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ABSTRACT. Using the properties of almost nonexpansive curves introduced by B. Djafari
Rouhani, we study the asymptotic behavior of solutions of nonlinear functional differential
equation du(t)/dt + Au(t) + G(u)(t) > f(), where A is a maximal monotone operator in a Hilbert
space H, f € L'(0,00: H) and G:C([0,00): D(A))—L*(0,00: H) is a given mapping.
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1. INTRODUCTION.
Let H be a real Hilbert space. We consider the initial value problem
) | dut)+Gu)t)3 F(t),  O<t<oo

dt
(1.1)
u(0) = z,

where A is a maximal monotone (possibly multivalued) operator defined on a subset D(A)
contained in H, =z € D(A), f € L},. ([0,00): H) and G is a given mapping

G:C([0,T): D(A))—L'0,T: H), for all T > 0. (1.2)

Problems of the type (1.1) have been considered by many authors (see [1]-[7]). Crandall and
Nohel [4] treated the problem in connection with the study of a related nonlinear Volterra
equation, and obtained the existence result of generalized solution of (1.1), provided that G
satisfies a Lipschitz type condition. In particular, under some suitable hypotheses on A and G,
Aizicovici [1] obtained nice asymptotic results of generalized solutions of (1.1), which are the
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natural analogs of the evolution case (i.e., G =0). Using the convergence condition of Pazy (8],
Mitidieri [5] studied the strong convergence of solutions of (1.1).

The purpose of this paper is to continue the study initiated by Aizicovici, using the
properties of almost nonexpansive curve, which was introduced by Djafari Rouhani [9]. In
section 2, we describe the notations and contain some definitions and known results. Section 3
contains the several results [Theorem 1, 2, Corollary 1] concerning the asymptotic behavior of
almost nonexpansive curve. Main results are given in Section 4. First we establish criterions for
the weak convergence in H, as t—oo of generalized solutions of (1.1) [Theorem 3, Corollary 3].
Next, we study the weak convergence of the Cesaro mean of the generalized solutions [Theorem
4.

2. PRELIMINARIES.

Let H be a real Hilbert space with inner product (,) and norm || ||. Let A be a maximal
monotone (possibly multivalued) operator defined on subset D(A) C H.

As usual, we will put [z,y] € A&y € Az. We denote by F the (possibly empty) set

F=A"10={z:z€ D(A), A% =0}

where A% denotes the element of minimum norm in the closed convex set Ay. Clearly, F is a
closed convex subset of H. For background material concerning maximal monotone operators,
see [10], [11].

We will use “w —lim” or “—" to indicate weak convergence in H. The symbol D denotes
the closure of the set D. For a function u:[0,00)—H, we denote by w,(u(t)) the weak w-limit set
of u, ie.,

wy(u(t)) = {y € H:y = w—lim u(t,) for some sequence t,—o0}

and by cow,,(u(t)) the closed convex hull of w,(u(t)), respectively. Let u:[0,00)—H be a bounded
function. With the function u(t), we associate the functional

é(y) = lim sup || u(t) —y || %

t—oo
Then ¢ is a continuous, strictly convex function on H, satisfying ¢(y)—oo as ||y || —oo, and

therefore ¢ has a unique minimum in H. The unique point ¢ € H satisfying

#c) =min, $(y)

is called the asymptotic center of u(t) and it is denoted by ¢ = AC(u(t)).

Consider now the initial value problem (1.1), where G satisfies (1.2), z € D(A) and
f € L},.([0,00): H). We recall the following definitions ([1], [4]).

DEFINITION 1. A strong solution of (1.1) on [0,00) is a function u € W3 ([0,00): H)
N C([0,00): D(A)), satisfying u(0) = « and du(t)/dt + Au(t) + G(u)(t) 3 f(t), a.e. on [0,00).

