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The aim of this paper is to determine both the Zariski constructible set of charac-
teristically nilpotent filiform Lie algebras g of dimension 8 and that of the set of
nilpotent filiform Lie algebras whose group of automorphisms consists of unipo-
tent automorphismes, in the variety of filiform Lie algebras of dimension 8 over C.
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1. Introduction. Characteristically nilpotent Lie algebras were defined by
Dixmier and Lister in [4] and filiform Lie algebras by Vergne in [8]. A com-
plete classification of nilpotent filiform Lie algebras of dimension 8 is available
since 1988 in [1] due to Ancochéa-Bermudez and Goze. Then, Echarte-Reula et
al. [6], considering that a filiform Lie algebra g is characteristically nilpotent
if and only if g is not a derived algebra, obtained a list of characteristically
nilpotent filiform Lie algebras of dimension 8. Recently, Castro-Jiménez and
Nufiez-Valdés studied extensively in [2, 3] the cases of dimension 9 and 10
and gave the sets of the corresponding characteristically nilpotent Lie alge-
bras as a finite union of Zariski locally closed subsets. In 1970, Dyer in [5]
gave an example of a characteristically nilpotent Lie algebra of dimension 9
and showed that each automorphism of this Lie algebra is unipotent. Some
years later, Favre in [7] reached the same result working on an example of a
characteristically nilpotent Lie algebra of dimension 7.

In this paper, we study the Lie algebras of dimension 8. We first express the
set of characteristically nilpotent filiform Lie algebras g as a finite union of
locally closed subsets, then we prove that the set of nilpotent filiform Lie alge-
bras g, whose group of automorphisms consists of unipotent automorphisms,
is a Zariski constructible set in the variety of nilpotent filiform Lie algebras, and
we express it as a finite union of locally closed subsets. Furthermore, we prove
that the group of automorphisms Aut(g) of each one of the above character-
istically nilpotent filiform Lie algebras consists of unipotent automorphisms
except two, in each of which the set of their unipotent automorphisms forms
a proper subgroup of the group Aut(g).

2. Preliminaries. Let g be a Lie algebra of dimension n over C of chara-
cteristic zero. If we consider the descending central sequence Clg = g,
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C%g =1g,9],...,and Cig = [g,C971g],..., of the above Lie algebra, then the
Lie algebra g is called filiform if dim¢Cig =n—q for 2 <q < n [8].

Let g be a filiform Lie algebra of dimension n. Then, there exists a basis
E = {ej,es,...,e,} of g such thate; € g\ C?g, the matrix of ad(e;) with respect
to E has a Jordan block of order n—1, and Cig is the vector space generated
by {es,e3,...,en_i1} with 2 < i <n—1. Such a basis is called an adapted basis.

Let W be a vector space over a field C of dimension n. A subset A of W is an
algebraic one if there exists a set B of polynomial functions on W such that A =
{x eW/p(x) =0, for all p € B}. We consider the set C[x] of all polynomials
in n variables x = {x1,...,x,} over C and I an ideal of C[x]. We denote by
V(I) the set V'(I) = {a € C"/p(a) =0, for all p € I'}. As a consequence of the
above definitions, 9 (I) is an algebraic subset of the vector space C™" and so
the Zariski topology on the space C" is the one whose closed sets are V' (I).
Finally, we denote by D (I) the complement of ¥ (I) in C".

3. The equations. It has been proved in [1] that there exists a basis {e;,e>,
...,eg} such that every nilpotent filiform Lie algebra g over a field C of charac-
teristic zero of dimension 8 is isomorphic to one of the Lie algebras belonging
to the nine-parameter family given in [1].

