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ABSTRACT. For a finite group G, ¢p(G), SP(G). L(G) and SP(G) are generalizations of the
Frattini subgroup of G. We obtain some results on W-solvable, p-solvable and
supersolvable groups with the help of the structures of these subgroups.
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1. INTRODUCTION.

Many authors have considered various generalizations of the Frattini subgroup of
a finite group. Deskins [6) considered the subgroup ¢p(G). Mukherjee and Bhattacharya
[4] the subgroup Sp(G) and Bhatia (3] the subgroup L(G). In [7), we introduced the
subgroup Sp(G) and investigated its influence on solvable group. In this paper, our aim
is to prove some results which imply a finite group G to be{l-solvable, p-solvable and
supersolvable. All groups are assumed to be finite. We use standard notations as found
in Gorenstein [8] and denote a maximal subgroup M of G by M & G.

2. PRELIMINARIES.

[CEFINITION. Let H and K be two normal subgroups of a group G with KCH. Then the
factor group H/K is called a chief factor of G if there is no ndrmal subgroup N of G such
that KCNcH, with proper inclusion. Let M be a maximal subgroup of G. Then H is said
to be a normal supplement of M in G if MH = G. The normal index of M in G is defined as
the order of a chief factor H/K, where H is minimal in the set of all normal supplements
of M in G and is denoted by WG : M).

(2.1) (Deskins [6,(2.1)]), Beidleman and Spencer (2, Lemma-1])

If M is a maximal subgroup of a group G then (G : M) is uniquely determined.

(2.2) (Beidleman and Spencer [2, Lemma-2})

If N is a normal subgroup of a group G and M is a maximal subgroup of G such that NCM
then N(G/N : M/N) =7(G : M)

(2.3) (Mukherjee {9, Theorem-1])

If M is a maximal subgroup of a group G and MAG then "(G:M)=(G:M]=a prime.

(2.4) (Baer (1, Lemma-3])

If the group G possesses a maximal subgroup with core 1 then the following properties
of G are equivalent.
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(1) The indices in G of all the maximal subgroups with core 1 are powers of one
and the same prime p.
(2) There exists one and only one minimal normal subgroup of G and there exists
a common prime divisor of all the indices in G of all the maximal subgroups with core
1.
(3) There exists a non-trivial solvable normal subgroup of G.
LEFINITION. Let' G be a group and p be any prime. The four characteristic subgroups
of G, which are analogous to the Frattini subgroup ¢(G), are defined as follows :
5,(G) =Nim : Mezp(c)}
#,(6) =a{ M ;Mg-yp(c)}

L(G) =N{M : Me/\(c)ls

Sp(G) =N{M : Me E?(G)S

where

b (C) {M:Mm<o0, (G:Ml, = 1 and (G:M] is camposite}
Y@ ={M:M& 6 oM 1}
A(G) ={_M : M& G, [G:M) is canposite}

Z?(G] =iM : M4 G, ”'l(G:M)p = 1 and M(G:M) is canposite}

In case z‘?(G) is empty then we define G = S}(G) and the same thing is done for the other
three subgroups.

(2.5) If H is a subgroup with finite index n in a group G then coreGH has finite index
dividing n!

(2.6) (Dutta and Bhattacharyya [7, Theorem-3.5])

If G is p-solvable then Sj,(G) is solvable.

CEFINITION. Let M be a maximal subgroup of a group G. Then M is said to be c-
maximal if [G:M] is camposite.

3. SOME RESULTS ON p-SOLVABLE AND {r-SOLVABLE GROUPS.

THEOREM 3.1. Let p be the largest prime dividing |G| and tp(G] # ¢. Then G is p-
solvable if and only if 'l(G:M)p = [G:M]p for each M in {p(G).