DEFINITION 2. A function u € C([0,00): D(A)) is said to be a generalized solution to
equation (1.1) if there are sequences z, € D(A), f, € L},.((0,00): H) and u, € C([0,00): H) such
that u,, is a strong solution of

du,
TR+ Au,+ G(u,)3 £,

un(0) = 2z,

z,—z, f,—f in L(0,T: H) and u,—u in C([0,T}: H), for each 0 < T < oo.
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The following existence result is well-known ([1], [4]).
PROPOSITION 1. Let G satisfy (1.2) and assume that:
(i) There exists v € L},.([0,00): R) such that for every u,v € C([0,00): D(A)),

t
1G@ =GN g iy S [ 1 Nu=vll g pipds,  0SsSt<oo  (21)

(ii) For each T € (0,00), there T az:[0,00)—[0,00) such that if u € C([0,T]:D(A)) is of
bounded variation and || u || o, 7.5y < R, then

var(G(u):[0,t]) < ap(R)(1 + var(u:(0,1])), 0<t<T (2.2)
and
|Gu)(0*)]| < ear(R).

Then,

(a) For each z € D(A) and f € BV, ([0,00): H), problem (1.1) has a unique strong solution
defined on [0, o).

(b) For each z € D(A) and f € L}, ([0,00): H), problem (1.1) has a unique generalized
solution defined on [0, 00).

3. ASYMPTOTIC BEHAVIOR OF CURVES IN H.

In this section, we study asymptotic behavior of almost nonexpansive curve, which was
introduced by Djafari Rouhani [9]. The following results are essentially in spirit of Djafari
Rouhani. For the study and completeness, we give several results similar to those in [9] with
detail and slightly different proofs.

Let u€C([0,00):H); in the sequel we refer to such u as a curve in H. Let
o(t)=(1/¢) j(; tu(r)dr. We begin with the following:

DEFINITION 3 [9]. The curve u(t) is almost nonexpansive (abbreviated ANEC) if for any
r, 8 h20,

lu(r+ k) —u(s+h) || * < || u(r) — u(s) | > + €(r, 5),
where

'Iz;_m e(r,s)=0.

REMARK 1. (a) A nonexpansive curve {u(t)} (ie., for any r, s, k>0, |u(r+h)
—u(s+h)|| < |lu(r)—u(s)])is an ANEC.
(b) A bounded curve {u(t)} that satisfies
llu(r+h)—u(s+h)|| < [|u(r)—u(s) || +e(r,s)
for any r, s, h >0, where lim, ,_,, &(r,s) =0, is an ANEC.
In our next results, we will use the following notation:

E(u(t)) = {g € H:lim | u(t)—q] exists}.

t—o0

Note that if E(u(t)) # 0, then curve {u(t)} is bounded.
LEMMA 1. Let {u(t)} be an ANEC in H and p € H. Then for any I, r >0,

2u(l) —u(t +r), } [* u(r)dr - p)
< u@=p = Nu@+r)=pl+3 [ llut+r) - u(r) | 2dr

+} [ et r—rar.
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PROOF. Let o(t) = (1/t) / " u(r)dr. Note that for any I, r >0,
1]

2(u(l) —u(l +7),0(t) — p)
= Jlu(t)—plI2= lul+r)—p |2+ Ju(l+r)—a(@®) | * = [[u(l) o (t) [| %

Since

lu(t+7) - a(t) = /uu<1+r)—u< IR

and

)=o) 1? =4 [l u(®) - u(r) | 2dr,

we obtain for any [, r > 0, °

lu(+7) = o) 12~ [|u() - o(t) ||

<H N +r) =) 2dr 43 [ +)— ulr) | 7dr
=T ) - ur) | 2ar

0

u(l +7)—u(r) | %dr +1 / ‘ull+7) = u(r) | = | u(®) = u(r = ) || )dr

Il
s ol
o\.
-

S%—/ |u(l+7) —u(r )||2d‘r+1/ e(l, 7 —r)dr,

and the proof 1socomplete

LEMMA 2. Let {u(t)} be a bounded curve in H and let AC(u(t)) be the asymptotic center
of {u(t)}.

(a) Let {u(t,)} be a subnet of {u(t)} and let w—lim,_u(t,) =p. If lim, o [lu(t)—p||
exists, then p = AC(u(t)).

(b) If w—lim,_u(t) exists, then w — lim,_,u(t) = AC(u(t)).

