Internat. J. Math. & Math. Sci. 489

VOL. 17 NO. 3 (1994) 489-496

ABELIAN THEOREMS FOR TRANSFORMABLE BOEHMIANS

DENNIS NEMZER

Department of Mathematics
California State University, Stanislaus
Turlock, California 95380

(Received January 27, 1993 and in revised form March 26, 1993)

ABSTRACT. A class of generalized functions called transformable Boehmians contains a
proper subspace that can be identified with the class of Laplace transformable distributions.
In this note, we establish some Abelian theorems for transformable Boehmians.
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1. INTRODUCTION AND PRELIMINARIES

The Laplace transform has recently been extended to a class of generalized functions
called transformable Boehmians [1]. The object of this note is to present some Abelian
theorems of the initial type for transformable Boehmians. Such theorems relate the
behavior of a transformable Boehmian at zero to the behavior of its transform at infinity.

Our notation is the same as that used in [1]. Let 2 be a subset of the real line R. The
space of all continuous complex-valued functions on (2 will be denoted by C(Q?).
Throughout this note it will be assumed that if (2=(a,b) then a<0 and b>0. The space of all
functions feC(R) such that f(t)=0 for t<0 will be denoted by C_ (R). The support of a
continuous function f, denoted by supp f, is the complement of the largest open set on
which f is zero.

The convolution product of two functions f,geC_ (R) is given by

t

(Frg)(t) = J'Of(t—u) g(u) du.



490 D. NEMZER

A sequence of continuous nonnegative functions {6} will be called a delta sequence if

oo

(1) J‘ Sp)dt=1forn=12,...;and (ii) supp 6n§ [0,e,). Er0asnooo (€n>0).
0

A pair of sequences (f,,5,) is called a quotient of sequences if f,€CL(R) forn=12, ...,
{64} is a delta sequence, and fy *& |\ = f,*&) for all k and m. Two quotients of sequences
(fn/© ) and (g,,,9 ) are said to be equivalent if fy *@ =g . *6, forallkand m. A
straightforward calculation shows that this is an equivalence relation. The equivalence

classes are called Boehmians. The space of all Boehmians will be denoted by 3 and a
f
typical element of 3 will be written as x = 6L
n

By defining addition, multiplication, and scalar multiplication, on {3, i.e.
fn 8n ("9 +8n*00) fn Bn fn*8n (fn J oy
= ¥ — = ——— and &

+ = ,— = — |=——, where a is a
6“ (pn 61‘1*@1‘\ 6]’1 (pn 6n*(pn 6 6

n n
complex number, 3 becomes a convolution algebra.

®n

®n

Since the Boehmian corresponds to the Dirac delta distribution, we denote it by 6.
&M

k

Moreover, the ntl! derivative of & is given by the formula D6 = s - = where (6}
k

is any infinitely differentiable delta sequence. In general, the nth derivative of x€B is

given by Dx=xx&(™).
By the translation operator on C (R), we mean the operator T4, d real, such that

f
(T df)(t) = f(t—d). The translation operator can be extended to an element x = 6—“ €3 by
n
Tafn
Tax = A
d &,

DEFINITION 1.1. Let Q) be an open subset of R. A Boehmian x is said to be equal to a
continuous function f on 2, denoted by x=f on Q, if there exists a' delta sequence {& n} such

that xx&  €C(R) for all n and x*& ~f uniformly on compact subsets of 2 as n-oe.

Two Boehmians x and y are said to be equal on an open set Q?, denoted by x=y on Q, if
x-y=0on Q.

The support of x€f3, written supp X, is the complement of the largest open set on which
x is zero. For example, given any delta sequence {5} and €>0, 5 ,(t)~0 uniformly for

|t|>€ as n>eo. Thus, supp D6 = {0} forn=0,1,2, ... .

For each x = gn_ € 3, it is not difficult to show that for each n
n

supp f,, S supp x + supp &, 1.1)
For other results concerning Boehmians see [1], [2], and [3].
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2. TRANSFORMABLE BOEHMIANS

A Boehmian x is said to be transformable if there exists a delta sequence {6} and a

nonnegative number & such that xx5,,€C_ (R) for all n and x* 6n = O(eo‘t) as t- oo for all

n. The space of all transformable Boehmians will be denoted by (1 .

