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1. INTRODUCTION.

The terms whose definitions are given here for the sake of completeness are discussed in many
textbooks in topology. A set A is a directed set if there exists a relation < on A such that 1) 3 < 3 for all 3
€ A, 2) 8 £8; and 3, < 83 implies that d; < 83 and 3) if &; and 3, belong to A then there exists some
element &3 in A such that §; < 83 and 8, < 83. A ner in a set X is a function s : A — X from a directed set
Ainto X. If A is in the domain A of the net s : A = X we will denote s(A) by s; and the net s in X by (s; :
A € A). For a directed set A we will denote by nA the set (8 € A : 82 ). If T is a subset of the directed
set A then X is cofinal in A (or frequently in A) if uAN X # D forany p € A. Ift: £ — X is a function
from Z into X then t is a subnet of s : A — X if for any p € A there exists a 8 € X such that t[3Z] <
s[1A). A universal net (or ultranet) is a net with no proper subnet. The following ideas are introduced in
So [18]. A convergence structure on a set X is a class C of ordered pairs (s,x) where s is a net in X and x
€ X such that for any (s,x) in C the ordered pair (t,x) also belongs to C if t is a subnet of s. A
convergence space (X,C) is a set X on which we have defined a convergence structure C. If a convergence
structure C is defined on a set X we will usually abbreviate (X,C) by X. Also the phrase s converges to x
(denoted by s — x) will mean (s,x) € C. A convergence space X is compact if every net in X has a
convergent subnet in X and, finally, X is Hausdor(f if no net in X converges to two distinct points in X.

Throughout this paper X will denote a convergence space. If E € X then cIxE = E U {x € X : there is
some net s in E such that s — x}. Note that this closure operator is not necessarily idempotent, i.e., cIxE

may be a proper subset of clxclxE. A subset E of X is dense in X if cIxE = X. If f is a map from X into a
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convergence space Y then we say that f is continuous if s — x in X implies that fos — f(x). Furthermore,
if f is one-to-one, continuous, and onto Y and if f< : Y — X is continuous then f is called a
homeomorphism from X onto Y. As for topological spaces a compactification Y of X is an ordered pair
(Y,h) where Y is a compact convergence space and h is a homeomorphism of X into Y such that h[X] is
dense in Y. Given a compactification aX of a space X the outgrowth (or remainder) of X in aX is aX\X.
Two compactifications X and yX of X are said to be equivalent if there exists a homeomorphism between
aX and yX that fixes the points of X. We will say that X is pseudotopological at x if X satisfies the
following property: if every universal subnet of a net s in X converges to x then s converges to x. We will
sat that X is pretopological at x if X satisfies the following property: If for a net of nets S = {s5: d € A}
each net sg = [s‘s1 1 e As} (where Ag is the domain of s5) converges to a point x5 in X and {x5:8 € A}
converges to a point x in X, then the net {s: :3 € A, p e As) ordered lexicographically by A, then by As,

has a subnet which converges to x (i.e. S has a "diagonal net" that converges to x). A convergence space
X is said to be pseudotopological (pretopological) if X is pseudotopological (respectively pretopological)
at every point in X. It is known that if a convergence space X is both pseudotopological and pretopological
and satisfies the property : "for anets : A — X, s5 = x for each 8 € A implies s53 — x", then we obtain a
topology on X by defining the closure of a set E in X as clxE = {x € X : there is some net s in E such that
s — x}(see 1D of Willard [20]).

The following theorem is straightforward.

THEOREM 1. A convergence space X is compact if and only if every universal net in X converges.

We will say that a net s = {s5: 8 € A} in X is eventually in E € X if s[pA] € E for some p € A. The
following lemma is Proposition 3.3 in Aarnes et al. [2].

LEMMA 2. If s is a net in X, then s is universal if and only if for each subset E of X, s is eventually in
E or eventually in X\E.

In So [18] the author develops a method for constructing the one-point compactification of a non-
compact Hausdorff convergence space X and discusses some of the properties of this compactification. In
this paper we discuss a general method of constructing compactifications of a convergence space X. In
particular we use this method to construct a compactification to which every real-valued bounded function
on X extends.