We now consider a change of the previous base of the nilpotent filiform
Lie algebra g such that Y; = e;, i = 1,2,...,7, and Yg = eg + ae;. So, the set
of nilpotent filiform Lie algebras over C can be parametrized by the points
(as,as,...,ag) of the algebraic set V' € C8, and the above-mentioned equa-
tions of the nine-parameter family, with respect to the new base A = {ej,e,...,
es}, takes the form

[e1,ei] =ei—1, i=3,

[es,e7] = azey,

[es,e5] = azes +azez,

[es,e6] = aaez,

[es,e7] = (a2 +as)es +aseo, 3.1)
[es,es] = (2az +as)es+ (a3 +as)es + agez,

[es,e7] = (az+aa)es+ases +azey,

[es,es] = (3az +2a4)es + (as +2as)es + (as +az)es + ases,

[e7,es] = (3az +2a4)es+ (a3 +2as)es + (as +az)es + ases + ages,

witha; e C, j=2,3,...,9, verifying the equations

ar+as =0,

3.2
(12(5(15 +20L3) =0. ( )

Those two equations are consequences of the Jacobi’s identities.
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4. Characteristically nilpotent filiform Lie algebras. Let g be a nilpotent
Lie algebra of dimension n over C of characteristic zero. A Lie algebra g is
said to be characteristically nilpotent if the Lie algebra of its derivations D is
nilpotent. By D: g — g verifying D[x,y] = [Dx,y]+ [x,Dy] for all (x,y) € g,
we mean a derivation of g.

Let D = (d;;) € Mat(8x8,C) be the set of matrices representing the deriva-
tions D of the filiform Lie algebras over C of dimension 8 with respect to the
new base A = {ej,eo,...,eg}.

Suppose that

Dek:zdk)\e?\’ 1<k, A<8, direC,
4.1)
Dlej,ej]—-Dex =0, 1<i<j=<8,1=<k=<8.

From

D[ej,e2] =0, D[ej,ei] =De;1, i=3, (4.2)

we deduce that

dij=0, 2<i<7,i<j,3<j<8§, di1=0, 2<i<8. 4.3)

For each (i,j,k), 1 <i<j<8,1=<k<=<8, we denote by b(i,j,k) the coeffi-
cient of ey in the expression D[e;,e;] —[De;,e;]—[e;,De;] with respect to the
base A. From above, we obtain a homogeneous linear system defined by

S=1{b(i,j,k)=0,1<i<j<8,1<k=<8}. (4.4)

The solutions satisfying system (4.4) are elements of the set of matrices
D = (d;i;j) € Mat(8x8,C).

In case that D are nilpotent matrices, according to the previous definition,
the filiform Lie algebra g is characteristically nilpotent.

4.1. The system of equations. Let t = (ap,as,as,ags,az,ag,dq) be a point
of V € C7, g the corresponding filiform Lie algebra of dimension 8, and S;
the homogeneous linear system corresponding to (4.4). We consider the linear
system S; as a system with coefficients in the quotient ring R/I where R =
Cla,as,as,as,az,as,aq] and I is the ideal generated by (3.2). In that case,
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system S in (4.4) is reduced to the following equivalent system S;:
din—do+ds3 =0
di1—d77+dsgs =0
azdiz —dze+ds7 =0
azdzp —azdss —azdz;z =0
axdyy —azdss —axdes =0
ardss —azdss —ardgs =0
asdss —asdes —asdzz =0
Azdas —azdss —aqxdss =0
azdss —aqdes —dzxdss = 0
azdes —azxdz77 —azxdgs =0
din—axdig—dsz+dss =0
di—axdig—das+dss =0
din —azdig—dss +des =0
di1 —azdig—des +d77 =0
(as+as)dig+daz—dsa =0
(as+az)dig+des—dzs =0
(as+2as)dig+dss—des =0
(a3 +2as)dig +des —dz6 =0
asdig—asdig—dez +dza =0
axdiz +asdig+ds2 —daz =0
asdy7 + (as+az)dig+ds3 —des = 0
axdis +azdiz +agdig+dsy —dez =0
axdie —asdiz —aedis —dap +ds3 =0
azxdie+ (as +2as)di7 —dzs +dse = 0
azdzp +azds; —aszdas —axds7 —asdss = 0
asdzp —azdss +asdss + axdze +asdzz = 0
azdist+asdis +azdic—aodig—der +dz3 =0
asdis+agdis +asdic+aodiz —dzo +dg3 =0
(as+as)dis + (as+az)dis+asdi; —dzz +dss = 0

ardis +(az+2as)die+ (ag+az)diz—dza+dgs =0
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azdyp +asdsy —axdes — asdes —azdes — azdzs —azdz7 =0