If feC_ (R) such that f(t) = O(eo‘t) as t- o for some real number &, then the Laplace

transform of f is given by

oo

F(s) = LIf)(s) = jOe—St £(t) dt for Re s>Qx.

Throughout this note s will denote a complex variable, while t or G will denote real
variables.

Now, for x| where xx6 €C _(R) and x* &, = O(eC‘ t) as t— oo for all n, the Laplace
Transform L[x](s)=X(s) of x is defined by the equation L[x](s)L[5)(s) = L[x*& ](s) for all n.

It can be shown [1] that the space of transformable distributions L, [4] is a proper
subspace of 3 .

We state without proof the following theorem.

THEOREM 2.1. For x,y€3, if X(s) and Y(s) are the Laplace transforms of x and y

respectively, then:
1. L[x+yl(s) = X(s) + Y(s).
L[ax](s) = aX(s), & a complex number.
LID™X](s) = s™X(s).
LDxxy](s) = XAs)Y(s)-
L{1gx](s) = €™99X(s), d a real number.

If X(s) = 0, then x=0.

o U R wN

The next theorem will be needed in the proof of an Abelian theorem (Theorem 3.2) in
the next section. Also, since the Laplace transform of a Boehmian is an analytic function
in some half-plane [1], Theorem 2.2 gives a necessary condition for an analytic function to
be the Laplace transform of a Boehmian.

THEOREM 2.2. Let xGBL. For each k and £>0, Cike"E C’)(.(CJ) =o0(l)as O—-oo.

f
PROOF. Letx = 6—1; € - We may assume that fneC°°(R) for all n. For, if {{,}is an
oo f*Vn
infinitely differentiable delta sequence ( that is, § ,€C ™ (R) for all n), then x = T and
n vn

fxd,eC “°(R) for all n.
Assume that supp 6n c [O,an] for all n, where ap~0asn-eo. Now, by the Mean Value



492 D. NEMZER

Theorem for Integrals, for each n there exists an £ (which depends on n and 0) such that

0o oo

0E<anand L[5,](0) = [e 0% (1 dt=eC [Batdt =0z e2n0
0 0

Hence, given an £>0, we may pick m such that 0<a  <€. Then,

|%(0)| =%]]((<30))! <em9| L[f 10)| <eEO | Llf J(o)]. 2.1)
Also, since f, €C™(R), for each nonnegative integer k
oKL[f,1(0) = O(1) as O~ o 2.2)
Hence, (2.1) and (2.2) give
e €90k [x)(0) = 0O(1) as 0~ . 2.3)

The proof is completed by observing that (2.3) is valid for all €£>0 and all nonnegative
integers k.

THEOREM 2.3. Suppose that F(s) is an analytic function in some half-plane Re s > &

and for some integer k and all €>0 that ske‘gsF(s) =0(1) as s+ oo, Re s > &. Then, there
exists x€f3] such that L[x](s)=F(s), Re s > a.

PROOF. Suppose that for some integer k and all £>0
sKe™€5F(s) = O(1) as s~ oo, Re s > Q. 4)
Let {& n} be an infinitely differentiable delta sequence . Define (pn(t) = 6n(t - % ) for
n=1,2,.... Thus, {cpn} is an infinitely differentiable delta sequence and for each integer k
and all n
skes/nL[q)n](s) =0O(1) as s» oo, Re s> Q. (2.5)
Hence, by (2.4) and (2.5), for each n there exists an M such that | L[@](s)F(s)| < % for

Res>a. Forn=12,..., definef,(t) = ﬁJY tie eStL[(pn](s)F(s) ds, where Y>Q.
Y e

Then, for each n, fn is a continuous function such that: supp f, & [0,), fn(t) = O(eY t)

ast-co,and L[f ](s) = L[ ,](s)F(s), Res> .

Now, LI @ ] = LIEAILI0 ) = (CI0 JFLIO ) = (L0 JPILIO ) = LIELILIO,)

= L[f,*¢ ] for allnand m. Thus, f,*¢ . =f *¢ forallnand m. Letx= _(En_ € Br.
n

Hence L[x](s) = F(s), Res > &.

