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ABSTRACT. The Hyers-Ulam stability of mappings is in development and several authors
have remarked interesting applications of this theory to various mathematical problems. In this
paper some applications in nonlinear analysis are presented, especially in fixed point theory.
These kinds of applications seem not to have ever been remarked before by other authors.
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INTRODUCTION

In 1940 S.M. Ulam posed the following problem Given a group G, a metric group (G,d) and
a positive number & does there exist a & > 0 such that if f:G, > G, satisfies
d(f(xy),f(x)f(y))<6 forall x,yeG,, then a homomorphism T:G,—>G, exists with
d(f(x).T(x)) < & forall x,y€G,? (cf [26], [27]).

The first affirmative answer was given by D.H. Hyers [9] in 1941 and a generalization of Hyers’
result was obtained by Th.M Rassias [24] in 1978. Several papers have been published on this
subject and some interesting variants of Ulam’s problem have been also investigated by a
number of mathematicians (cf [11],[13],(10],[12],[15],[16],[81,[6],[23]). The concept of the
Hyers-Ulam stability of mappings was thus created and it is now currently used in the spirit
of Ulam’s problem. We note that till now the Hyers-Ulam stability has been mainly used to
study problems concerning approximate isometries or quasi-isometries, the stability of Lorentz
and conformal mappings, the stability of stationary points, the stability of convex mappings, or

of homogeneous mappings, etc. (cf. [11], [12], [23], [6]).

In this paper we intend to introduce another way for future applications of this theory. We will
apply some stability results, obtained recently, to the study of some important problems in
nonlinear analysis For example, the existence of fixed points on cones for nonlinear mappings,
the study of eigenvalues for a couple of nonlinear operators and the study of bifurcations to the
infinity, with respect to a convex cone, of solutions of the Hammerstein equation.

In nonlinear analysis it is well known that finding the expression of the asymptotic derivative of

a nonlinear operator can be a difficult problem In this sense, in this paper it is explained how
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the Hyers-Ulam stability theory can be used to evaluate the asymptotic derivative of some
nonlinear operators.

Since, by the Hyers-Ulam stability we come to find the expression at every point of the
asymptotic derivative of some nonlinear operators, we succeed in finding interesting
assumptions for new fixed point theorems and for some new existence theorems

The nonlinear problems considered in this paper have been much studied by several
mathematicians (cf. [1],[21,[3],[5],[7],[17-22],{25],{28],[29]) but the idea to use the Hyers-
Ulam stability theory for the study of these problems had not appeared earlier in the

mathematical literature.

PRELIMINARIES

Let E be a Banach space. We denote by S the set = {x eE|[x= 1}‘ A subset K c E is said to

be a cone if it is closed and satisfies the following properties:

1) K+KcK,2) AKcK forall AeR, and3) Kn(-K)={0}. We denote by K" the dual of

K ie K ={pecE’

#(x)=0 forallx eK}. Each cone KcE induces an ordering on E by

x<yey-xeK. IfinE a closed cone is defined, we say that E is an ordered Banach space.
A cone KCE is said to be generating if £E=K - K and it is said to be normal if there exists
621 such that for every pair x,y €K, |q|<&x+)|. We say that a cone KcE is solid if its
topological interior is non-empty. The cone R! is solid. Let E=C,(£2) be the space of all
continuous functions from £ into R with the max-norm, where £ is a topological compact
space. The cone Cy(R2)= {xIx(t)z 0on .Q} is solid.

The cones L{(£2)= {x e L"(2)x(r) 2 0 almost everywhere} and I} = {x el’|x, 20 forall i} con-
sidered in L"(£2) and in / respectively are not solid if 1<p<ow. We call a point x, €K a

quasi-interior point if ¢(x,)>0 for any non-zero ¢ €K *. If the cone K is solid, then the

quasi-interior points of K coincide precisely with its interior points. There exist non-solid cones

but with quasi-interior points. For example, if K is the cone of nonnegative functions in
rr (.Q)(ISp<oo), its quasi-interior points are the functions, which are positive almost
everywhere; similarly in the space I°(1<p <) the quasi-interior points of the cone K of all

nonnegative sequences are these sequences with only positive components. We denote by

L(E,E) the set of linear bounded operators from E into E. It is well known that for every
T e (E,E) the spectral radius r(T) is well defined, where r(T)= max{|l”l eo(T )} and o () is
the spectrum of 7. We say that T €L(E,E) is strictly monotone increasing if for all x,y eE
such that x <y (i.e, x<yandx #y) we have T(y)- 7(x) cint(K). Let DCE be a bounded set.