2. PRELIMINARY DEFINITIONS AND RESULTS.

The following technique for constructing compactifications is modeled on a method of constructing
Hausdorff compactifications of locally compact Hausdorff spaces by using functions from X into a
compact Hausdorff space K (see André [1], Chandler et al. [5], [6], Cain et al. [4], and Faulkner [11]).
Let f : X — K be a continuous function from the non-compact Hausdorff convergence space X into a
compact Hausdorff topological space K. Let Y = clxf[X], Kx = {F ¢ X : F is compact} and S(f) =
N{cIyf[X\F] : F € Kx }. The subset S(f) in K will be called the singular set of f. Clearly S(f) is closed
and hence is compactin Y.

LEMMA 3. Let f: X — K be a function from a non-compact Hausdorff convergence space X into a
compact Hausdorff topological space K. If s : A — X is a net in X that does not contain a convergent
subnet then any subnet of the net fos in Y = clxf[X] converges to a point in S(f).

PROOF. Let f : X — K be a function from a non-compact Hausdorff convergence space X into a
compact Hausdorff topological space K and let s : A — X be a net in X that does not contain a convergent

subnet. Since K is compact the net fos has a convergent subnet t that converges to some point y in Y. We
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claim that y € S(f). Let F be a compact subset of X. Since s has no convergent subnet in X there exists a i
€ A such that s[uA] < X\F. Consequently fos[pA] < fIX\F]. It follows that y € clyfos[HA] < clyf[X\F].
Since F was an arbitrary compact subset of X, y € N{cIkf[X\F] : F e Kx} = S(f) as claimed. a

3. THE MAIN RESULTS.

Given an arbitrary continuous function f : X — K from a non-compact Hausdorff convergence space X
into a compact Hausdorff topological space K let Xf = X U S(f). We define a convergence structure on Xf
as follows. A net s in Xf converges to a point x in X if and only if s is frequently in X (i.e., s has a cofinal
subnet in X) and slx converges to x. Let f* : Xf — K be the function such that f*ls(f) is the identity
function on S(f) and f*|x = f on X. A net s in Xf converges to a point y in S(f) if and only if s has no
convergent subnet in X and f*os converges to y in S(f) (noting that, by lemma 3, y belongs to S(f)).

Let us now verify whether we have defined a convergence structure on Xf. We are required to show
that if s converges to x in Xf and t is a subnet of s then t also converges to x. It will suffice to show this
for a net s in Xf that converges to a point x in S(f). If s is a net in Xf that converges to a point x in S(f)
then s has no convergent subnet in X and f*ss converges to x in S(f). Let t be a subnet of s. Then f*ot is a
subnet of f*os in K and so f*ot converges to x in K; hence t converges to x. It follows that Xfis a
convergence space.

The following is a generalization of theorem 1.1 of Cain [4].

LEMMA 4. Let f be a continuous function from a Hausdorff convergence space X to a compact
Hausdorff topological space Z. Let Y = clzf[X] and Kx = {F ¢ X : F is compact}. Then the set {x € K
: clxf<[U] is not compact for any open neighbourhood U of x in K} = S(f) (= N(cIyf[X\F] : Fe Kx }).

PROOF. Let T = {x € K : clxf*[U] is not compact for any open neighbourhood U of x in K}. We
will first show that T < S(f). Let F € K. Suppose p belongs to Y\clyf[X\F]. Then there exists an open
neighbourhood U of p in Y such that f<[U] € F (since Y is a compact Hausdorff topological space).
Hence p ¢ T (since clxf“ [U] is compact). We have thus shown that T € clyf[X\F]. Since F was
arbitrarily chosen in Ky, it follows that T © N{clyf[X\F] : F € Kx } = S(f). Suppose now that x belongs
to S(f). If x belongs to Y\T then there exists an open neighbourhood U of x in Y such that clxf<[U] is
compact. But
x € N{clyf[X\F]: F € Ky}

C clyf[XXcIxf<[U]]  (since clxf<[U] € Kx)

C cyfIX\F[U]]

< clyfof < [Y\U]

=Y\U.

This contradicts that x belongs to U. Consequently N{clyf[X\F] : F € Kx} < T. The lemma follows. a
DEFINITION 5. We will say that a convergence space X is a LC space if it satisfies the following
property:
LC:LetS = {s5: 8 e A} be any net of nets in X such that each net s5= {s'gl : L € Ag) (where A is the
domain of s3) in S has no convergent subnet in X. Let D = {s'él :0e A,pe As} ordered
lexicographically by A, then by As. Then no subnet of D is compact .