Although the condition in the previous theorem is sufficient for an analytic function to
be the Laplace transform of a Boehmian, as the next example demonstrates it is not
necessary .

sm)

EXAMPLE 2.4. The transformable Boehmian x = @) has Laplace transform

n=0

X(s) = coshys [1].
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REMARK 2.5. It is not difficult to show that the transform of a Boehmian is an
analytic function in some half-plane [1]. Hence, Theorem 2.2 provides a necessary
condition for an analytic function to be the Laplace transform of some transformable
Boehmian. Thus, the entire function g(s) = €3 is not the transform of a Boehmian. But, for
each a>1 there is a transformable Boehmian x such that X (s) is an entire function and

for each £>0, XQ(s)=O(exp Isl (€ +(1/O‘)>), as |s|— oo [1] (where this relation does not

hold for any €<0). An interesting open problem is to characterize the class of
transformable Boehmians by their Laplace transforms.

3. INITIAL VALUE THEOREMS

In classical analysis there are many different types of Abelian theorems (see [5] and [6]).
Abelian theorems of the final type relate the behavior of a function at infinity to the
behavior of its transform at zero, while Abelian theorems of the initial type relate the
behavior of a function at zero to the behavior of its transform at infinity. It is both
interesting and important to extend such theorems to certain classes of generalized
functions (see [4], [7], [8], and [9]). For example, Zemanian [4] has extended two Abelian
theorems to transformable distributions. In [1] we presented an Abelian theorem of the
final type for transformable Boehmians. In this section we will establish three Abelian
theorems of the initial type (Theorems 3.2, 3.5, and 3.8).

A real-valued function meC_[a,b] (C_[a,b] = C (R) N C[a,b]) is said to be in M if m does

not change sign in [a,b] and [L[m](T)] -1, O(o ne"(C’)) as 0~ (for some integer n).

DEFINITION 3.1. x,y€f3. x~y as t-07 if there exist f,geC +[ab], meM, and an integer

o f(t
n such that x=D™'f and y=D"'g on some neighborhood of [a,b], Lm;a. (—(Z) =1, and
t-0

Lim 80 _.

t-0* m(t) ~

N . %(0)
THEOREM 3.2.  Suppose x,y€f3; such that x~y as t~0". Then Lim yo) - 1.
Q- oo

PROOF. x can be written in the form
x=D" +w, (3.1)
where we3] and supp w € [(,e2) (&>0). Now, by a classical Abelian theorem (see [5]),
LDY)(©)  LifiO)
o™Lim](c)  LIm)(O)
Since y can also be written in the form of (3.1), to complete the proof it suffices to show
that

- las O-oo.

L[w](©)

oL [m)(0) > 0as O-oo. (3.2)
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Now, w = ;Ln and by (1.1) supp f, € [&, ) for all n. For each n, let g,€ C(R) be defined
Bn
&n
LwlO)  e29¢[z)(0)
o"Lm]c)  oML[m](O)

by 1o 8n=fnandletz="—-—¢€ ;. Thus w=T,z. Then, (for some y>0),

=0 Y9L[z)(0) asT-eo 33)

By applying Theorem 2.2 to (3.3) we obtain (3.2), and hence the proof is complete.

EXAMPLE 3.3. Let x€f31 such that x=5 on some neighborhood of [a,b]. Since th=6,

x~5 as t-0% and hence Lim X(0)=1.
(O X="]

REMARK 3.4. In Definition 3.1, the condition that the functions f, g, and m be
continuous may be relaxed. We need only require that f,g,meLl(a,b). For if feL1(a,b) and
x=D"f in some neighborhood of [a,b], then x=D“+1(Jl‘f) in that neighborhood, where ¢ is

f
the Heaviside function (2(t)=1 for t>0 and zero otherwise). Also, if % - 1as t=0%, then

2O
(L*m)(t)

- last-0".

