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ABSTRACT: Let P be cone Banach space E, A, K are two mappings in P, A accretive, K s k-set contrac-

tion, then fixed point index defined for mapping -A+K, some fixed point theorems are also deduced.

KEY WORDS AND PHRAESE accretive mapping, k-- set contraction,cone, fixed point index.

1992 AMS SUBJECT CLASSIFICATION CODES:47H10. 47H05. 54H25

1. INTRODUCTION

The fixed point index is a important tool in solving positive solutions of nonlinear equations m ordered Banach

space. So what nonlinear mapping could be defined a index theory becomes a very interesting problem, many au-

thors have studied this problem, see13. 23. 83. (103, (123. 133. In this paper. E Banach space PCE is

closed cone, i. P is closed convex, and

PCP,V 0, P(q(--P)={0};

(ZE s a nonempty open bounded subset. Let A: D(A) P--2 be a multivalued accretive mapping, i, e

x-y < .z’--y+,(a--az)II ,.z’,yGDtA) ,aA:c,

K=FJP--P is strict k--set contraction,i,e 0k<l; If
(I+A)(D(A) )=P, amt .z-E --A.z’+K.z’,Y

then a fixed point index is defined for--A+K,when K is compact, such type mapping were studied by 4
143,153.

2. MAIN RESULTS

Let E be a Banach space, PCE is a closed cone,"" is the order induced by P in E, i,e xy if and only if y

--xP.
PROPOSITION :A:D(A)=P-"P is a continuous accretive mapping,for each xP, there exists fl(x)O,

such that Axfl(x). then(M+A)P--P,t 20;

PROOF. :For each z P, consider the following differential equation

t [0, -k-c)
(2" 1)

x(O)=uP

For each xGP, since Ax[3(x) , so there exists W(x)CzP, such that fl(x) x=Ax+W(x)

So we have x-+-(----Ax+z)= (1--e2--fl(x))x+eW(.z)

For sufhcient small 0, such that 1--2--fl(x)O, then (1-)--fl(x))x +eW(x)+zP

Hence
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bye63 .we know (El) has onlv one solunon. Let a’(t.u) be the unique solution of (El) with x(0)--u.

Now. define mapping B :P---P following

Blu-a’(T,u),ur P, T>O constant;

For v6P. Let (t)= a’(t,u)-x(t.v) ,then

(t)D (t)-(x’(t,u)--w’(t.v).x(t.u)--x(t.v))

whereD f(t)--lm;(t)--(t--h); see (63P.36)

(, (t )D (t) Lr(tou)-- Ax(t,u)-+-Lr(t ,v)+Ax(t.v) x(t,u)--x(t,v)

A is accertive.so

Ax(t.u +Ax(t ,x(t ,v x(t ,v) (Ax(t ,u) Ax(t ,v) ,x(t ,u) x(t ,v) )_O
Therefore

f(t)D (t)--a(t)

(t)e

So we have B, u--B-,v <e
Hence, Br has a umque fixed point u0 - P,t,e B- u0 u,. Thin mplies x’ (t, u0) 0,t>0,

So O= Au,, Au,,+z,z6 (A+AI) (P).

This complete the proof.

In the following, we assume A :D(A)CP--2 is multivalued accritive mapping, (A+I) (D(A)) =P,

it’s well known (I+A) is nonexpanmve(see(43).

Let fl be open bounded subset of E,K:OI"IP--P is strict k--set contraction, i, e k
Suppose D(A) O=i ,and x Ax-+-Kx, t x ff’ll’qD(A) then

x:(I+A) Kx,
(I+A) K is also a strict k--set contraction.so the fixed point index i((I+A)-’K, I’JOP) is well defined, see

13, (83. Now, we define

(--A+K,OOD(A) )=i( (I+A)

THEOREM 1: (a) If O=B(O,r),Kx=xoB(O,r)f]P,t xB(O,r)f]P,then
t(--A+K,B(O,r)IqD(A) )=

(b) Suppose =O, U fJ, O, f] , then

A+K ,l’J D(A) A+K .0, f] D(A) +( A-4-K, f] D(A)

(c)Let H (t,x) (0,13 (Of] P)--P. if H (t, x is uniformly continuous m x for each t, and for each 0,13. H
(t, )Of]P-P is a strtct k--set contraction,k doesn’t depend on t, suppose

then i(--A+H(t,x),Of]D(A)) doesn’t depend on t.

(d) If i(--A+K,Of]D(A))O, then x --AxWKx has a solution in OD(A). i,e --AA-K has a fixed point.