PROOF. Let G satisfy the hypothesis of the theorem. Then G is not simple. For,
otherwise |G|p = "l(GiM)p = [G:M]p = 1, where M belongs to ZP(G). which contradicts the
fact that p divides |G|. Let N be a minimal normal subgroup of G. If p does not divide
|G/N| then G/N is a p'-group and hence it is p-solvable. If p divides |G/N| then p is
the largest prime dividing |G/N|. If z‘p(G/N) = ¢ then G/N = Sp(G/N). By Theorem-8(1i)
(10}, Sp(G/N) is solvable and hence G/N is p-solvable. We now assume that Zp(G/N) ¥ e.
By Lemma-2 (2], we obtain '\(G/N:M/N) = [G/N : M/N] for each M/N inz (G/N). So by
induction, G/N is p-solvable. We note that S (G) #G, since zp(G) #¢. 1f NGS (G) then
N is solvable and so it is p-solvable and consequently G is p-solvable. If N#S (G) then
there exists M in Z (G) such that N¢M and so G = MN. By hypothesis |N|p "1(G M]p
(G: M]p 1 and so N ls p-solvable and hence G is p-solvable.

The converse follows directly from Theorem 1 (2].
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THEOREM 3.2. Let p be the largest prime dividing |G|. Then G is p-solvable if the
following hold.
(i) G has a p-solvable c-maximal subgroup M with 'KG:M)p = [G:M]p
(ii) If Ml and M2
"Q(G:Ml)p = "l(G:MZ)p then [G:Mllp = [G:Mz)p
REMARK 3.3. The converse of the above theorem is not necessarily true. Let G be

are c-maximal subgroups of G with

a p-group, where p is any prime. Then G is p-solvable, but it has no c-maximal subgroup
and so G does not satisfy the hypothesis (i) of the above theorem. If the group G has
a c-maximal subgroup then the converse of Theorem 3.2 follows from Theorem 1 [2].

THEOREM 3.4. Let G be a p-solvable group and Z,j,(G) # ¢. Then G is T-solvable if
and only if '71(G:M)ﬂ. = [G:M]“_ for each M in 27;0).

PROOF . Let the condition of the theorem hold. Let G be simple. Then it
immediately follows that either G is a p'-group or is of prime order p. 1f G is of prime
order p then it is solvable and hence -solvable. If G is a p'~-group then |G|p = 1. Also
|G| is composite. For, otherwise, G is cyclic and hence it is ff-solvable. Let |G|n,# 1
and Py+ Py -+ Py be the set of prime divisors of |G|, which belong to IT. Let S(pi) (i
=1,2, ..., n) denote the Sylow pi-subgroup of G. Then S(pi) #G for i =1,2,...,n. For,
otherwise, G is solvable and hence G is [T-solvable. Let M1 be the maximal subgroups of
G such that S(pi)C;MiCG and so [G:Mi]p. =1 (i = 1,2,...,n). By hypothesis
|G|"="][G:Mi)“=[G:Mi]“ (i=1,2,...,n). As each p;€T, it follows that Gl = 1, a
contradiction. So |G|"=1 and hence G is [-solvable. We now suppose that G is not simple.
Let N be a minimal normal subgroup of G. Then G/N is a p-solvable group. If z?(G/N) =
¢ then G/N = %(G/N) and so by (2.6), it follows that G/N is solvable and hence it is
fT-solvable. We now assume that Z?(G/N) # ¢. Using Lemma 2 [2], we obtain M(G/N : M/N)
= [G/N : M/N]"_ for each M/N in Z¢(G/N)- By induction, G/N is fT-solvable. Let N1 be
another minimal normal subgroup of G. Then G/N1 is M-solvable. Since G = G/N f\N1 is
isomorphic to a subgroup of the [T-solvable group G/N x G/Nl' it follows that G is [T~
solvable. We may now assume that N is the unique minimal normal subgroup of G. We shall
now show that N is{y7-solvable. We note that Sij) # G, since Z¢(G) #¢. If NC Sj,(G) then
by (2.6) it follows that N is solvable and hence it is ff-solvable. If N¢89(G) then
there exists M, in ZQ(G) such that N¢ M, and so G = M N and cgreG(Mo) = {1). Let M be
any maximal subgroup of G with core 1. Then N¢M and so G = MN. Clearly M belongs to
£,(G). By hypothesis [N = TUG:M)y = [G:M]. If |N|“, =1 then N is T-solvable.
If IN'N # 1 then there exists a cammon prime divisor of all the indices in G of all the
maximal subgroups with core 1. So by (2.4), N is solvable and hence it is Jf-solvable.
Thus G/N and N are both W-solvable. So G is fi-solvable.