PROPOSITION 6. A Tychonoff topological space X is locally compact if and only if X is an LC space.

PROOF. Suppose X is a locally compact Tychonoff space. We can then construct the Stone-Cech
compactification BX in which X is open (see 18.4 of Willard [20]). Let S = {s5 : 8 € A} be a net of nets
in X such that each net s5 = {sg : L € As} has no convergent subnet in X. LetD = (s;l :8e A pe Ag).
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Suppose that, for each 8 € A, 1(ts) is the limit of some convergent subnet t5 ={s’5l : e Zs) of ss. Since
BX\X is compact the net {I(ts) : 8 € A} has a subnet {I(t5) : 8 € £} which converges to some point x in
BX\X. Let T be any subnet of [s: :8 e I, ne Ip) (itself a subnet of D). Then T is of the form T = [sg :
8 A, e As) (where {s5: 8 € Alis a subnet of {s5: € X} and [s;: U € As) is a subnet of [sgz u
€ Zs) for each 8 € X). It follows that {s;l : L € Ag) converges to 1(t5), for each 8 € A. Since BX is
topological it is pretopological. Hence the net T = {s*sl :8 € A, e As) has a subnet H that converges to x
(since {1(ts) : d € A} converges to x). It then follows that every subnet of H converges to X, i.e., no
subnet of H converges in X. This means that the subnet T of D has a subnet H with no convergent subnet
in X. We have shown that X is a LC space.

We now prove the converse. Suppose X is a Tychonoff LC space that is not locally compact. Then the
outgrowth BX\X of the Stone-Cech compactification BX of X is not closed in BX (see 18.4 of [20]).
Then there exists a net s in BX\X that converges to a point x in X. Let D = [s: :8 e A, ue As}, where s
and sg are as described in the previous paragraph. Since BX is pretopological D has a subnet H that

converges to x. This means that H is compact, contradicting our hypothesis. Thus X must be locally
compact. |
"We shall see that the LC property will guarantee that X is dense in X.

We will now show that, for any continuous function f : X — K from a non-compact Hausdorff LC
convergence space X into a compact Hausdorff topological space K, X is a Hausdorff compactification
of X.

THEOREM 7. If f : X — K is a continuous function from a non-compact Hausdorff LC convergence
space X into a compact Hausdorff topological space K and Xf = X U S(f) is equipped with the
convergence structure described above, then X is a compact, Hausdorff convergence space that densely
contains X.

PROOF. We will begin by showing that Xf is compact. Let s be a universal net in Xf such that s is
eventually in X. Suppose s does not converge to a point in X. Then the universal net f*os converges to
some point x in S(f) (by lemma 3). Hence s converges to x in Xf. Thus every universal net in X converges
in Xf. Obviously every universal net in S(f) converges in XF. It follows that Xf is compact.

To verify that Xf is Hausdorff suppose s is a net in XT that converges to both x and y in Xf. If x € X
then s is frequently in X and slx converges to x. Since s has a convergent subnet in X s cannot converge to
a point y in S(f); hence y is in X. Since X is Hausdorff, x = y. Suppose {x,y} < S(f). This means that s
has no convergent subnet in X and that f*os converges to both x and y in S(f); hence x =y (since S(f) is
Hausdorff). Thus Xf is Hausdorff.