Then we define ®D) the measure of noncompactness of D to be the minimum of all positive

numbers & such that D can be covered by finitely many sets of diameter less than & A mapping
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J/ E—E is said to be a k-set-contraction if it is continuous and there exists k €R_ such that
for every bounded set D < dom(f), }/(f(D)) <ky(D) A mapping f E—E is said to be a strict-

set-contraction if it is a k-set-contraction for some k < 1 An appropriate reference for the
measure of noncompactness is [4] A mapping f/ E—E is said to be compact if it maps

bounded subsets of dom(f) onto relatively compact subsets of E and f is said to be completely
continuous if it is continuous and compact Every completely continuous mapping is a strict-

set-contraction

Let K be a generating (or total i e E:K—K) cone in E  The mapping f K — E is said to be

asymptotically differentiable along K if there exists T € L(E,E) such that
ip O - TG
5 e fl< | .
In this case T is the unique such mapping and we call it the derivative at infinity along K of f

.We say that a mapping f £ — E is asymptotically close to zero along K if
x
ESte Il
Let ¢.R_ — R_ be a function such that ¢(r)>0 forall 7>y, where y eR, We say that f-X— E
is @-asymptotically bounded along X if there exist b,c €R, \{0} such that for all x €K, with

|x| > &, we have

@< o).

An interesting spectral analysis of g-asymptotically bounded mappings can be found in [28].

1)

Every @-asymptotically bounded mapping (along K) such that 'limT=O is asymptotically

close to zero.

If K is a generating (or total) cone in E, then a mapping f:K — E is said to be differentiable at

x, €K along K if there exists f'(x,) € L(E,E) such that

) Ao o)
3 M >

In this case f'(x,) is the derivative at x, along K of f and it is uniquely determined

THE MAIN RESULTS

Let E,, E; be real normed vector spaces The following definition was introduced in [15].
DEFINITION 1. For a given function y:R, — R, we say that a mapping [ E, — E,is -

addrtive  if and only if there exists a constant 0>0 such that

11 e +3) - 1)~ 70N < 6w (bel) < (b)) for at x.y <,
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If the function | satisfies the following assumptions:

i) im 2o

1> t

1) wl(ts)<y()y(s) forall t,seR,,
1,) y(f)<t foral 1>1

then we have the following result proved in [15]
THEOREM 1. Consider E, to be a real normed vector space, E, a real Banach space and

f.E, > E, a mapping such that f(tx) is continuous in t for each fixed x. If f 1s y-additive and

w satisfies the assumptions iy), 1) and i), then there exists a unique linear mapping

T'E, > E, such that |f(x)- I(x)| < 22—'/?(2)0//(][;'"), for all x eE,. Moreover the expression of T
2"x
at every point x €E, is T(x)=lim f(z,. )

The class of functions which satisfy the assumptions i), /1) and i;) is not empty. In this sense

we can cite the following functions:
1°) y(r)=1" with p€[0,]),
0ifzr=0
2° t)=
) vl {t’ ift>0, wherep <O0.
To enlarge the class of functions ¥ such that the conclusion of Theorem 1 remains valid we

consider the following:

Let F, be the set of all functions y from R, into R, satisfying the assumptions /;) and i) and

()

such that lim - = 0. Let P(¥) be the convex cone generated by the set F,. We remark that

a function y € P(¥) satisfies the assumption io) but generally does not satisfy the assumptions
iy) and i;). However, we will show that Theorem 1 remains valid for y-additive functions with
w €P(¥). Let E, and E, be normed vector spaces and f:E, — E, a mapping. The following

result is a consequence of the principal theorem proved by P. Gavruta in [8].

LEMMA. If ¢.E, xE, —[0,+®) is a mapping such that §(x,y).= iZ"‘ ¢(2‘x,2' y) <+wo for
k=0

all x,y €E, and f.E, - E, is a continuous mapping such that |f(x+y)- f(x)- f(¥)| < #(x.»),

for all x,yeE,, then there exists a unique linear mapping T.:E — E, such that

uf(x) - x| < %J(x,x) for all x eE. Moreover T(x)= lim f(22" x) forall xeE.

A consequence of the Lemma is the following result.

THEOREM 2. Let E, be a real normed vector space, E; a real Banach space and f E, — E,

a continuous mapping. If f is y-additive with y € P(¥) then there exists a unique linear

mapping T-E, — E, such that ||f(x)—T(x)"s2—%(2)y/("x||), for all x eE,. Moreover the
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f(2"x)

2n

expression of T at every point x €E, 1s given by T(x) = lim

PROOF. We apply the Lemma for the function ¢(x,y)= G[W(Nx“)+y/(lbvn)] In this case, using

the properties of the functions y € P(¥), we can show that a(x,y) < +oc forall x,y €E, and the

conclusion of the Theorem follows Q E D

REMARKS. The last Theorem is significant since the class of y-additive functions with
w € P(¥) is strictly larger than the class of functions defined in Theorem 1. In this sense we
remark the following results

1) If f.E, > E, is a y-additive mapping with € P(¥) and T, e L(E,,E,) then To + fis a
y-additive mapping with respect to the same function ¥

2) If f.E, > E, is a y-additive mapping with y € P(¥) and T, € L(E,,E,) then I.°f is a

'//.
3) If f,f,.E, > E, are mappings such that f; is yi-additive and f; is Ysr-additive with
¥,.W, € P(¥) then for every a,,a, eR we have that a,f, +a,f, is a y-additive mapping. In
this case the function ¥ is defined by y(f) = y,(¢) + v,() for all 7 R, and 6 = max(a,6,,a,6,).