(a3 +as)dss +axdsz —azdss — (as +as)dss — (az +as)dss = 0

(as+2as)das +azdss —ardes — (as +2as)des — (a3 +2as)dgs =0

(as +2as)dss + azxdes — azdze — (as +2as)dz7 — (as +2as)dss = 0

asdaz + (a3 +as)dsz + axdar — asdss — aedss + axdse — asds7 — aedss = 0

(as+az)dss + (as +2as)dsz +ardss —ardes — (as +as)des
—(ag+az)des—asds; — (ag+az)dss =0

(a6 +az)das + (as +2as)dss +axdes — axdzs — (as +2as)dze
—(ag+az)ds;7; —(ag+az)dss =0

agdzo + (as +az)dsz + (as +2as)daz + axdsz — azdes — acdes
—agdes —axdss —azdg7 —asdss =0

asdss + (ae +az)das + (as +2as)dss +axdes — azdzs — (as +as)dss
—(ag+az)dze —asdz; +asdse — asdss = 0

agdyy +agdsy + (ag +az)dap + (as +2as)dsy + axder —asdza — agdzs
—agdze —agdz7 + azdgs + asdss +azdse — asdss = 0.

(4.5)

The solutions satisfying S; are derivations of the nilpotent filiform Lie al-
gebra g;. If all the derivations of g, are nilpotent, then g, is characteristically
nilpotent.

We will prove that the set of points ¢ € V ¢ C7, such that there exists a
solution of S; satisfying the conditions of g; being a characteristically nilpotent
filiform Lie algebra, is a Zariski constructible set, and we will express it as a
finite union of Zariski locally closed subsets. To realize the above idea, we
study S; in suitable subsets of V.

4.2. Main results. We consider two cases: first, a, # 0 and then, a, = 0.

4.2.1. a> + 0. Let the open set VND(ay). Because of the equation a»(5as +
2as) = 0, we can distinguish the following two subcases.

(1) (a3 # 0). First, we consider the set TV = VnD(as-as3). From 5as +2as =
0, we obtain as = —(2/5)as. By doing the necessary calculations in system
S;, we prove that, in the set of points TV "D (Q;) with Q; = 2a3 - 25azas —
25a»az, the corresponding Lie algebra is characteristically nilpotent.

(2) (a3 = 0). Now, we consider the set T® =V nD(a») NV (a3). From 5as +
2a3 = 0, we obtain as = 0. In case that ag +a; + 0 and ag # 0, that means in
T® NnD((ag+az)-ag), only one Lie algebra is characteristically nilpotent.

From the above, we can state the following theorem.
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THEOREM 4.1. Consider the set of complex filiform Lie algebras. Consider C®
with (a»,as,...,aq) as coordinates given by (3.1) and let V be the hypersurface
defined in C” by (3.2). In the Zariski open set VN D(a»), the Zariski constructible
subset of characteristically nilpotent Lie algebras is defined as the union of the
following subsets:

D(as- (2a3 -25aza¢ —25azaz)),

V(az)nD((ag+as)-ag). (4.6)

4.2.2. a, = 0. We consider the set T® =V % (a»). Because of the equation
ax(5as +2az) = 0, we can distinguish the following subcases.

(1) (a5 = 0). So, we obtain the set T® nD(as) and we distinguish the follow-
ing:

(1A) (a3 + 2as = 0). In the subset T® nD(as - (az + 2as) - Q) with Q» =
2a3a; —3asasag + 5asasa; —3azag + 5asaz, the corresponding Lie algebra is
characteristically nilpotent,

(1B) (a3 +2as = 0). The corresponding Lie algebra in the set of points T?) n
D(as- (ag+az)) NV (az+2as) is characteristically nilpotent.

(2) (as = 0). First, we distinguish two subcases a3 + 0 and a3z = 0.

(2A) (a3 = 0). Then, we consider the set T® NV (as) N D(a3). By doing some
calculations, we distinguish two more subcases.

(i) (a7 = 0). In this case, the Lie algebra corresponding to the set of points
T3 NV (as)nD(as-ay) is characteristically nilpotent.

