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ABSTRACT. In this paper the author shows that a well known sufficient
condition for strict cyclicity of a weighted shift on £p is not a necessary

condition for any p with 1 < p < =,

1. INTRODUCTION.
For 1 < p < = let Kp be the Banach space of absolutely p-summable se-
quences of complex numbers. Let Sa denote the weighted shift on £_ with
-] o3 (-3
weight sequence a = {an}l defined by Sa[;goxneé] = nélanxn—len' Let BO =1

and B, = 0q0yc..a for all n > 1. (For more detail we refer the reader to

[2] and [3]).
Mary Embry [1] showed that for p = 1 the weighted shift Sa is strictly cyclic

if and only if

Bn+m

sup < o, (1.1)

n,m

nm
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Edward Kerlin and Alan Lambert [2] considered the natural extension to (1.1)

for the case 1 < p < » with %-+~% =1,

n Bn q
sup I B8 < (1.2)
n mn=0 '"m n-m

and showed (1.2) implies Sa is strictly cyclic on lp. They also proved that
(1.2) is necessary if the weight sequence o is eventually decreasing.
This strongly suggested that (1.2) is a necessary and sufficient condition for
strict cyclicity. However, we will show in this paper that (1.2) is not a
necessary condition for Sa to be strictly cyclic for any p with 1 < p < =,
2, PROOF.

To preserve the clarity of the proof we will consider the cases 1 < p < 2
and 2 < p < » separately.

1

(a) Let 1 < p < 2 and let q be such that %-+ a =1. Let {nk}I be a

sequence of rapidly increasing positive integers, e.g., choose n, = 10 and

10qn, _
o = (10n_) ML for k> 1.
We now define the weight sequence o = {ai}I by Qg =0y = el = anl =1 and for
k>1
-1
L W R L
a, =
-1
T T S 'S
"k
Clearly, ank-1+1 = ank-1+2 = ... = ank_nk_l and ank-£+l < ap for 1l <L <5
Thus, for 0 < m < n,
[ a o ces @ a o
nk nk-nrl-l nk-m+2 n nk n.k_l+1 cee M 0y
= > > (a_ ) .
B B _ o0 a = 0 0,...0 -
o, -m 172... m 172 no_1 M
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Therefore,
nolo B q q -qn
- k-1
m=1 m'n, -m
Hence,
n Bn q
sup z E_E__— = o,
n wm=0 '"m n-m

We now show that Sa is strictly cyclic. It is known that Sa[2] is strictly

cyclic if and only if

o n Bn P t ( )
z z Xy < » for all x,y € . 1.3
n=0 'm=0 BmBn—m - P

Obviously, for 0 <m < n

8n - e N <a
BmBn-m alaz cec @ = n
n

and BB =1 form=0o0r m=n.

m n-m
Thus,

P |r o P T Ung |+ lyge | + T lxy, 0P

b T Xy _ < o {ixy [+ |yx [+ Z o fxy |}

n=0 'm=0 BmBn-m m’ n-m =0 0'n 0™n p=] B mn-m

IA

nio {Ixoyn| + |y0xn| + anl|xl‘2" yl‘z}p < ®

since a,x,y € Zp.

Hence (1.3) holds and Sa is strictly cyclic.

(b) Let 2 < p < = and let %'+ %‘ 1. Let {nk}I be a sequence of rapidly

increasing integers, e.g., choose n; 10 and o such that

for k > 1.
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1
n - =

@ = q = e @ =
Define {di}l such that 121(11 n for n = 1,2,:-+-and define {sk}l by 8, = 10
and Sy = 23k_1 + 2nk for k > 1.

We now define the weight sequence o = {ai}z by a; = ... =0a_ =1 and for k > 1,

1
-2 if <i<
oy S-1 < 1 = Sty
o, = -2 d
i Tk 8y Sy -1~1t1 if Sp—1ty <1 s - s,
-2
no if S “Sp1 < 1< 8.
Sk
Now, for Sp-1 M
B a_ _ cee O a_ _ cee O - _ _
sk . sk mrtl sk § sk 1 sk Sk-l nkzsk_l . nkzsk'l mnsk_l 4
BmBsk-m Q0 oo O = ask-1+l cee O -1 — k-1 =1 i
1
- —ZSk_ (as )- q
k-1 k-1’ -
Thus,
%k Bsk q -2qsp_) M -1 -10my_y Oy -1
z 88 z-nk-l I i >nk—1 L 1" > oas k> »,
m=0 m sk-m i=1 i=1
n Bn q
Hence, sup I |B 8 | = o,
n m=0 '"mn-m
We now show that
) n Bn P
z L B B *n'n-m| < ® for all x,y € ‘Cp'

n=0 'm=0 "m n-m

If s <n<s -8

k-1 Kk k=1 and 0 < m < n then, 88 < n .
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Let h = min{m,n-m} then, for Sk~ Sp-1 <n g_sk and 0 < m < n,

B -
n < =2 h
BlllB!'l-ln - nk—l

|-

Thus,
o SK%k-1"1 |a-1 B P oo S8l na P
n -2
Iz I g5 — XVoal <2 z [nk z lxmyn_m[] ©
k=2 n=s, .+1 m=1 m n-m k=2 n=s, _+1 m=1
k-1 k-1
(1.4)
§. 1 2
1,2 ® " qls P plP
Let § = 2= then 6 > qand T+ ==1. Let M= | I 2m =1 + || yll < o,
p-2 § ' p =1 P P
Then,
© Sk n-l B P
z z z Xy
k=2 n=s, -s m=1 "m n-m wn-m
k k-1
) sk © 2 - l P
S.kiz _ E mil n, ;b qlxmyn_m| » where h = min{m,n-m}
n=s, =S, _1
© sk 2
< I z PP < o,
~ k=2 n=s - k-1
k k-1

Combining (1.4) and (1.5) we obtain that (1.3) is satisfied. QED
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