THEOREM 3. Let E be a Banach space ordered by a generating cone K and let
f:E—>E,gK — K be two mappings such that:

(f1). f is completely continuous, positive and Y-additive with respect to a function y eP(Y’)

and to a constant 6> 0 (i.e. f(K) c K);

(f2): there exists a quasi-interior point x, €K and 0< A, <1 such that lim < AgXo;

f (Z"xo)
n—swo 2"
(g1): g 1s asymptotically close to zero along K;

(M): h = f + g is a strict set-contraction from K to K.

Then h = f + g has a fixed point in K.

2"x
PROOF. By assumption (f;) and Theorem 2 we have that T(x) = lim f(z,. ) is well defined for

every x € E and T is the unique linear operator satisfying the inequality

@ V(e)-1f s 37wl forat x <

Since f is compact, we have that f(S) is bounded, which implies that T is continuous. Indeed,

the continuity of T is a consequence of the following inequalities

76 < Ll +[7) - s < Lol + 52 ,,,(2) o ) <l + = V,( Ty V) forallx <.

From the definition of 7 and the fact that f(K)c K we deduce that T is positive (i.e

T(K)c K) From inequality (@) and the properties of y we have that
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that is T is the asymptotic derivative of f along K. Also, from the principal theorem of [14] or
from (1] we have that T is completely continuous (and also it is a strict-set-contraction). From
assumption (g,) we have

-t e, -1
BT AW R W

that is 7 is also the asymptotic derivative of h along K.

Since T is completely continuous its spectrum consists of eigenvalues and zero. Suppose that
r(1)> 0. From assumption (f2) we have that T(x,) < A.x, and using the Krein-Rutman Theorem
([29], Proposition 7.26, p.290) we have that there exists ¢, €K \{0} such that
T"(¢,) =r(T)@, and @,(x,) >0 (since xo is a quasi-interior point of K). (We denote by T* the
adjoint of 7). Hence we deduce

H(1)= LT (¢o)](xo) % I(xo)) ¢o(3~oxo)
¢o (x [} ) ¢0 (xo ) ¢° (xo )

that is, r(T) <1.

Now, all the assumptions of Theorem 1 of [1] are satisfied and therefore A= f + g has a fixed

point in K. Q.ED.

REMARK. If f,. .. f,.E, > E, are continuous Yy-additive mappings respectively to

ViWases ¥ € P(¥) and Za £.(S) is bounded (where al, ,a, €R) then using the properties of
=1

functions y,,...,¥,, and Theorem 2 we can show that the asymptotic derivative of the mapping

>a/(2)
Za/, is exactly T(x)—hm"——z——-, forall x €E,.

=1
COROLLARY. Let E be a Banach space ordered by a generating cone K and let f:E — E be
a mapping satisfying conditions f1) and f;). Then f has a fixed point in K.
REMARK. In Theorem 3 and its Corollary we can rep]ace assumption (f2) by the following:

(fs): for all 2>1andx eK\{0} there follows | f(x)- Aq>

o

Hereafter we investigate the existence of non-zero positive fixed points.
THEOREM 4. Let E be a Banach space ordered by a generating cone K and let
f:E > E.gK — K be mappings satisfying (f1), (g1), (m) and:

f(2"x, )>
2"

(fa): there exist A, >1 and x, ¢ -K such that }Il_!)l: X0

¢ @) - > y/(z l//(||x||) for all x eK\{0};
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(h2). his differentiable at 0 along K and h(0) = 0,

(h3). h'(0) does not have a positive eigenvector belonging to an eigenvalue A > 1

Then h = f + g has a fixed point in K \ {0}.

PROOF. As in the proof of Theorem 3 we have that 4 is asymptotically differentiable along K

and its derivative at infinity along K is 7(x)= lim ( ) for every xeE  Moreover T is

noo "
completely continuous and the inequality (&) is also satisfied. From assumption (fs) we have

that / is not an eigenvalue with corresponding positive éigenvector of I. From assumption (f3)

1

we obtain that r(T) > 4,. Indeed, if ()< 4, and since r(T)=lim|T"|" (the Gelfand’s formula),

il

<k" for sufficiently large n and some k¥ < 1. Because T(x,) 2 Ax, we deduce

A"T"(x,) 2 x, (since T is positive) and if we pass to the limit in the last relation we obtain
x, £ 0, i.e. x, €-K, which is a contradiction. Using again the Krein-Rutman Theorem we have
that r(7) is an eigenvalue of T with an eigenvector in K. Thus all the assumptions of Theorem 1

of [5] are satisfied and we conclude that 4 has a fixed point x, eK\{O}.