PROOF. Let AC(u(t)) =c. Note that for z € H,

lu@®)—cll®=llu@t) =z 1>+ [z —cl|* +2u(t) - 2,2 —¢)
> lu(®) =z || 2+ 2(u(t) — 2,2 — ¢). (3.1)
To prove (a), let w—lim,_u(t,) = p and {|u(t)—p||} be convergent. Letting t—oo in (3.1)

with z replaced by p, we have

8() > lim | u(t)— p|*+2 lim sup (u(t) — p,p —©).
t—oo

Since lim sup,_(u(t) — p,p — c) > lim,,_,(u(t,) — p,p — ¢) = 0, we have
8(c) > lim || u(t)=p]?

i.e., #(c) > é(p). Thus it follows from definition of ¢ that ¢ = p.
To prove (b), let w — lim,_,u(t) = g. Letting t—oo in (3.1) with z replaced by g, we have

#(c) > lim sup || u(t) — g |2+ 2 lim (u(t)—g,q—c) = $(g)-

t—oo
This implies that ¢ = g.
LEMMA 3 [9). Let {u(¢)} be an ANEC in H. If
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w—lim (u(t+h)—u(t))=0

for any h > 0, then w,(u(t)) C E(u(t)). In particular, if w,(u(t)) # 0, then {u(t)} is bounded.
PROOF. Let p € w,(u(t)). Then there exists a sequence t,—oo such that
w—lim,_ u(t,) = p. On the other hand, by Lemma 1, we have the inequality

2(u(r) —u(r + s), % /lu(t" + 7)dT — p)

0

< Hum-pl= lur+s)=p I +3 [ Nutr+8) = u(ta +7) 1 %dr
(1]

+%/‘ e(r,t, +1—3s)dr

< ur) = pll 2= futr+5)—p 24 80 4 +} [ty 7=

for any r, >0, t >0, n>1, where M(s,r) is a constant dependmg only on s and r. Let ¢>0

be given, and choose [ > 0 so that
e(h,t)<e

for all h, t > 1. Then, taking r >1, s> 0, t > 0 fixed, and letting n—oo, i.e., t,—00, we have

M(s,r

0< ulr) - pll2— flutr+ ) p 2+ 220

for any r > 1, s> 0, t >0. Now letting t—o0, we obtain
lu(r+s)—plI2< [Ju(r)—p||2+e

for any r > 1 and s > 0. Hence

lim sup || u(t)— p||? < [lu(r)—p[|*+e

for any r > 1. Thus
lim sup lu(®)—p|*< lim inf lu@®)—pll*+e

which implies that lim,_, || u(t) — p || % exists and hence p € E(u(t)).
THEOREM 1. Let {u(t)} be an ANEC in H. Then the following are equivalent:
(i) w—1lim,_u(t) exists.
(i) E(u(t)) # 0 and w,(u(t)) C E(u(t)).

Moreover, if w — lim,_,,u(t) exists, then it is the asymptotic center of {u(t)}.
PROOF. Suppose that w — lim,_,u(t) exists. Then w,(u(t)) # 0 and

w—lim (u(t+h)—u(t)) =

for any h > 0. It follows from Lemma 3 that w,(u(t)) C E(u(t)), and hence (i) implies (ii). To
show that (ii) implies (i), let E(u(t))#0 and w,(u(t)) C E(u(t)). By E(u(t)) #0, {u(t)} is
bounded. Then since a Hilbert space is reflexive, {u(t)} has a subnet {u(t,)} which converges
weakly to some p € H. By w,(u(t)) C E(u(t)),{||u(t)— p|| } is convergent. It follows from (a) of
Lemma 2 that p = AC(u(¢)). This means that w,(u(t)) = {AC(u(t))}. Thus every weakly
convergent subnet of {u(t)} converges weakly to AC(u(t)) and hence w — lim,_,u(t) = AC(u(t)).

As a direct consequence of Lemma 3 and Theorem 1, we have the following:

COROLLARY 1. Let {u(t)} be an ANEC. Then the following condition
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(iii) E(u(t)) #0 and w —lim,_, (u(t + h) — u(t)) = 0 for any h > 0 is equivalent to each one
of conditions (i) and (ii) in Theorem 1.
We turn now to the weak convergence of Cesiro mean o(t) of curve {u(t)}. The following

lemma is the principal ingredient.
LEMMA 4. Let {u(t)} be an ANEC. Then
wy(0(t)) C E(u(t)).