We will now show that X is dense in Xf. Let x € S(f) and let U be an open neighbourhood of x in K.
We wish to show that there exists a net in X that converges to x. Let M be an open neighbourhood of x in
K whose closure (in K) is contained in U. Then clxf"[M] is non-compact (by lemma 4) and so < [M]
contains a net t with no convergent subnet in X. Since f*ot is a net in K, f*ot has a convergent subnet that
converges to some point I(t) in S(f) (by lemma 3). Hence t has a subnet that converges to I(t) (by definition
of the convergence structure on X). Since t € £ [M], f*t € M; hence I(t) € clgf*st N S(f) < clkM N
S(f) € U n S(f). Hence for each open neighbourhood U of x in K there exists a net t with no convergent
subnet in X that converges to a point I(t) in U N S(f). It follows that there is a net s = {s5 : 8 € A} of such
nets in X whose limits 1(s) = {I(ss) : 8 € A} in S(f) converges to x. (The open neighbourhoods of a point
x can be directed by defining U < U; and U < U if U € Uj N Uz where U, Uj and Uj are open
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neighbourhoods of x). For each & € A let A5 denote the domain of s5 and let s5 = {s;1 tH e As). We
claim that the net D = {s‘al :8 € A, u € As) ordered lexicographically by A, then by As, has a subnet that
converges to x. Let T be a subnet of D. Since X was declared to be a LC space then T has a subnet H with
no convergent subnet. We claim that H converges to x. If U is an arbitrary open neighbourhood of x in
S(f), then there exists an o € A such that {I(ss) : d e aA} € U. For § € aA, [S: : € As) converges to
1(ss); hence t“‘osls1 converges to 1(ss). Hence for any 8 € A there exists o € Ag such that [f*os’; ‘HE
HaAs} < U. Then, for any 8 € A, f‘_[t"‘os‘; Il € HaAs)] & FC[U] and so [S: :8 € aA, L e PoAs)
C f<[U]. Hence f*-H is eventually in f*f[U] = U. Since U was an arbitrary open neighbourhood of x
f*-H converges to x. Since H has no convergent subnet and f*-H converges to x then H converges to x
(by definition of the convergence structure on Xf). This means that x € clxeX and so X is dense in XF.

We have shown that Xf is a Hausdorff compactification of X. a

Observe that in the last part of the above proof we have shown that, if X is a non-compact Hausdorff
LC convergence space and f is a continuous function from X into a compact Hausdorff topological space
then Xf is pretopological at each point x in S(f).

PROPOSITION 8. If f : X — K is a function from a Hausdorff convergence space X into a compact
Hausdorff topological space K then the function f extends continuously to a function f* : Xf — K where
| s(p is the identity function on S(f).

PROOF. Clearly both P“|s(f) and f*|x= f are continuous on S(f) and X respectively. Let s be a net in X
that converges to x in S(f). Then f*os converges to x = f*(x) in S(f) (by definition of the convergence
structure on Xf). Hence f*os converges to f*(x). Thus f* is continuous on Xf, a

EXAMPLE 9. Let X be the real line. Let a net s : A — X (in X) converge to a point x in X if and only
if x is an integer and for any a € A there exists a ¥ 2 a such that s[yA] < (x — 1,x]. Observe that X is a
Hausdorff convergence space. To show that X is a LC space let S = {s5: 8 € A} be a net of nets each of
which has no convergent subnet in X. For each 8 € A, let s5= [s;l e As)andletD = [s;l :8eApe
As) (ordered lexicographically). Let T = [s: :8€ X, e Zs) be a subnet of D. We claim that T is not
compact (hence X is a LC space). If 8 € Z and p € Z5 then there exists a ye Zg such that SZ > sg +1
(since no cofinal subset of s5[Z5] is bounded in the space of real numbers R). Consequently for each & €
X the net s5= {s: : L € Z5} has a countably infinite subnet t = {s;l : L € A} with no bounded interval
in X containing more than finitely many points of t5. Let @ € Z and B € As. Then there exists a 3; > a in
Z and W in A such that s'; > sg + 1. Consequently we can construct a cofinal subset H of T such that H
has no convergent subnet. It follows that T is not compact; hence X is a LC space.

Let f : X — [-1,1] be the function from X into [-1,1] (equipped with the usual interval topology)
defined as f(x) = sin(n) if x € (n—1,n] where n is an integer. If t is a net in X that converges to a point y €
(n-1,n] for some integer n then t is eventually in (n — 1,n]; hence fot is eventually sin(n) = f(n). It then
follows that f is continuous on X. We claim that if U is an open interval in [-1,1] then there exist an
infinite number of integers r such that sin(r) € U. It would then follow that clxf* [U] is not compact in X
for any open neighbourhood U in [-1,1]. Let Z denote the set of all integers. If n € Z let [nn] denote the
largest integer less than nw. We will use the following fact: The set {nt — [nn] :ne Z} is dense
(equivalently, uniformly distributed) in [0,1]. (This fact is proved in most books on number theory). Let €
> 0 and m be any number. We claim that there exists an integer r such that sin(r) € (sin(m) — €,sin(m) +
€). There exists a 8 > 0 such that sin[(m — 8, m + 8)] < (sin(m) — &,sin(m) + €). Suppose m = 0 and let k
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be an even integer larger than m + 1. Since the set {nn — [nx] : n € Z} is dense in [0,1] then the set {k(nx
—[nn]) : ne€ Z) is dense in [0,k]. Then there exists an integer t € Z such that k(txt — [tr]) € (m ,m + J)
< [0,k] and so sin(ktr — k[tr]) € (sin(m) — €,sin(m) + €). But sin(ktnt — k[tr]) = sin(ktr)cos(-k[tx]) +
sin(—k[tr])cos(ktm) = 0 + sin(—k[tn]), the sine of an integer. Thus if r = —k[tr], sin(r) € (sin(m) —
€,sin(m) + €). It easily follows that sin“[(sin(m) — €,sin(m) + €)] N Z is infinite. We arrive at the same
conclusion if we choose m < 0. Hence clxf< [(sin(m) — €,sin(m) + €)] is non-compact in X. Thus f[X] =
sin[Z] is dense in S(f). Hence Xf is a compactification of X whose outgrowth is S(f) = [-1,1].