Q.ED.
APPLICATIONS

We will apply now Theorem 4 to the following nonlinear eigenvalue problem. Let £ be a
Banach space ordered by a cone K. Given the mappings L, f and 4 from E into E (possibly
nonlinear) find x, € E\{0} and A R, \{0} such that (b) L(x.)+ f(x.)=x.+24(x.).
DEFINITION 2. We say that A € R, \{0} is an asymptotic characteristic value of (L,4) if L
and AA are asymptotically equivalent (with respect to K) i.e.,
LG - AT

hmo———— =0.

i
An asymptotic characteristic value of (L,4) is a characteristic value of (L,4) in the sense of the
definition given by Mininni in [22], i.e., 4 is a characteristic value of (L,4) in Mininni’s sense, if

there exists a sequence {x,} . of elements of K such that

|6, )I- ﬂlA(xn)I

n

lim|r,| =+ and lim =0.

n—

The following result is a consequence of Theorem 4.

COROLLARY. Let E be a Banach space ordered by a generating cone Kc E, f:E—E a
mapping such that f(K)c K and L,A mappings from E into E. If the following assumptions
are satisfied:

(1): fsatisfies conditions (f;), (f;) and (fs);

(2): Ais an asymptotic characteristic value of (L,A);

(3): h=f+L- AA4 satisfies conditions (h)) - (h;).
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Then the nonlinear eigenvalue problem (b) has a solution.

It is well known that the study of the nonlinear integral equation

(@) x(u)= L G(u,v)f (v, x(u))du ,

known as the Hammerstein equation, is of central importance in the study of several boundary-
value problems (cf. [17], [18], [19], [29]).

Also some special interest is focused to the eigenvalue problem

B )= AIQG(u,v) £ (v, x(u))du , (cf. [29] and its references).

If we denote by G the linear integral operator defined by the kernel G(u,v) and by f the
Nemyckii’s nonlinear operator defined by f(v,x(v)), i e.f(ufv)=f (v.x(v)), then the equation
(D) takes the abstract form

() x=2G/(x).

For the equation (¥) we consider the following hypotheses:

H,): (E,K) and (F,P) are real ordered Banach spaces. The cone K is normal with non-empty
interior.

H;): The mapping f:E — F is continuous and the operator G:F — E is linear, compact and
positive.

Hs): G is strongly positive, i.e., x < y implies G(y)-G(x) eint(K).

We recall that (A,+x) is a bifurcation from infinity of equation (@) if A, >0 and there is a
sequence of solutions (4,,x,) of () such that 4, - 4, and |x,| > as n > .

THEOREM 5. Consider equation (y) and suppose that H;), H,) and H;) are satisfied. If in
addition the following assumptions hold:

1°) f (K) c K and f(S) is bounded,

2°) fis y-additive with y € P(¥),

39 fimZ (%)

2n

>0, for every x eK\{0},

n—oo

2"x -
then setting T(x)=lim f(z.. ) for all x€E and A =r(GT)" we have that (A.,+) is the only
bifurcation from infinity of equation ().

PROOF. First we note that T is the asymptotic derivative of f along K. Since by assumption

3°) we have that T is strictly positive on K we remark that r(GT ) >0. We set

g(x)= |(|)"2|V[ﬁ) ifx 0

ifx=0
We know that g'(0)=T and (4,+w) is a bifurcation point of x = AGf(x) if and only if (4,0) is a
bifurcation point of x = AGg(x). The Theorem now follows from Theorem 7.H of [29]. Q.E.D.
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REMARK Concerning Theorem 5, the two-sided estimates for the spectral radius that have
been obtained recently by Stetsenko in [25], are very essential Stetsenko showed that if
A E — E is a completely continuous operator and E is a Banach space ordered by a generating
closed cone K with quasi-interior points and if some special assumptions are satisfied, then we
can define the numbers A, p, the vectors u,,v, and a functional ¢, such that
v, 1 Vv,
0 A-pB<r(za- Lo

OPEN PROBLEM. It seems to be an interesting problvem to find new and more efficient two-

sided estimates for the spectral radius of the operator GT where

7(x) = lim 7x)

n—so 2 ?

when fis a y-additive mapping with y € P(¥).
Such an estimate of #(GT), similar to the estimate (6), is important for the approximation of
the bifurcation point (4.,+0), of the equation ()
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