(ii) (a7 = 0). Now, we study S; in the set of points Z = T®) NV (as,a7) D (as).
The Lie algebras corresponding to the set of points Z N (D(Q31) UD(Q32)),
with Q31 = 4azag —5a2 and Q3 = 2a3ag —2azaeas —ag, are characteristically
nilpotent.

(2B) (a3 = 0). We operate in T®) n%'(asz,as) and we distinguish the cases
a; +#0and a; =0.

(i) (a7 # 0). The Lie algebra corresponding to the set of points T®® NV (as,as)
ND(az-ag) is characteristically nilpotent.

(ii) (a7 = 0). We now consider the subset T® NV (as3,as,a;). We distinguish
another two subcases, ag = 0 and ag = 0.

(iiA) (ag = 0). The Lie algebra corresponding to T® n%'(as,as,a;) nD(ag -
ag) is characteristically nilpotent.

(iiB) (ag = 0). The Lie algebra in the set T® NV (as,as,as,a7) "D (ag - ay) is
characteristically nilpotent.

So, we have proved the following theorem.

THEOREM 4.2. Consider the set of complex filiform Lie algebras. Consider
C8 with (a»,as,...,aq) as coordinates given by (3.1), and let V be the hypersur-
face defined in C” by (3.2). The Zariski constructible subset of characteristically
nilpotent Lie algebras in the Zariski closed set V NV (a>) is defined as the union
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of the following subsets:

(D( ) D((as +2as) - (2a3a; —3asasas + 5azasa; —3aiae + 5a2az)),
N
> °V(a3+2a5)mD(a6+a7),
D(ay;),
D(az)n ) 2 2 3
V(az)n(D(4asas —5ag) UD(2a5a9 —2asasas—ag)),
0‘/‘(6{5)0 D(ay-ag),
V(asz)n D(ag-ag),
(as) °V(a7)m<| (a¢-ag)

e

V(as) ND(as-ay).

4.7)
By ({), we mean the union of the corresponding sets.

5. Unipotent automorphisms of nilpotent filiform Lie algebras. Let g be
a nilpotent Lie algebra of dimension n over C of characteristic zero. The au-
tomorphism 6 of a Lie algebra g over C is defined by the mapping [x,y] —
O([x,y]) =[0(x),0(y)] forall (x,y) € g. An automorphism 0 is called unipo-
tent if its representation, with respect to the base {e1,e>,...,e,}, has the form

B= (bij) e Mat(nxn,C), bij =0,j<i, biij=1,1<1i,j<n. (5.1)

Let B = (b;j) € Mat(8 x 8,C) be the set of matrices representing the auto-

morphisms 6 of the filiform Lie algebras over C of dimension 8 with respect
to the new base A = {ej,eo,...,eg}.

Suppose that

0(ex) :zbk;\e;\, 1<k, A<8, bxaeC,
O([ei,ej])—0(ex) =0, 1<i<j=<8, 1=<k=<8.

From
0([e1,e2]) =0, 0([e1,ei]) =0(ei-1), i=3, 0([es,es]) =0, (5.3)
we deduce that
bij=0, 3<i<8,j<i,2=<j<7, bj=0, 2=<j=<8. (5.4)
Foreach (i,j,k),1 <i< j<8,1 <k <8,wedenote by c(i,j,k) the coefficient
of ey in the expression 0([e;,e;]) —[O(e;),0(e;)] with respect to the base A.

From the above, we obtain a homogeneous system defined by

S ={c(i,j,k)=0,1<i<j=<8,1<k<8}. (5.5)
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The solutions satisfying system (5.5) are elements of the set of matrices
B= (bij) € Mat(8x38,C).

In case that B = (b;j) € Mat(8 x 8,C) are matrices of the form (5.1), ac-
cording to the above definition, the group of automorphisms Aut(g) of the
corresponding filiform Lie algebra g consists of unipotent automorphisms.