The example above illustrates a special type of compactification called a singular compactification. We
define this below.

If the function f : X — K from a Hausdorff convergence space X into a compact Hausdorff topological
space K maps X into S(f) then we will say that f is a singular function and call Xf a singular
compactification of X. Singular compactifications of locally compact Hausdorff spaces are discussed
extensively in André [1] and Chandler [5]. They are characterized as being those compactifications oX of
X whose outgrowth aX\X is a retract of oX. '

The following theorem follows easily from Proposition 8.

THEOREM 10. If f : X — K is a singular function from a Hausdorff convergence space X into a
compact Hausdorff topological space K then S(f ) is a retract of Xf under the function f* : Xf — S(f)
where t“‘lx= f and | s(p is the identity function on S(f).

In example 9 above, the closed interval [-1,1] = S(f) is a retract of X£.

Proposition 11 is a generalization of lemma 1 in Chandler [5].

PROPOSITION 11. Let aX be a Hausdorff compactification of a convergence space X such that
aX\X is compact. If f : X— K is a continuous function from X into a compact Hausdorff topological
space K that extends to f* : aX — K then f*[aX\X] = S(f).

PROOF. Let Y = clxf[X]. We are required to show that f*[aX\X] is contained in clyf[X\F] for all F €
Kx. Let F € Kx (where Ky is as described above). Then aX\X < clax(X\F) (since every net in F has a
convergent subnet in F and aX\X < clgx(F U X\F) = claxF U clgxX\F = F U clox(X\F)). Hence
flaX\X] < fclx(X\F)] < clyf[X\F] . Since this is true for all F € Ky, f*[aX\X] © N{clyf[X\F] : Fe
Kx) = S(®). ,

Let p e K\f*[aX\X]. Let U be an open neighbourhood (in K) of p such that clxU misses
f{oX\X]. Then clyxf*[U] < £*[clyU] < X. Hence clxf¢ [U] (= clxf*[U]) is a compact subset of
X. This implies that p cannot belong to S(f) (by lemma 4). Hence S(f) = f*{aX\X]. a

LEMMA 12. Letf: X — K be a continuous function from a Hausdorff LC convergence space X into
a compact Hausdorff topological space K. If aX is a Hausdorff compactification of X such that aX\X is
compact and f extends continuously to f* : «X — K so that f* separates the points of aX\X, then oX is
equivalent (as a compactification of X) to Xf=X U S(f).

PROOF. By 11, f*[aX\X] = S(f). We define a function j : aX — X U S(f) as follows: j(x) = f*(x) if x
belongs to aX\X and j(x) = x if x belongs to X. Clearly j is one-to-one. We now verify that j is
continuous. Let s : A — X be a net in X such that s converges to x in aX\X. We wish to show that jos —
j(x) (= f%(x)) in Xf. Equivalently we wish to show that s — f%(x) in Xf. Suppose s — y in Xf. If y # f*(x)
then there exists an open neighbourhood U of y in K such that f*(x) € KxIgU. By 8 the function f: X —
K extends continuously to a function f* : Xf - K such that P"|s(f) is the identity function on S(f). Then
f*s — f*(y) =y € U, and so there exists a 4 € A such that f*s[pA] < U. It follows that s[HA] <
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f*€-[U). Similarly, since f* is continuous on aX, f*s — f*(x); hence there exist a & € A such that
f%s[8A] & K\clkU and s[8A] < f*< [K\clkU]. This implies that £~ [K\clgU] N £ [clgU] cannot be
empty, a contradiction. Hence y = f*(x). Since s — y, s — f*(x) as required. Thus j is a continuous
function.