The converse follows directly from Theorem 2 (9].

THEOREM 3.5. Let G be a group with A(G) # ¢. Then G is T-solvable if and only if
NG:M)py = [G:M]y for each M in A(G), where 1(G)=§t4:M <4G,(G:M) is cu‘nposite}.

THEOREM 3.6. Let G be a group with |L(G)|> 2. Then G is fT-solvable if and only
if "[(G:Ml)n-= “l'L(G:Mz)l.r implies [G:Mlln = [G:Mz]n = 71(G:M1)“- for any Ml’ M2 in X(G).

PROOF. Let the condition of the theorem hold. If |G|‘.r =1 then G is a qg'-group
and hence it is M-solvable. So we assume that |G|ﬂ # 1. Let G be simple and Pys Pyoeeen
p, be the set of prime divisors of |G|, which belong to . Then as in the proof of
Theorem 3.4, we can show that there exist maximal subgroups Mi of G such that [G:Mi]p,
=1 (i=1,2,...n). !
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By hypothesis, |G|“, = [G:Ml]"= [G:MZJ“. = """ = [G:Mn]". As each pie T, it follows that
|C'rr =1, a contradiction. So G can not be simple. Let N be a minimal normal subgroup
of G. If X(G/N) is empty then A(G/N) is also empty and so by definition, L(G/N) = G/N
and consequently by the supersolvability of the group L(G/N), it follows that G/N is 77-
solvable. If A(G/N) consists of only one element M/N, say, then either A(G/N) is empty
or A(G/N) = {M/Ng . If A(G/N) is empty then as above G/N is supersolvable. If A(G/N) =
{M/NS then M/N = L(G/N) and consequently M/N is normal in G/N. So by Theorem 1 (9],
N(G/N:M/N)=(G/N:M/N] = a prime, a contradiction, since M/N€ A(G/N). We now assume that
|A(G/N)| 2 2. It can be shown that G/N satisfies the hypothesis of the theorem. So by
induction, G/N is fT-solvable. As before, we can assume that N is the unique minimal
normal subgroup of G. Also we see that L(G) # G. If NC L(G) then N is solvable and hence
it is M-solvable. If N¢L(G) then there exists Mo in A(G) such that N¢M° and so G = MoN
and coreG(Mo) = (1%. Let M be any maximal subgroup of G with core 1. Then N¢M and so
G = MN. Consequently Q(G:M)=|N|='[(G:Mo),whence it follows that M belongs to X(G). By
hypothesis [G:M];=[N[q . If N[ =1 then N is W-solvable. If IN[“;él then using (2.4), we
have N is solvable and hence it is fi-solvable. Thus G/N and N are both f7-solvable and
consequently G is ff-solvable.
The converse follows directly from Theorem 5 [9].

THEOREM 3.7. Let G be a p-solvable group and IZgD(G)l > 2. Then G is m-solvable
if and only if ’[(G:Ml)"ﬂ[(G:MZ),T implies
(G:M I = (G:M] = M:My)g for any M, M, in Zp(6).

THEOREM 3.8. Let G be a p-solvable group and IZ?(GH 22. Then G is [T-solvable
if and only if the following hold.
(i) G has a T-solvable maximal subgroup M with n(G:M)“.=[G:M]”..
(ii) "Q(G:Ml)”ﬂl(G:Mz),r implies [G:M1]yr=[G:M2]rr for any Ml'MZ in E‘,(G).

THEOREM 3.9. Let G be a group with |A(G)|> 2. Then G is fT-solvable if and only
if the following hold.
(i) G has a IT-solvable maximal subgroup M with N(G:M)y = [G:M]",.
(ii) "[(G:Ml),, = "l(G:MZ)n. implies [G:M]‘]'T = [G:MZ]rT for any MI’MZ in A(G).

PROPOSITION 3.10. Let G be a p-solvable group and |23;(G)|>,2- Then G is M1~
solvable if ’[(G:Ml),, ="]_(G:M2)n_= 1 for all Ml' M2 in Ig,(G] with equal normal index.