PROOF. Let p € w,(o(t)). Then there exists a sequence t,—oo such that
w—lim,_, 0(t,) = p. By Lemma 1, we have the inequality

2(u(r) = u(r + 3),o(t,) — p)
< lur)=p = Nutr+9)=pI 2+ [ ur+9) - u(r) | 2dr

+-tl-/t" e(r,7 — s)dr

for any r, s > 0. Let € > 0 be given and choose [ > 0 so that
e(h,t)<e

for all h, t > 1. Then taking r >, s> 0 fixed and letting t,,—o0, we obtain

lutr+s)=plI2< llu(r)—pl*+e

Therefore by the same argument as in Lemma 3, we conclude that lim,_ . || u(t) — p || ? exists and
hence p € E(u(t)).

We also prepare a lemma,; see also [12].

LEMMA 5. E(u(t))N N, s o€0{u(t):t > s} contains at most a singleton. If E(u(t))N N, » o0
{u(t):t > s} # @, then ) )

{AC(u(t))} = E(u(t)) N ) co{u(t):t > s}.

PROOF. Note that N, oco{u(t):t > s} =E:ui?u(t)); see [13]. Let ¢, ¢ € w,(u(t)) and

P1; P2 € E(u(t)). Then we have
tim [ut)— .17 = 4(p,)
fori=1, 2 and
lu(t) = pal1? = [lu®) = p |+ Il p1 = P2 || >+ 2(u(t) = 1y P1 — P2)-

Thus
#(p;) = ¢(p1) + || 1 — P2 || * + 2(qs — P11 — P3)

¢(p2) = ¢(p1) + | Pr— P2 |+ 2(02 — 1, P1 = P2)-
Hence by subtraction, we have (¢, —¢,,p, — p;) =0. This result extends obviously to every
q1,q3 € Cow,(u(t)). Therefore it follows that if p;, p, € E(u(t)) Ncow,(u(t)), then p, = p,, and

hence
E(u(t)) N () co{u(t):t > s} = E(u(t)) N cow,(u(t))

is at most a singleton. Let {p} = E(u(t))N [, >oCo{u(t):t > s}. Since p € E(u(t)), we have
tim |[u(t) = pI* = &(p).
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Let ¢ € wy(u(t)), g=w-— hm,k_,wu(tk) and let « € H. Passing to the limit as t;—oo in

lute) = ull®= Nt = p I+ Il p—ull* +2ute) - p,p —u),

we find
B(u) > ¢(p) +2(q— p,p— u).

This inequality holds for all g€ w,(u(t)), and hence, also for all ¢ € cow,(u(t)). Since
P € cow,(u(t)). we obtain
$(u) = é(p)

for all u € H. This implies that p = AC(u(t)).

THEOREM 2. Let {u(t)} be an ANEC in H. Then the following are equivalent:

(i) w-—lim,_o(t) exists.

(i) B(u(t) #0.

Moreover, if w — lim,_,0(t) exists, then it is the asymptotic center of {u(t)}.

PROOF. Suppose that w —lim,_o(t) exists. Then w,(o(t)) #0. It follows from Lemma 4
that w,(c(t)) C E(u(t)) and hence (i) implies (ii). To show that (ii) implies (i), let E(u(t)) # 0.
Then {u(t)} is bounded, and hence {o(t)} is also bounded. Then since a Hilbert space is reflexive,
{o(t)} has a subnet {o(t,)} which converges weakly to some p€ H. By Lemma 4,
wy(o(t)) C E(u(t)), and so p € E(u(t)). If there was another subnet {o(t;)} which converges
weakly to some q € H, then we also have ¢ € E(u(t)). Hence the net

2u(t)g—p)+ lpl* = llall?= llu@® -pl*- llut)-qll?

has a limit as t—o0, i.e., lim,_(u(t),q — p) exists. Therefore (p,q — p) = (¢,9 — p), which implies
lp—gl|>=0, and hence p = q. Hence every weakly convergent subnet of o(t) converges weakly
to p, and hence w-—lim, o(t)=0p. We obviously have pe€ E(u(t))N N, 00
{u(t):t > s} = E(u(t)) Neow,(u(t)). Therefore it follows from Lemma 5 that p is the asymptotic
center of {u(t)}.
4. ASYMPTOTIC BEHAVIOR OF SOLUTIONS IN H.