We now proceed similarly to show that j is continuous. Let s : A — X be a net in X that converges to
x € S(f). We wish to show that j<es — j<(x) = f*(x). Equivalently we wish to show that s — f*<(x).
Suppose s — y in aX\X. We claim that y = f*(x). If y # f*<(x) then f%(y) # f%f*(x) = x (since f* is
one-to-one on aX\X). Hence there exists an open neighbourhood U of f*(y) such that x € aX\cloxU.
Since f* : X — K is continuous f%s — f*(y). Hence there exists a y € A such that f%s[uA] < U; then
s[nuA] < £ [U]. Similarly, since f* : Xf _ K is continuous and s — x in X, f*os — f*(x) = x; hence
there exists a 8 € A such that f¥s[8A] < K\clkU. Thus s[8A] < £*< [K\cIkU]. It follows that f* [K\clgU]
N f<[cIxU] is non-empty, a contradiction. Hence y = f*(x) as claimed. It then follows that s — f*(x)
and so j< is continuous. Since j : X — Xf is a homeomorphism that fixes the points of X, aX and Xf
are equivalent compactifications of X. . O

If G is a collection of real-valued bounded functions on X, the evaluation map e¢ induced by G is the
function eg : X — I1{I, : g e G} (where, for each g, I; is a closed interval containing g[X]) defined by
eg(x) = <g(x)>; ¢ ¢- Note that the closure in I, ¢ ¢l of eg[ X] is a compact set.

Let X be a Hausdorff LC convergence space and let C*(X) denote the collection of all real-valued
bounded continuous functions on X. We will show that, by using the above method of constructing
compactifications of a Hausdorff LC convergence space we may construct a compactification X* of X in
which X is C*-embedded, i.e., a compactification X* of X where every function f in C*(X) extends
continuously to a real-valued function f* on X*. Consider the evaluation map ec+x) induced by C*(X)
from X into IT{I; : ge C*(X)} (where, for each g, I; is a closed bounded interval containing g[X]).
Then X°c*® = X U S(ec+x))- Since X is a LC space and ecsx) maps X into a compact Hausdorff topo-
logical space, X% is a Hausdorff compactification of X. Now ecsx) extends continuously to ecscxy* on
X0 where ecexy* restricted to S(ec+(x)) is the identity function. If f € C*(X) and m; : II{I;: ge
C*(X)} — It where Tpecex)(X) = f(x) then the map f* = npecex)* is a continuous extension of f to
XCc+c) mapping a point x in S(ecrx)) to £*(x) in I. We have just constructed a compactification of X in
which X is C*-embedded and whose outgrowth is a compact Hausdorff topological space. We will denote
X0 by EX. We have purposely used a symbol resembling the one used for the Stone-Cech compact-
ification BX of a locally compact Hausdorff topological space X since the method used to construct BX
mimics one used to construct BX (see 2.2 of André [1]).

The family of all Hausdorff compactifications of a Hausdorff convergence space can be partially
ordered as follows: aX < yX if there exists a continuous function h : YX — aX from yX onto aX such
h|x fixes the points of X.

THEOREM 13. Let X be a Hausdorff LC convergence space. Then BX 2> oX for all Hausdorff
compactifications X of X whose outgrowth aX\X is a compact Hausdorff topological space that is C*-
embedded in aX. Also BX > ¥X for any compactification YX where yX is of the form Xf =X U S(f)
where f : X — K is a continuous function from X into a compact Hausdorff topological space K.

PROOF. Let X be a non-compact Hausdorff LC convergence space. Let X be a Hausdorff
compactification of X such that aX\X is a compact topological space that is C*-embedded in aX. We are
required to show that oX < BX. Let M = {f € C*(aX): f is a continuous extension to aX of a function in
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C*(aX\X)}. Since C*(aX\X) separates the points of aX\X, M separates the points of aX\X. Hence, em
is one-to-one on aX\X. Let T = C*(aX)Ix. Since each function in T extends continuously to EX, er
extends continuously to a function cTB on BX. Let mpy : PX — X be a function from BX to aX which
maps et?(x) N PX\X to et (x) N aX\X for each x € er®[aX\X] and which fixes the points of X
(noting that erB[BX] = er%[0X]). It is easily verified that Tgq is continuous. Hence aX < BX.