PROPOSITION 3.11. Let G be a group with A(G) # ¢. Then G is T-solvable if N(G:M)
= 1 for each M in A(G).

PROPOSITION 3.12. Let G be a p-solvable group or p be the largest prime dividing
|G| and{p(G) £ ¢. Then G is M-solvable if "(G:M); = 1 for each M in Z'p(G).

PROPOSITION 3.13. Let G be a group with |A(G)|> 2. Then G is IT-solvable if
1"1(G:Ml)l.' = "\(G:Mz)“. = 1 for all Ml' M2 belonging to A(G) with equal normal index.

PROPOSITION 3.14. If a group G has a f1-solvable maximal subgroup M with N(G:M),
= 1 then G ism -solvable.

PROOF. Let G satisfy the hypothesis of the proposition. Then G is not simple.
For, otherwise, IGIIT = MG:M)W =1 and so G is[T-solvable. Let N be a minimal normal
subgroup of G. If NCM then N is -solvable and also, by induction, G/N is TM-solvable
and hence G is [l-solvable. If Ntf:M then G=MN and since G/N ¥ M/MaN, G/N is {I-solvable.
Also by hypothesis |N|‘7 = NG:M)y = 1 and so N is W-solvable. Hence G is r-solvable.
4. SOME RESULTS ON SUPERSOLVABLE GROUPS.

THEOREM 4.1. Let G be a p-solvable group and suppose that for each c-maximal
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subgroup M of G, [G:M]p = 1 or p. Then G is supersolvable if and only if N(G:M) is
square-free for each M in ):U)(G).

PROOF. Let G satisfy the hypothesis of the theorem. We claim that Z},(G) is empty.
If possible, let there exist M in Zg(G). Then G is not simple. For otherwise, |G| =
N(G:M) is square-free and so G is supersolvable. Let '1(G:M)=|H/K|. where H/K is a chief
factor of G and H is minimal in the set of normal supplements of M in G. By hypothesis
|H/K| is square-free and hence H/K is supersolvable. Thus H/K is a solvable minimal
normal subgroup of G/K. So H/K is an elementary abelian q-group for some prime q.
Consequently 7(G:M)=|H/K|=q, a prime, which is a contradiction. So '£¢(G) is empty. By
definition G=b_‘9-)(G) and hence G is solvable we shall now show that A(G) is empty. If
possible, let there exist M in A(G). Then since n(G:M)=(G:M], (2, Corollary of Theorem
1], it follows that M(G:M) is composite and hence p divides (G:M]. Now the solvability
of G implies that [G:M] is the power of the prime p. By hypothesis, [G:M]:[G:M]p:p. a
prime, which is a contradiction. Hence A(G) is empty and consequently G=L(G). Hence G
is supersolvable.

Conversely if G is supersolvable then 7(G:M)=[G:M]=a prime for each maximal subgroup M
of G and hence the assertion immediately follows.

PROPOSITION 4.2. Let p,q be two distinct primes. Suppose that G is either p-
solvable or g-solvable. Then G is supersolvable if and only if %(G:M) is square-free for
every M in Z?(G) or ZQ(G).

PROPOSITION 4.3. If G contains a supersolvable maximal subgroup M such that
coreG(M)=(1> and M(G:M) is square-free then G is supersolvable.

PROOF. Let G be simple. By hypothesis, |G|=(G:M) is square-free. So G is
supersolvable. We now assume that G is not simple. Let N be a minimal normal subgroup
of G. Since coreG(M)=(1). it follows that N¢M and so G=MN. By hypothesis |N|=7(G:M) is
square-free and so N is supersolvable. Since G/N Y M/MaN, it follows that G/N is
supersolvable. Thus G/N and N are both solvable. Hence G is solvable. Now since N is a
minimal normal subgroup of the solvable group, it follows that N is an elementary
abelian p-group for some prime p. Hence |N|=p and consequently N is cyclic. Therefore
G is supersolvable.

PROPOSITION 4.4. If G contains a supersolvable mxi,ml subgroup M such that
"G:M) is square-free and the Fitting subgroup. F(G), is not contained in M then G is

supersolvable.
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