In this section, we give the main results concerning the asymptotic behavior, as t—oo of
generalized solutions of (1.1). Following Aizicovici [1], we assume the following conditions:

(C1) G satisfies (1.2), (2.1) and (2.2).

(C2) For every u, v € C([0,00): D(A)),

/ (G ()(r) - Go)(r), u(r) — v(r))dr >0, 0<s<t<oo.

(C3) G(v) e Ll'(O,oo: H) for each constant function v(t) = v € D(A).

(C4) f € LY0,00:H).

(C5) z € D(A).

We begin with a simple lemma which will play a crucial role in our results.

LEMMA 6. Let A be a maximal monotone operator on H. Assume that (C1) holds. Let f,
f € L}, ([0,00): H) and z, 7 € D(A). Let u, @ be the corresponding generalized solutions of (1.1).
If (C2) is satisfied, then

lu®) - < fus)-a@l + [*I fr)=Fr) | dr (4.)

for0<s<t<oo.
PROOF. Taking into account definitions 1 and 2, as well as Proposition 1, it clearly suffices
to prove (4.1) in the case that u and @ are strong solutions of (1.1). By the monotonicity of A,
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we have

0 < (F(t) = w(t) — G(u)(t) - F(t) + () + G(@)(2), u(t) — (1))
= (£(8) = F(t),u(t) — (1)) — ((8) ~ @(2), u(t) — A(2))
~ (Gu)(t) - G(@(1), u(t) - (1))
< IF@ =T Nu)-a0) | -5 & lu@) -a() |12
~ (G(u)(t) - G(@)®), u(t) - A(t))
for t > 0. Integrating on [s,#], it follows from (C2) that

Liww-a@ 12 sdlue-a@ 12+ [1f@O-Fo) lum-amldr. (42)
The inequality (4.1) follows from (4.2) by Gronwa.llzs lemma (see {4, Lemma A.5]).

COROLLARY 2. Let A be a maximal monotone operator on H, and f € L},.([0,00): H).
Assume that (C1), (C2), (C3) and (C5) hold. If u is a generalized solution of (1.1), then

lutr+B)=u(s+ W)l < Jur)=u(@) | + [ £+ =) = f(r) | d.

PROOF. It is enough to apply Lemma 6 with f(t) = f(t + (r — s)) and @(t) = u(t + (r — 8)).
PROPOSITION 2. Let A be a maximal monotone operator on H. Assume that (C1), (C2),
(C3), (C4) and (C5) hold. If u is a generalized solution of (1.1) and if {u(t)} is bounded on [0,c0),
then the curve {u(t)} is an ANEC in H.
PROOF. By (C4), we have
lim, [T+ =9) = f(r)|dr =0,

r>s s

Thus the result follows from Corollary 2 and Remark 1 (b) by taking
TN+ - -f)ldr  ifr>s

&(r,8) ={ %
) / I f(r+(r—s))— f(r) | dr ifs>r

Now, we apply Theorem 1 and 2 to study the asymptotic behavior of the generalized
solution u of (1.1). We need the next known result.

LEMMA 7 [1). Let A be a maximal monotone operator on H. Assume that (C1), (C2),
(C3) and (C5) hold. Let u be the generalized solution of (1.1) corresponding to
f € L},.([0,00): H). Then

lu® =yl < lu@ -yl + [ fr) -G - = | dr, (43)
whenever 0 < s <t < oo and z € Ay. )

The following is also necessary. We contain the proof for the completeness (see also [1]).

LEMMA 8. Let A be a maximal monotone operator on H. Assume that (C1), (C2), (C3),
(C4) and (C5) hold. Let u be a generalized solution of (1.1). Then F C E(u(t)).