PROOF: by the definition, (b), (c), (d) is obvious. (see(13or

Now, we prove(a). First, we have

OD(A) ,atwl OAO (2.2)

In fact, (A+I)D(A)=P, so there exists xD(A),aAx, such that x-+-a--O

Since x>O,a>O, So we must have x--O,a=OAO. Hence
(A+I) 0=0 (2. 3)

by the definition ,we need to prove

i((I+A)--K,OP)=I,0=B(O,r) (2. 4)

Since (I+A)Kx=(I+A)Xo, xCO["lP,and

(I+A)-’Xo--<l+A)-’O < x0 <r
So (I+A) ’XoP=B(O,r)P, by 13(seealso83).

t( (I+A)- K,B(O. r) (qP)=

So i-- (--A+K,B(O,r)f’ID(A))=I.

In the following, K,A,,are same as above.

LEMMA l:If Kx=x. xQP;and 0,Q,then

PROOF:Let H(t,x) =tKx,t 0,13 ,xl’JP. If x --Ax-+-tKx for some xqfq D(A) and t 0,13,
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then t:eO(otherwise.we get 0’oa contrad,ctmn)

So K. ---- contradiction to K.rx.
Hencc, H(t.x) satisfy all the conditions of (c) theorem 1.

AK.D(A))=t(--A+O,D(A)
by 2.3), we have (I+A) 006I’
So(I,4) O,P)I, and weget

A0,I)(A))
HolIc(.

t( --A+K.D(A))--1
COROLLARY 1: If 0,and Ka’ , .rl, then --A+K has a fixed int in D(A)
PROOF: It’sobvousKax, a’P. By lemma 1,

t( --AK.D(A))--
Theorem 1,(d) imphes-A+K has fixed point D(A).

LEMMA 2: Let u,,0,tl,, P,suppose x--tu,, --A(.r--tu,,)+Kx,f xP, and x--tuoD(A) ,for t
0 Then

t(--A+K,D(A))=O

PRF: Supposet(I+A) K,D(A)O
For each r0,Let H(t,x)=(I+A) K+tru,,, xP,t

It’s obvious H(t,x) is uniformly continuous in for each t,and H(t, )is strict k--set contraction for each t.

By(l. (see also 83). We get

t((I+A) K+ruo,P)=t(I+A) K,DP)O
there exists x,P,such that

x--(I+A) Kx=ru,, (2 6)

Letting rov,the left rode of (2.6) is bounded, but the mght rode of (2,6) is unbounded,a contradiction.
We must have (--A+K,D(A))=O

THEOREM 2 I{ A: D(A) P-2 is an accretive mapping, (I+ A D (A) P,,, are two open und
subsets of E.0,K:P is strict k--set contraction mapping, OuoP

(i)For each x,,xKx;for each

x P,x--tuo D(A) ,tO,x--tu,, --A (x--tuo) +Kx;
(i) For eachx;xKx,for each

xzP,x--tuo D(A) ,tO,x--tuo --A(x--tuo)+Kx;

Suppose either (i)or (ii)is satisfied,then --A+K has a fixed point in(,--) D(A)
PRF: Suppose condition (i) is satmfied by, Lemma 1, we have

i(--A+K,,D(A))= (2.7)

by Lemma 2,we have

i(--A+K, D(A))= (2.8)

by (b) o{ Theorem 1,and (6), (7). We get

i( --A+K, (-- D(A)

by (d) of Theorem 1, we know --A+K has a fixed point in (,--)D(A).

(A)

(2.5)

PROOF: we may suppose

x --Ax+Kx. xOE D(A)
Let H(t,x)=tKx, xEzfJNP,tE (O,13;

It’s obvious H(t,x) is uniformly continuous in x ,and H(t, ),s strict k--set contraction for each t.

We show that

x --Ax+H(t,x), xEaO["lD(A),t 0,1]

Ifx--Ax+H(t,x) for somexaOD(A) ,tO,1],thenx---(I+A) IH(t,x)

(2.9)

(2.10)

If (xi) is sausfied, the proof is similar. We complete the proof.

THEOREM 3: For each Of’ID(A), Kx < ,and 0/J,then --A+K has a fixed point in
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Since (I-+-A) is nonexpansve and (1+,,1) 0:-0. So

Therefore t= 1. contradict to (8),by (c) of Theoreml,

( --A+K,DD(A) =t(--A+0,DD(A))
and (2.5) lmphes t(--A+K,DD(A))=I.
by (d) of Theorem 1,--A+K has fxed point D(A).

THEOREM 4:If 0,
D(A).

PROOF:We may assume - Az+Kx, xCD(A)
Let H(t,x)=tKx,t6 0,1]

If x -Ax+tKx for some t6 [0.1] ,xGD(A),then tKxGx+Ax
So there exists

By the assumptmn (2. ll),tl,we must have Kx=0, x+a=0

By (2.3),x=06,a contradmrion to

So we have x --Ax+H(t,x), xCD(A),t6 0,1].

The following prf is mmdar to that of Theorem 3. This end the prof.
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