respectively, on S,
b) positive definiteness of v on S with respect to J implies positive definiteness of w on S with respect

to J, and vice versa,
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c) v —> +ximpliesw — +1 and vice versa,

d) the equations (4.1ab) are equivalent to the following system

Zwx) = {1 - W), (4.19a)

wx)=0, Vxe&J. (4.195)
The facts listed above under a) to d) and Theorem 1 directly yield the next result:
Theorem 2. Let the function v be replaced by w and the equations (4.1ab) by the equations (4.19ab) in
Definition 1.

In order for a compact invariant set J of the system (3.1ab) with the Strong Smoothness Property to
have the domain D of asymptotic stability and for a set Ny N CR", to be the domain D :N =D, it is both
necessary and sufficient that
1) the set N is an open connected neighborhood of J and N C S,
and
2) (a) for arbitrarily selected function p € P(S;f), the equations (4.19ab) have the unique solution w

on N with the following properties:

(i)  wis positive definite on N with respect to J,

and

(it)  if the boundary dN of N is non-empty then w(x) — +1 asx — dN, x EN,
or,

(b) for arbitrarily selected p € P\(S;f) the equations (4.19ab) have the unique solution w on N with

the following properties:
(i)  wis differentiable on N and positive definite on N with respect to J,
and

(ii)  if the boundary N of N is non-empty then w(x) — +1 asx — dN, x EN.

5. GENERATION OF A LYAPUNOYV FUNCTION AND DETERMINATION
OF THE ASYMPTOTIC STABILITY DOMAIN FOR THE SYSTEMS
WITH THE WEAK SMOOTHNESS PROPERTY

The class of the systems described by (3.1ab) with the Weak Smoothness Property is larger than that
with the Strong Smoothness Property. It is not surprising that the conditions of the preceding theorems
slightly change for the systems with the Weak Smoothness property as follows.

Theorem 3. In order for a compact invariant setJ of the system (3.1ab) with the Weak Smoothness Property
to have the domain D of asymptotic stability and that a subset N of S equals D : N = D, it is both necessary
and sufficient that
1) the set N is open connected neighborhood of J,
2) (a) for arbitrarily selected function p € P(R";f), the equations (4.1ab) have the unique solution
function v on N with the following properties:
(i)  vis positive definite on N with respect to J,
and
(ii)  if the boundary N of N is non-empty then v(x) = += asx — dN,x EN,
or,
(b) for arbitrarily selected function p € P\(R";f), the equations (4.1ab) have the unique solution

function v on N with the following properties:
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(i)  visdifferentiable on N and positive definite on N with respect to J, and

(ii)  if the boundary oN of N is non-empty then v(x) — +o asx — dN,x EN.
Proof. Necessity. Let the system (3.1ab) possess the Weak Smoothness Property. Let the system (3.1ab)
have the asymptotic stability domain D and let N =D, for N CS. Let p € P(R";f), [p € P'(R™;f)], be
arbitrarily selected. From this point on we should simply repeat the corresponding part of the proof of
necessity of the conditions of Theorem 1 in order to show necessity of all conditions of Theorem 3.
Sufficiency. Let the system (3.1ab) have the Weak Smoothness Property. Let the conditions of Theorem
3 hold. Then, the invariant setJ is asymptotically stable. The system (3.1ab) has the domain D of asymptotic
stability of J (Definition A-3), which equals D, (Lemma A-1). Letx, € (R" - N). Continuity of x (¢;x) in
t €1, due to the Weak Smoothness Property, positive definiteness of p on R" due to p € P(R";f),
[p € P'(R";)], negativeness of v(x) on (R" - N) guaranteed by positive definiteness of p on R" and (4.1ab),
and the condition 2-a-ii), [2-b-ii)], respectively, imply x (t;x,) €E(R" - N) for all t €1,. Hence, D CN.
Furthermore, (4.1a) and positive definiteness of p on R” imply (see the proof of the necessity part of
Theorem 1) v(x) — + asx — 3D, x € D, which together with the condition 2-a-i), [2-b-i)], respectively,
implies D NN = ¢. Thisresult,D C N and the fact that D is a neighborhood of J imply D = N and complete
the proof.

The counterpart to Theorem 2 in this framework is the next result that follows directly from Theorem
3 and (4.18).

Theorem 4. Let the function v be replaced by w and the equations (4.1ab) by the equations (4.19ab) in
Definition 1.