Suppose that yX is a compactification of the form Xf = X U S(f) where f : X — K is a continuous
function from X into a compact Hausdorff topological space K. Let Y = clkf[X]. If g € C*(Y) then gof* €
C*(Xf). Since C*(Y) separates the points of Y and S(f) € Y then the family {gof* : g € C*(Y)) separates
the points of S(f). Consequently if T = C*(Xf), et is one-to-one on S(f). Let M = TIX. Then ey extends
continuously to the function (em)® on PX. Let ngxe : BX — XT be a function from BX onto Xf which
maps (eM)B‘_(x) ) EX\X to et (x) N S(f) for each x € (eM)B[yX\X] and which fixes the points of X.
Again it is easily verified that ngxs is continuous. Hence YX < BX. O

EXAMPLE 14. Let ®; denote the first uncountable ordinal. Let X = U{]; : i € [0,w;)} where, for each
i e [0,0), Ij is the unit interval [0,1]. We will say that a net s in X converges to a rational number x in [;
if and only if s is eventually in every open interval in I; that contains x. A net s converges to an irrational
number x in [; if and only if i has an immediate predecessor i — 1 and s is eventually in every open interval
containing x in I; _ 1. Thus a net s in I; will always converge in I; U I; + 1. It is easily seen that X is a non-
compact Hausdorff convergence space. We will describe some other properties of X.

We claim that X is not pretopological. Let S = {s5: d € A} be a net of nets in I; (i € [0,w;)) where
each net s converges to some irrational number I(s3) in I; , ;. Suppose the nets are chosen so that the net
{1(ss) : 8 € A} converges to an irrational number y in I; , ;. For each 8 € A, let s5 = (s‘s1 1L e Ag} and
letD = {s:.’1 :8 € A, p e As) (ordered lexicographically). Since D < I; no subnet of D can converge to a
point in I; , 7 (since all nets in I; converge in I; U ; , 1). Hence no subnet of D can converge to y. Thus X
is not pretopological.

Also observe that for the irrational number /4 in some I; the net's = {s5: 8 € A} where sg = /4 for all
8 € A converges to the irrational number nt/4 in I; , ;. Hence a constant net s in X where each member is
the same number r in X need not necessarily converge tor.

We now claim that X is a LC space. Let S = {s5: 8 € A} be a net of nets each of which has no
convergent subnet in X. Foreach d € A, let s5 = [s‘s1 e Ag). If e A, s has no convergent subnet

in X hence no cofinal subset of s is contained in any I. Thus ss has a subnet t5 = {S: : L € Zs} such that
ts N I; is finite for each i € [0,m;). LetD = [s: :8e A, L e Z5} (ordered lexicographically). Let T =
[s’sl :8€ A, ne As) (where A and A are cofinal in A and Zgrespectively). Letae A and B € As. If

sg € I; then there exists a §; > a in A and W in As such that s:: € I+ 1. Consequently we can construct a

subnet H of T such that H has no convergent subnet. It follows that T is non-compact; hence X is a LC
space.

Let f be any continuous function from X into a compact Hausdorff topological space K and let u be an
irrational number in [1,0]. Let U = {u;:i e [0,1)} where u; = u forall i € [0,®;) and lets = {s5:d e
A} be the constant net in some I; such that s5 = u; for all 8 € A. Then the net s converges to the number u;
+1. (Note that U is non-compact). Since f(s) is a constant net in K and f is continuous f(u; , 1) = f[s]. It
follows easily that f{U] must be a singleton set in K {f(ug)}. Let x be an arbitrary point in f{X] and let V
be an open neighbourhood of x in clgf[X]. If x is an irrational number than clxf ¢ [V] is non-compact
(since clxf<[V] contains a set such as U above). Suppose x is a rational number in some I;. Let s = {s5: 8
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€ A} be a net of irrational numbers in I, such that s converges to x. Since f is continuous the net f[s]
converges to f(x) in clgf[X]. Hence there exists an & € A such that f[s[aA]] € V. This means that V
contains the image of an irrational number in I;. Again it follows that clxf*[V] is not compact. Then, by
lemma 4, clkf[X] is the singular set S(f) of f, i.e., f is a singular function. Since f is an arbitrary function
every function from X into a compact Hausdorff topological space is singular. Hence the compactification
[_3X = X% is a singular compactification (since ec*(x) is singular).
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