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1. INTRODUCTION.

Browder proved the following remarkable fixed point theorem

THEOREM 1.1 Let K be a compact convex subset of a real Hausdorff topological vector space
E Let T be a mapping of K into 2K, where for each z E K, T(x) is a non-empty convex subset ofK
Suppose further that for each y in K, T-l(y) {x:z K,y T(z)} is open in K. Then there exists

z* in K, such that z* is in T(z*).
Browder applied his theorem to obtain the following variational inequality.
THEOREM 1.2. Let K be a non-empty compact convex subset of the locally convex Hausdortf

topological vector space E, T an upper semicontinuous mapping of K into 2E" such that for each x in

K, T(:r) is a non-empty compact convex subset of E*. Then there exists a u0 in K and wo T(u) such

that

(w0, u0 u) _> 0, for all u in K. (1 1)
Subsequently, Browder’s theorem has been generalized by a number of authors including Tian [2],

Tarafdar ([3], [4] and [5]) and Lassonde [6]
The main purpose of this paper is to extend these results of Browder by relaxing the assumptions of

compactness and continuity. Our main results are Theorems 3.1 and 4.1. It is shown that our Theorems

3 2 and 3 3 are direct consequences of Theorem 3 Finally, it is pointed out that our results are

different from the corresponding results of Tarafdar, and Lassonde.
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2. DEFINITIONS.
Let X and Y be two topological vector spaces, and let 2r be the set of all subset ofY
A correspondence G" X 2r is said to be upper semtcontinuous (in short, u s c if for each z in

Doing and any neighborhood V of G(z), there exists a neighborhood U ofx such that

G(u) c V, for all u in U (2 l)
We say that G: X 2Y is upper hemtcontmuous (in short, u h c if for each x in DoinG and for

any p in Y" (dual of Y), the functional
x a(G(x), p) sup (p, y) (2 2)

yeG(z)
is upper semicontinuous, where a is called the upper support function of G and
Doing {x 6 X: G(x) #

We recall that a real-valued function f defined on a convex set C in X is said to be quas,convex if,
for every real number t, the set {x 6 C: f(x) < t} is convex

REMARK 1. It will be noted that for a correspondence G: X 2" with non-empty closed convex

values, the u s c implies the u h c., but the converse is not necessarily tree (see also Jian [7])
3. FIXED POINT THEOREMS.

THEOREM 3.1. Let E be a Hausdorff topological vector space (E not necessarily locally
convex), X is a non-empty subset of E, F: X - 2, where for each z in X, F(z) is a non-empty convex

sub’set ofE and for every in E, F-() {z’z X, y F(z)} is open in X Then the necessary and
sufficient condition for the existence of fixed point x* F(z’) is that there exists a non-empty compact
convex subset K c X such that

F(x) f3 K :/: for all x in K (3 1)
PROOF. The condition is necessary Suppose F has a fixed point x" F(x’) and let K {x’}

Then the subset K is clearly compact and convex and F(x) f3 K is non-empty for all x in K
The condition is sufficient Let the mapping T: K 2 and

T(x) F(x) t-I K, for all x in K
Then for every y in K, T-l(y) is open in K by lemma 2 proved by Tian [2] Obviously, T(x) is

nonempty convex subset of K Using Theorem 1, we can say that there exists a fixed point x* in K
such that is x* is in T(x* F(x*) f3 K. So there exists a point x* X, such that x* F(x*).

As a direct corollary ofTheorem 3.1, the following result of Tian ([2], theorem 2) follows as.

TItEOREM 3.:. Let X be non-empty paracompact subset in a locally convex Hausdorff
topological vector space E. Suppose that F: X 2E, for every x in X, F(x) is non-empty closed
convex subset of E, further, for any y in E, F-l(y) {x X: y F(x)} is open in X. Then the
necessary and sufficient condition for the existence of a fixed point x* F(x*) is that there exists a non-

empty compact convex subset K c_ X such that

F(x) fq K =/= , for all x in K.
We nxt use Theorem 3.1 to prove the following theorem which is different from Ky ([], Lemma 1)

and Takahashi ([9], Theorem 15)
TtlEOREM 3.3. Let E be a Hausdorfftopological vector space and X is a non-empty subset ofE

Let A be a subset ofX x X having the following properties:

(1) For any y X, the set {z X: (z,y) A} is closed;