In order for a compact invariant set J of the system (3.1ab) with the Weak Smoothness Property to
have the domain D of asymptotic stability and that a subset N of S equals D : N =D, it is both necessary
and sufficient that
1)  the set N is open connected neighborhood of J,
and

2) (a) for arbitrarily selected function p € P(R";f), the equations (4.19ab) have the unique solution

w on N with the following properties:
()  wis positive definite on N with respect to J, and
(ii)  if the boundary dN of N is non-empty then w(x) — +1 asx EAN, x EN,
or
(b) for arbitrarily selected function p € P(R";f), the equations (4.19ab) have the unique solution
w on N with the following properties:
(i)  wis differentiable on N and positive definite on N with respect to J, and
(ii)  if the boundary oN of N is non-empty then w(x) — +1 asx — dN, x EN.

6. GENERATION OF A LYAPUNOV FUNCTION AND ASYMPTOTIC STABILITY
The classical problem of the Lyapunov stability theory has been the problem of the necessary and
sufficient conditions for asymptotic stability (without determination of the asymptotic stability domain).
It generated the problem of the necessary and sufficient conditions for an exact, direct and one-shot con-
struction of a system Lyapunov function. The solution to these problems results directly from the proof
of Theorem 1 and Theorem 3 in the following form.
Theorem 5. In order for a compact invariant setJ of the system (3.1ab) with the Weak Smoothness Property
to be asymptotically stable it is both necessary and sufficient that
1)  for arbitrarily selected function p obeying the conditions 1) and 3) of (i) of Definition 1, the equations
(4.1ab) have the unique positive definite solution function v with respect to J,
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or,
2) for arbitrarily selected function p obeying the conditions 1) and 3) of (i) and (ii) of Definition 1, the
equations (4.1ab) have the unique differentiable positive definite solution function v with respect to
J.
This theorem, Theorem 1 and Theorem 3 show that the condition 2) of (i) of Definition 1 is needed
only for the exact determination of the asymptotic stability domain D of J.
By making use of (4.18) the solution can be stated in terms of the solution w to (4.19ab).
Theorem 6. Let the function v be replaced by w and the equations (4.1ab) by the equations (4.19ab) in
Definition 1.
In order for a compact invariant set J of the system (3.1ab) with the Weak Smoothness Property to
be asymptotically stable it is both necessary and sufficient that
1)  forarbitrarily selected function p obeying the conditions 1) and 3) of (i) of Definition 1, the equations
(4.19ab) have the unique positive definite solution w with respect to J,
or,
2) for arbitrarily selected function p obeying the conditions 1) and 3) of (i) and (ii) of Definition 1, the
equations (4.19ab) have the unique differentiable positive definite solution function w with respect
tolJ.

7. EXAMPLES
Example 1. Let a simple second order nonlinear system (3.1ab) have the following specific form:

2 o (1= x| (100 |2 .1)

The system has the set S, of the equilibrium states,
S, ={x:|x| =0 or |x|=1 or |x|=10}. (7.2)
The set J,
J={x:|x| s1}, (7.3)
is a compact invariant set of the system. From (7.1) and (7.2) it follows that the system possesses the Strong
Smoothness Property with the set S given by

S = {x:||x| <10}. (7.4)
Let the function p be selected in the form
0 , xll =1,
px) -{ (7.5)
Ux1-Dl«l’ Jx] =1.

It is differentiable on R? and positive definite on R? with respect to the set J (7.3). The solution function
v to (4.1ab) for p defined by (7.5) is obtained in the form

0o, |xl =1,
v(x) = |x]2-1 ] =1. (7.6)
198(100 - || x| )’

The function v is defined, continuous and differentiable on the set S (7.4). Hence, p € P'(S;f). Besides,
the function v is positive definite on S with respect to J (7.3) and v(x) = +® asx — 45, x €S, where

a8 = {x:| x| =10}.
Since the set S is open connected neighborhood of the setJ (7.3) then all the conditions of Theorem 1 are
satisfied for the set N =S (7.4). This means that the domain D of asymptotic stability of the compact
invariant set J (7.3) of the system (7.1) equals S,
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D =S ={x:|x| <10}.
Since the system is simple this result can be easily verified.
Example 2. Let a third order nonlinear system (3.1ab) be described by

dx __2-10{1-sin[x(2 - 10°)" (x"Hx - 10)’]} (x"Hx - 10)

dt ncos[m(2 + 10*)™ (x"Hx - 10)’] *=fx), (7.7a)
10 -4 -6
H={-4 10 2 |=H".
-6 2 5
The matrix H is positive definite. The closed invariant setJ of the system is
J = {x:x"Hx < 10} . (1.8)
The system possesses the Strong Smoothness Property with the set S given by
S = {x:x"Hx <110} . (7.9)
The set S (7.9) is open connected neighborhood of J (7.8). Let the function p be accepted in the next form:
0 x€J
pix)= {4(xTHx -10Yx"Hx, x€®’-J). (7.10)