5.1. The system of equations. Let t = (a»,as,as,as,ar,as,aqg) be a point
of V € C7, g; the corresponding filiform Lie algebra of dimension 8, and S;
the homogeneous system corresponding to (5.5). We will consider the linear
system S/ as a system with coefficients in the quotient ring R/I where R =
Cla;,as,as,ag,a7,as,a9] and I is the ideal generated by (3.2). In that case,
system S’ in (5.5) is reduced to the following equivalent system S;:

b2y —b11b33 =0

b77 —b11bsgg =0

azbaz —azbaabz7 =0

axbz» —asbssbes =0

axb3z —asbaabgg =0

azbay —azbssbgg =0

a>bss —asbeebgg = 0

a>bes —arb77bgg = 0

asbsz —asbgsb77 =0

b33 —=b11bsa+azbaabg) =0

bys —b11bs5 +azbssbg; =0

bss —b11beg + axbecbs1 = 0

bes — b11b77 + azb77bs; =0

bo3 —b11b34+azbasbzi + azbaabs; =0

be7 —b11b75 —azb71bss + azxbzsbs; = 0

asbzy +asbrs —asbaabzs — azbasbgs = 0

asbaz —axbssb7z + axbssbez —asbssbz; =0

b34—Db11bas +azbasbg) + (az +as)bssbg; =0

bas —b11bse +azbsebsy + (as +2as)beebsi = 0

bse —b11be7 +azberbsy + (as +2as)b77bg; = 0

(a3 +as)bsz +azbzs — azbasbgs — (az +as)bssbgs =0
(a3 +2as)bas +azbss — azbsebsgs — (az +2as)beebss = 0
(as +2as)bss +axbse — asberbgs — (asz +2as)br7bgg =0
bas —b11bs7 +azbszbgy + (as +2as)berbsy + (as +az)brzbg1 = 0

Doy —b11b3s +azbasbzi +azbasbg) —axbssbet + asbssbz +agbssbgy =0
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azb2y +asbos —axbagb77 + arbseber — asbsebzz —axbszbes —azbesb77 = 0

b3s —b11bag + azbasbsi + (as +as)bsebsi + asbesbz1 + (ae +az)besbs: = 0

bs7 —b11bes — azbe1 bss + axbesbs1 — (as +2as)bz1bgs + (as +2as)bzgbg =0

(a6 +az)bas+ (az +2as)bas + azbas — azbszbgs — (as +2as)berbss
—(ag+az)bz7bgs =0

b3s —b11ba7 +azbazbgy + (as +as)bssbs) — asbe1brz +asberbz
+ (a¢ +az)berbs1 +agb77bg1 =0

agbzz + (a3 +2as) b2z + azbas — asbasbzs — azbasbss + azbssbes
—asbssbzs —agbssbgs = 0

(a¢ +az)bsz + (as+2as)bzs +azbss —azbacbss — (as +as)bsebss
—asbesb7s — (as +az)besbss = 0

bas —b11b36 + azbaebz1 + asbasbsi + axbs1bes — a2bsebe1 + asbsebz
+asbsebs1 +azbesb71 +asbesbs =0

ba7 —b11bsg —azbs1bgs + axbsgbgi — (a3 +2as)be1bss + (as +2as)begbsi
— (a6 +az)b7i1bgs + (ag +az)bzsbs: =0

agbss + (ag +az)bss+ (as +2as)bss + azbss — axbazbss — (a3 +as)bs7bss
—asberb7s — (a +az)berbss + asbesbz; —asb77bgs = 0

agbo + (ag +az)baz + (as +2as)baa +azbzs — axbagbzs — azbashsg
+asbsebes — asbsebzs —asbsebss — axbsgbee
—arbesbrs —asbesbss =0

bog —b11b37 — azba1bz7 + a2 bazbz1 + asbazbsy + axbsibez —asbsi1 b7z
—azbs7be1 + asbs7b7 +asbsybsy —azbe1 b7z + azbezbr
+asbezbs + agbz7bs1 =0

b37 —b11bag — az2ba1bgs + axbagbsi — (a3 +as)bsibgs + (as +as)bsgbsy
—asbe1bzs — (a¢ +az)be1bss + asbesbz + (as +az) besbs:
—agb71bsgs + asbzgbs; =0

agbaz +agbzz + (ae +az)bas+ (as +2as)bas +azbae — azbazbzs — azbazbss
+azbagb77 + axbsybes —asbsybzs —aebszbgs — axbssber + asbssbzz
—azberb7s —asbezbss +azbesbz; —agbz7bgs = 0

by7 —b11bsg — asba1b7s — asbaibgs + axbagbz1 + asbagbsi + axbsi bes
—asbs1bzs —asbs1bgs —axbssber + asbsgbz1 + agbsgbs
—arbe1b7s —asbe1bss + azbesbz1 + asbesbs
—agb71bgs +agbzgbg = 0.