(2) for any x X, the set {y X: (z, y) A} is convex (or empty);

(3) (z, z) A, for every z in X;
(4) For a non-empty compact convex subset K in X with each z 5 X, there exists y K and

(, ) A.
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Then, there exists a :r" in X, such that {x’} X c A
PROOF. For each x in X, we set the mapping S. X 2x defined by

S(x) {y e X: (x,y) A}
There exists a x" in X with S(x’) from the definition of the mapping S We have (x’,y) E A,

for all yinX, that is {x’} x X C A. IfS(x) :/= for all x inX, then S(x) is convex

And S (y) {x E X:yE S(x)} X\{x E X.(x,y) E A} is open in X For compact convex

subset K, we have S(x) fq K for all x in K by the assumed conditions Then by Theorem 3 l, there

exists a E S(a), that is (a, a) A, which is a contradiction Therefore, we have S(x’) for some x"

in X, so there exists a x" in X, such that {x*} x X C A. This completes the proof
4. VARIATIONAL INEQUALITIES.

In this section, we generalize the variational inequality (1 1) as stated in Theorem 2 by relaxing the

compactness and continuity conditions To prove our result, we need a lemma which was originally
established by Allen [10]

ALLEN’S LEMMA 4.1 Let E be a topological vector space, let X be a non-empty convex subset

of E, and let f be a real-valued function on X X Suppose that

(a) f(x,x) > O, for all x in X,
(b) for each fixed x in X, the mapping y f(x, y) is quasiconvex on X,
(c) for each fixed y in X, the mapping x f(x, y) is upper semicontinuous on X,
(d) there exists a non-empty compact convex set K in X such that for each x in X\K, there

exists y in K with f(x, y) < 0.

Then, there exists a x* in K such that

f(x*, y) > O, for all y in X. (4 1)
By using this Lemma, we prove the following variational inequality which generalize the Theorem

12

THEOREM 4.1 Let X be a non-empty convex subset of the locally convex Hausdorff topological
vector space E, T an upper hemicontinuous mapping of X into 2E’, T(x) is a non-empty compact

convex subset of E’. Further, there exists a non-empty compact convex subset K c X, such that for

each x in X\K, there exists a y in K with sup (w, x y) < 0 Then there exists a x" in X and a w*
w T(z)

in T(x*) such that

(w*, x* y) >_ 0 for all y in X (4 2)
PROOF. Define a real valued function f on X x X by

f(x, y) sup (w, x y)
w E T(x)

Then, by upper hemicontinuity of T, we have that mapping x f(x, y) is upper semicontinuous

(see Tian and Zhou [11], Theorem 7) It is obvious that y f(x,y) is convex and f(x,x) 0 for all x

in X Further, f(x, y) satisfies the condition (d) of Allen’s Lemma 4.1 on compact convex subset K
Hence, by Allen’s Lemma, there exists a x* in X such that

sup (w, x* y) >_ 0 for all y in X (4 3)
wET(x*)

Since T(x*) is compact convex subset, there exists a w* in T(x*) such that (w*, x* y) > 0 for all y in

X
REMARK :Z. The "coercivity" assumption of Theorem 4 can be replaced by the weaker condition

as

There exists a non-empty compact convex subset K C X, such that for each x in X\K and each

w E T(x), there exists a y in K with (w, x y) < 0.
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In fact, by applying the Lemma of Browder [1] and the proof of Theorem 4 from the above

assumption, we can obtain the "coercivity’’ condition of Theorem 4 So we have the next theorem

THEOREM 4.2. Let K, X, E and T are the same as in Theorem 4 Furthermore, suppose that

for each x in X\K and each w E T(z), there exists a V in K, such that (w,x ) < O.

Then there exists a z* in X and w" E T(z’), such that

(w*, x* ) >_ 0, for all y in X. (4 4)
REMARK 3. In case of a single-valued mapping, Theorem 4 2 take the following form

COROLLARY (Allen [10]). Let E be a topological vector space, let X C E be a convex

subset Let T: X E* be a mapping such that the mapping x (Tx, x) is upper semicontinuous on

X Let K C X be a non-empty compact convex subset and suppose that for x X\K there exists in

K such that (Tx, 3: y) < 0. Then there exists a vector x* in K such that

(Tx*, x* y) :> O, for all y in X. (4 5)
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