THEOREM 3.5. If x€ QL such that, for some fe Ll(a,b), x=D"f on some neighborhood of

O)\‘I\‘le(o) _

f(t) + i
—_ -~ - L
[a,b] and Ry a as t-07 (& complex and X real, X >-1), then Lim FOw)

G- o0

oo

(where T(A+1) = Je'ttk dt).
0

PROOF. If a0, use Theorem 3.2 with x=a"!x and y=D™*. Suppose ax=0. Now, x can
be written in the form x=D"f+w, where wef3; and supp wC [a, e=) (x>0). Thus,

I} )\-n+1x(o) g )‘+1F(O) gh-n+l LIw)(O)
T(A+1) = T(a+1) * T(a+D)
By a classical Abelian theorem (see [5]), the first term on the right hand side of (3.4) tends to
zero (as O~ o). By using a similar argument as in the proof of Theorem 3.2, the second
term on the right hand side of (3.4) also tends to zero (as O~ <°). This completes the proof.

(3.4)

T 6(“)
EXAMPLE 3.6. Let x=at™ + E v—(€2n—)! (where €>0, A>-1, and & is complex). Since
n=0

x=at™ on [0, £/2), Theorem 3.5 yields
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oo n
A+1 (n) (k)
. oMTIX(0) Ted ) b
Lim —— 220 _ E & _&6-Lim E L (see [1)).
G oo C(A+1) s (2n)! n = (2k)!

REMARK 3.7. Example 3.6 maybe used to show that Theorem 3.5 cannot be extended
to a half-plane. Indeed, let x = t + \i\su(n=0,00,\f( T 6(n),(2n)!)) . Then, x =tin [0, 1) and

1 2 ‘ Lty 6(“)1(s) 1 1
X6) =2t LT o)y 7—— =3+ ~MScoshys (see [1]).
n= n=0

Moreover, for Re s = Y5 > 0, there exist positive constants M and a such that
I s2e"MScoshy/s ' >Mis12eAV I8!, a5 ~oo. Thus, $2%(s) = 1 + s2e"Scoshy/s —oo as
s—»oo,Re s =Y;>0. Hence, in order to extend Theorem 3.5 (i.e. not restricting O to the real

axis) we will require some restrictions.

Let A denote the set of all Boehmians x such that for each £>0, et 5%(s) = O(1) as s~ o
for largsl <Y < 11/2.

THEOREM 3.8. Suppose x€(31 such that x=D"f + T 4y (d>0, nan integer) for some
feC,[ab] and yeA. If \a(,Lim, t-0") \f(f(t),t)‘ )= (& complex and A real, A>-1) then

b Sy el sw <
A-n+1 A+l
PROOF. * T8 o, Al g1,
£(t) + s *1F(s)
Since t—)\—»on as t—07, by a classical Abelian theorem (see [6]), m Q as s—oo,
larg sI<<11/2. Thus to complete the proof we need only to show that
sAHLL[T y](6)~0 as s oo, larg s1SP<TT/2. (3.5)

Now, for some positive constants M and a
IsA 1Lt y](s) IsMIRe s | A1+ 1emaRes |arg si<yert/a,

Since IRe s M M¥lgmaRe s, g 466,00 for larg s1<Y<T11/2, (3.5) is verified and thus the
proof is established.

s A +1x(s)

EXAMPLE 3.9. Let x be as in Example 3.6. Then by Theorem 3.8, Lim m =Q,

s—ooo

largs!| <y <T1/2.
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REMARK 3.10. For transformable distributions, Theorem 3.8 may be stated as follows.
f(t)

If x€ L | such that x=D"f in some neighborhood of [a,b] (feL'(a,b)) and Qs t-0*,
t
)\ -n+1
X(s)
Lim S X = <
thenswo F()\+l) a, largsl < y<m/2

This follows by observing that x can be written as x=D"f + y, where y€ L +and

suppy C [E,0) (E>0). Thus,yeA (see [4]).

Since L, is a subspace of (3, the Abelian theorem of the initial type for L , proved in [4]
(Theorem 8.6-2) is a special case of Theorem 3.5. It can be shown [1] that the transformable
1
Boehmian x in Remark 3.7 has Laplace transform X(s) = 5 + e MScoshys , which shows
s
that (i) Theorem 3.5 extends the theorem of Zemanian (since x is not a transformable

distribution); and (ii) Theorem 3.8 cannot be extended to a half- plane (see Remark 3.7).
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