The function p is defined, continuous and differentiable on R>, and positive definite on R*® with respect to
J. It leads to the following solution function v to the equations (4.1ab),
0 , X€J
v(x)= . -1, T 3

{—ln{l —sin[n(2 - 10°) (x'Hx - 10)7]} , XER’-J).
The function v (7.11) is defined, continuous and differentiable on S. Hence, the function p belongs to
P'(S;f). Furthermore, the function v (7.11) is also positive definite on S with respect to J. Besides,

v(x)—=>+0 as x —>aS = {x:x"Hx =100} . 1.7

All conditions of Theorem 1 have been verified. Hence, the system (7.7) has the domain D of asymptotic
stability of J, which equals N = §,

(7.11)

D =S = {x:x"Hx <110} .

8. CONCLUSION

Nonlinear time-invariant systems characterized by the smoothness properties are considered. The
problems of the necessary and sufficient conditions for an exact direct construction of a system Lyapunov
tunction, for asymptotic stability of acompact invariant setJ and for the exact determination of its asymptotic
stability domain are solved algorithmically. This means that the invariant setJ is asymptotically stable if
and only if the solution vto v = —p (4.1a) with v(x) = 0 on J (4.1b) is positive definite [and differentiable]
for any p € P(S;f), [p € P'(S;[)), respectively. The equation (4.1a) is to be solved only for one such
arbitrarily selected p. If the solution v is positive definite with respect to J then J is asymptotically stable.
However, if the solution v is not positive definite with respect to J then J is not asymptotically stable. In
the latter case there is not sense to try solving v = —p with any other function p. These statements result
from Theorem 5 that together with Theorem 6 opens new direction onto the asymptotic stability analysis.

The complete sets of conditions for the exact determination of the asymptotic stability domain of J
are given in various forms of Theorem 1 to Theorem 4. They establish essentially new approach to solving
the Lyapunov stability problems.
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If the setJ = {0} and the system (3.1ab) is linear then Theorem 5 becomes a generalization of the

well known criterion for asymptotic stability of the zero equilibrium state of time-invariant linear systems
IS, p. 76].
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APPENDIX A-1. DEFINITIONS OF STABILITY DOMAINS
Definition A-1. A setJ of the states of the system (3.1ab) has the domain D (J ) of stability if and only if

for every mepsiloh €]0, +oo there is a neighborhood D,(e;/) of the set J such that x (#;x,) belongs to the
e-neighborhood B,(J) of the set J for all ¢ €[0,+f provided only that x, €D,(e;J) and that
D,J)=U[D(e/):e €0, +o ]

Definition A-2. A setJ of the states of the system (3.1ab) has the domain D,(J) of attraction if and only
if there is a neighborhood D,(J) of the set J such that lim{p{ x (¢;x),/J ]: ¢ — +} = 0 provided only that
X €D,J).

Definition A-3. A setJ of the states of the system (3.1ab) has the domain D(J) of asymptotic stability if
and only if it has both the domain D,J) of stability and the domain D,(J) of attraction and
D(U)=D,(J)ND,J).

A-IL. PROPERTIES OF STABILITY DOMAINS
Lemma A-1. Ifthe system (1) possessing the Weak Smoothness Property has the domain D (J ) of asymptotic
stability of a set J then
- DU)ED(W) and D,(J)=D{).

Proof. Let the system (3.1ab) possess the Weak Smoothness Property and have the domain D(J). Then
it has also the domains D,(J ) and D,(J ) (Definition A-3). Letx, €D (J). Then, Definition A-2 and (i-b)
and (ii) of the Weak Smoothness Property imply max{p[x (¢;%),J]: 2€[0, +oo} = m(xy) < +. Hence,
for € € [m(x,), +f, x (¢;%,) € B,(J), Vte[0,+of, which proves x, ED,(e;J), hence, x,ED,(J) and
D,J)CD,J). The last resultand D(J)=D,(J)ND,(J) prove D, (J)=D(J).
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