(5.6)
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The solutions satisfying S; (5.6) are elements of the set of matrices B =
(bij) € Mat(8x8,C). In case that B are matrices of the form

B=(bij)eMat(8><8,C), biJ':O, j<i, bii=1, (5.7)

the group of automorphisms Aut(g;) of g; consists of unipotent automor-
phisms.

We will prove that the set of points t € V C C7, such that there exists a
solution B = (b;j) € Mat(8 x 8,C) of S/ satisfying the conditions (5.7), is a
Zariski constructible set and we will express it as a finite union of Zariski
locally closed subsets.

To realize the above idea, we study S; in suitable subsets of V.

5.2. Main results. We consider two cases: first, a, + 0 and then, a, = 0.

5.2.1. a» # 0. Let the open set VnD(a>). Because of the equation a,(5as +
2as) = 0, we can distinguish the following two subcases.

(1) (a3 # 0). First, we consider the set TV = VnD(a-as3). From 5as +2as =
0, we obtain as = —(2/5)as. By doing the necessary calculations in S/, we can
deduce

b11:b§81 bZZZbgss bii:bégii; i:3!---y7v Q4(b88_1)20
(5.8

with Q4 = 2&% —25ara¢—25aza;.

So, the set of points in T in which the group Aut(g;) of the corresponding
Lie algebra consists of unipotent automorphisms is T N D(Q4).

(2) (a3 = 0). Now, we consider the set T =V nD(a) NV (a3z). From 5as +
2asz = 0, we obtain as = 0. By doing some calculations as above, in case that
ag+az; + 0, we deduce

b1 Zbgs, boo :béé, bii:béé_i, i=3,...,7, ag(hggfl) =0.

So, in the set T®® nD((a¢ + a7) - ag), the group Aut(g;) of only one Lie
algebra consists of unipotent automorphisms. On the other hand, the group
Aut(g;) of each of the corresponding Lie algebras in the set T® nD(ag+az) N
V(ag) and T® NV (ag +a) do not contain unipotent automorphisms.

From the above, we can state the following theorem.

THEOREM 5.1. Consider the set of complex filiform Lie algebras. Consider C8
with (az,as,...,aq) as coordinates given by (3.1) and let V be the hypersurface
defined in C” by (3.2). In the Zariski open set V N D(a), the Zariski constructible
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subset of filiform Lie algebras whose group of automorphisms consists of unipo-
tent automorphisms is defined as the union of the following subsets:

D(a3 . (261% —25aza¢ — 25[12“7))!

V(as) nD((aq+as) - as). 10
5.2.2. a> = 0. We consider the set T® = V%' (a»). Because of the equation
ax(5as +2as) = 0, we can distinguish the following subcases.
(1) (a5 = 0). So, we obtain the set T® nD(as) and we distinguish the follow-
ing:
(1A) (a3 +2as # 0). In the subset T® NnD(as - (a3 +2as)), after the necessary
calculations in system (5.6), we deduce

by =bi"t, i=2,...,8, Qs(b1,-1)=0 (5.11)

with Qs = 2a%a; - 3azasae + 5azasa; —3aae + 5aa;.

So, in the set of points T® nD(as - (as +2as) - Qs), the group Aut(g;) of the
corresponding Lie algebra consists of unipotent automorphisms, whereas, in
the set T® nD(as - (as+2as)) NV (Qs), the group Aut(g;) of the correspond-
ing Lie algebra does not contain unipotent automorphisms.

(1B) (a3 +2as = 0). We study S/ in T® nD(as) NV (as +2as) and we obtain

bi=bi"t i=2,...,8  (ag+as)(b;—1)=0. (5.12)

So, the group Aut(g;) of the corresponding Lie algebra in the set of points
T® nD(as-(ag+az)) NV (as+2as) consists of unipotent automorphisms, but
the group Aut(g;) of the Lie algebra corresponding to the set T nD(as) N
V(a3 +2as,as+ay) does not contain unipotent automorphisms.