PROOF. Let y € F. By (4.3) in Lemma 7,

lu® -yl < ==yl + [“1150) - G}l dr
for t > 0. Thus, using (C3) and (C4), we deduce that {u(t)} is bounded on [0,00). Also it follows
from (4.3) in Lemma 7 that

lu® -yl = [*1f0) -6 1 dr

<lus)-yll - [ O-C@nldr,  0<s<t<oo (4.4)
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This (4.4), (C3), (C4) and the boundedness of wu imply that the function
P(t)= |u@) =yl - Sl f(r) = G(y)7)||d is bounded on [0,00). By (4.4), it is also
nonincreasing. Theorefore, again, taking into account (C3) and (C4), we have that
lim,_o || u(t) — y || exists and hence y € E(u(t)).

THEOREM 3. Let A be a maximal monotone operator on H. Assume that (Cl), (C2),
(C3), (C4) and (C5) hold. Let u be a generalized solution of (1.1). Then the following are
equivalent:

(1)  w—lim u(t) exists.

(ii)  E(u(t)) # 0 and w,(u(t)) C E(u(t)).

PROOF. Since {u(t)} is bounded under each condition of (i) and (ii), {u(t)} is an ANEC by
Proposition 2. Thus the result follows from Theorem 1.

COROLLARY 3. Let A be a maximal monotone operator on H. Assume that (Cl1), (C2),
(C3), (C4) and (C5) hold. Let u be a generalized solution of (1.1). Then the following condition

(iti) E(u(t)) # 0 and w — lim,_(u(t + k) — u(t)) = 0 for any h >0 is equivalent to each one
of conditions (i) and (ii) in Theorem 3.

PROOF. The result follows from Corollary 1 and Theorem 3.

As a direct consequence, we have the following:

COROLLARY 4. Let A be a maximal monotone operator on H. Assume that (Cl1), (C2),
(C3), (C4) and (C5) hold. Let u be a generalized solution of (1.1). If F#@ and
w—lim,_ (u(t+h)—u(t)) =0 for any h >0, then u(t) converges weakly as t—oo to the
asymptotic center of the curve {u(t)}.

PROOF. By Lemma 8, we have F C E(u(t)). Thus the result follows from Theorem 1 and
Corollary 3.

THEOREM 4. Let A be a maximal monotone operator on H. Assume that (C1), (C2),
(C3), (C4) and (C5) hold. Let u be a generalized solution of (1.1), and o(t) =%—{)‘u(r)d'r. If
E(u(t)) # 0, then o(t) converges weakly as t—o0 to the asymptotic center of the curve {u(t)}.

PROOF. Since {u(t)} is bounded by E(u(t))# 9, {u(t)} is an ANEC by Proposition 2.
Thus the result follows from Theorem 2.

As a consequence, we also have the following:

COROLLARY 5. Let A be a maximal monotone operator on H. Assume that (Cl1), (C2),
(C3), (C4) and (C5) hold. Let u be a generalized solution of (1.1) and.o(t) = %j(;‘u(r)d'r. If

F # 0, then o(t) converges weakly as t—oo to the asymptotic center of the curve {u(t)}.
PROOF. By Lemma 8, we have F C E(u(t)). Thus the result follows from Theorem 4.
REMARK 2. (a) Under the hypotheses of Theorem 3, the fact that the following condition
(iv) F #0and wy(u(t)) C Fis
is equivalent to (i) in Theorem 3 was proved by Aizicovici [1]. Consequently, all the conditions
(i) and (ii) in Theorem 3, (iii) in Corollary 3 and this (iv) are equivalent.
(b) The case in which G =0 was previously considered by Morosanu [14] and Djafari
Rouhani [9]. Theorem 3 is a new result even in the case in which G = 0.
(c) Properties of the metric projection were not used in Theorem 4 in contrast to ({1,
Theorem 2.3)).
(d) Asin [1], [5), [6], [15], [16], our results can be used to study the asymptotic behavior of

solutions of the related nonlinear Volterra equation:
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u(t) + / ‘bt - s)Au(s)ds 3 g(t), t>0
u(0) ==z l g(0).
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