(2) (as = 0). First, we distinguish two subcases a3 # 0 and a3z = 0.

(2A) (a3 = 0). Then, we consider the set T® N (as) N D(as3). By doing some
calculations in S/, we obtain

bi=b0"% i=2,...,8, a;(b;;—1)=0. (5.13)

In this case, the group Aut(g;) of the Lie algebra corresponding to the set
of points T® NV (as) nD (a3 -a7) consists of unipotent automorphisms.

(2B) (a3 = 0). In T® NV (as,as), we distinguish the cases a; = 0 and a; = 0.

(i) (a7 = 0). In the subset T® NV (as,as) ND(ay), after the necessary calcu-
lations in system S;, we deduce

bi=bli"t i=2,...,8, ag(b;;—1)=0. (5.14)

So, the group Aut(g;) of the Lie algebra corresponding to the set of points
T3 NV (as,as) ND(ay-ag) consists of unipotent automorphisms.
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(ii) (a7 = 0). We now consider the subset T3 N (as,as,a7). We distinguish
another two subcases ag = 0 and ag = 0.

(iiA) (ag # 0). So, we obtain the set T3 NV (as,as,a7) N D(ag). By doing
some calculations in S}, we deduce

bi=bli"t i=2,...,8, ag(b;;—1)=0. (5.15)

From the above, we conclude that the group Aut(g;) of the Lie algebra cor-
responding to T® NV (as3,as,ar;) ND(ag - ag) consists of unipotent automor-
phisms, but the groups Aut(g;) of those that correspond to T® NV (as,as,az,
ag) ND(ag) do not contain unipotent automorphisms.

(iiB) (ag¢ = 0). The set of points in which we are acting now is T® NV (a3, as,
ag,a7).In case that ag + 0 and by using similar techniques as we did previously
in system S;, we deduce

bii=bi?t i=2,...,8, ag(b;;—1)=0. (5.16)

Hence, the group Aut(g;) of the Lie algebrain the set T® NV (a3, as, ag,az) N
D(ag-ag) consists of unipotent automorphisms. On the other hand, the groups
Aut(g;) of each of the algebras in the subsets T® N ¥ (as,as,ae,az,dg) N
D(ag), T® nV(as,as, ag,ar,as) N D(ay), and T® NV (as,as,as,ar,as,as)
do not contain unipotent automorphisms.

So, we have proved the following theorem.

THEOREM 5.2. Consider the set of complex filiform Lie algebras. Consider
C8 with (ay,as,...,a9) as coordinates given by (3.1) and let V be the hyper-
surface defined in C” by (3.2). The Zariski constructible subset of filiform Lie
algebras whose group of automorphisms consists of unipotent automorphisms
in the Zariski closed setV NV (a») is defined as the union of the following subsets:

rD(as) 1D((a3 +2as) - (2a3a; —3azasae + 5azasa; —3atag +5aaz)),
V(as+2as)nD(as+az),
D(as-az),
D(a;-asg),
V(asz)n °V(a7)m<|D(a6.a8)'
V(ag) nD(ag-ay).

V(as)n

(5.17)

By ({), we mean the union of the corresponding sets.



ON NILPOTENT FILIFORM LIE ALGEBRAS OF DIMENSION EIGHT 891

Let g, = uéo’“ and g» = uél be the following Lie algebras belonging to the
family (3.1) as they were defined in [1]:

[e1,ei] =ei1, i>3, [es,es] = eo,
[es,es] = e3, [es, e8] = e2 +e4, (5.18)
[e7,es] =aex+e3+es, acC,

[elyei] =€i-1, lZ 3;

5.19
lei,es] =ein, 4=<i<6, [e7,eg] = ez +es. ( )

Now, we can state the following theorems.

THEOREM 5.3. Consider the set of complex filiform Lie algebras. If C® =
{(as,...,a9)/a; € C and a; satisfy (3.1)}, we define the hypersurface V in C’
by (3.2). The group Aut(g,) of g1 corresponding to the set VNV (ax,as,az) N
D(as- (4azag — Sa%)) consists of automorphisms of the type

LZ(lij), lijZO, j<i, lii:L ISi,jSS.

1, iiseven, (5.20)

L=(ly), Lj=0,j<i li=
(). by =07 < L {—1, i is odd,

wherel <1i,j <8.
So, the set of unipotent automorphisms form a proper subgroup of the group
Aut(gy).

PROOF. If we consider the set of points VN (ap,as,az;) N D(a3z) after the
necessary calculations in system S;, we deduce

b =bi07t, i=2,...,8, (4azas—5a3) (b} —1)=0. (5.21)

Obviously, the group Aut(g;) of the Lie algebras corresponding to the set of
points VN (az,as,a;) N D(as - (4aszag — Saé)) does not contain only unipo-
tent automorphisms. So, the group Aut(g;), except the unipotent, contains
automorphisms of the following type:

L=, I 0 i<il 1, iis even, (5.22)
=(l;;), L:=0,j<i, L= )
Y Y I " -1, iisodd,

where 1 <1i,j <8.
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In case that 4azag — Saé = 0, by acting as we previously did in system S/, we
obtain

bi=b", i=2,...,8, (4a3a9—7al) (b3, -1)=0. (5.23)

Thus, the group Aut(g>) of the Lie algebra corresponding to the set of points
V NV (az,as,az,4azas — 5a3) N D(as - (4a3ay — 7a3)) does not contain only
unipotent automorphisms but also automorphisms of the type

z, 1=1,3,6,
K= (kij), kiJ':O, j<i, kii= Z, i=2,5,8, (5.24)
1, i=4,7,

where j =1,...,8 and z is a cubic root of 1.
So, we have proved the following theorem.

THEOREM 5.4. Consider the set of complex filiform Lie algebras. If C8 =
{(as,...,a9)/a; € C and a; satisfy (3.1)}, we define the hypersurface V in C’
by (3.2). The group Aut(g) of the filiform Lie algebra g» corresponding to the
set VnV(az,as,az,4azas —5a3) N D(as - (4alay —7al)) consists of automor-
phisms of the type

z, i=1,3,6,
K = (kij), kij=0,j<i, ki=12Z, i=2,5,8, (5.25)
1, i=4,7,

where j =1,...,8 and z is a cubic root of 1.

REMARK 5.5. The group Aut(g) of the Lie algebra corresponding to the set
of points V NV (az,as,az,4azas — 5a2,4a3as — 7a3) N D(a3) does not contain
unipotent automorphisms.

6. General conclusions. From Theorems 4.1, 4.2, 5.1, 5.2, 5.3, and 5.4, we
conclude.

THEOREM 6.1. The group of automorphisms Aut(g) of each one of the char-
acteristically nilpotent filiform Lie algebras of dimension 8 over C given by (4.6)
and (4.7) consists of unipotent automorphisms, except that of the Lie algebras
g1 =", aeC,and g, = ui' given by (5.18), and (5.19).

THEOREM 6.2. The unipotent automorphisms of each one of the character-

istically nilpotent filiform Lie algebras of dimension 8 over C, g, = uéo’“, aeC,
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and g» = uél, given by (5.18) and (5.19), form a proper subgroup of the group
Aut(g;) and Aut(g»), respectively.

THEOREM 6.3. The group of automorphisms Aut(g,) of the characteristi-
cally nilpotent filiform Lie algebras of dimension 8 over C, g, = uéo’“, aecC,
given by (5.18), consists of automorphisms of the type

L:(lij), lijZO,j<i, lii:]-y 1si,j58,

1, i is even, (6.1)

(Lij), L J ii ‘|_1, i is odd,

where 1l <1i,j <8.

THEOREM 6.4. The group of automorphisms Aut(g») of the characteristi-
cally nilpotent filiform Lie algebra of dimension 8 over C, g = ug', given by
(5.19), consist of automorphisms of the type

z, 1=1,3,6,
K = (kij), kij=0,j<i, ki=1Z, i=2,5,8, (6.2)
1, i=4,7,

where j=1,...,8 and z is a cubic root of 1.
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