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It is shown that every continuous homomorphism of Arens-Michael algebras can
be obtained as the limit of a morphism of certain projective systems consisting
of Fréchet algebras. Based on this, we prove that a complemented subalgebra of
an uncountable product of Fréchet algebras is topologically isomorphic to the
product of Fréchet algebras.
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1. Introduction. Arens-Michael algebras are limits of projective systems of
Banach algebras (or, alternatively, closed subalgebras of (uncountable) prod-
ucts of Banach algebras). Quite often, when dealing with a particular Arens-
Michael algebra, at least one projective system arises naturally (e.g., as a result
of certain construction) and, in most cases, it does contain the needed infor-
mation about its limit. The situation is somewhat different if an Arens-Michael
algebra is given arbitrarily and there is no particular projective system associ-
ated with it in a canonical way.

Below (Definition 3.2), we introduce the concept of a projective Fréchet sys-
tem and show (Theorem 3.4) that every continuous homomorphism of Arens-
Michael algebras can be obtained as the limit homomorphism of certain mor-
phism of cofinal subsystems of the corresponding Fréchet systems. This re-
sult applied to the identity homomorphism obviously implies that any Arens-
Michael algebra has essentially unique Fréchet system associated with it. Con-
sequently, any information about an Arens-Michael algebra is contained in the
associated Fréchet system. The remaining problem of restoring this informa-
tion is, of course, still nontrivial, but sometimes can be successfully handled by
using a simple but effective method. This method is based on Proposition 2.5
(applications of Proposition 2.5 in a variety of situations can be found in [1]).

2. Preliminaries

2.1. Projective systems and their morphisms. Below, we consider projec-
tive systems ¥x = {Xq, pg,A} consisting of topological algebras X, « € A, and
continuous homomorphisms pﬁ 1 Xpg = Xo, x < B, o, € A (A is the directed
indexing set of ¥x). The limit lim¥x of this system is defined as the closed
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subalgebra of the Cartesian product [[{Xy : @ € A} (with coordinatewise de-
fined operations) consisting of all threads of ¥y, that is,

lim¥y = {xa € H{Xa T EA}: pg(x,;) = xy for any o, € A with & < B}.
(2.1)

The «th limit projection py : @yx — Xu, @ € A, of the system Py is the
restriction (onto lim ¢y) of the «xth natural projection 7y : [[{Xy: x € A} — X,

If A" is a directed subset of the indexing set A, then the subsystem { Xy, pg,
A’} of ¥y is denoted by ¥x|A’. We refer the reader to [4, 5] for general prop-
erties of projective systems.

Suppose we are given two projective systems Iy = {Xa,pﬁ,A} and ¥y =
{Yy,qg,B} consisting of topological algebras X, @ € A, and Yy, y € B. A mor-
phism of the system ¥x into the system ¥y is a family {@, {f) : ¥ € B}}, con-
sisting of a nondecreasing function @ : B — A such that the set @ (B) is cofinal
in A, and of continuous homomorphisms f : Xy () — Y, defined for all y € B
such that

alfs = fypdl), 2.2)

whenever y,6 € Band y < . In other words, we require (in the above situation)
the commutativity of the following diagram:

[
Xog(5) ——> Y

| | 23)
S

Xp(y) ——> Yy.
Any morphism
{0 {fy:yeB}}:Fx — Iy (2.4)

induces a continuous homomorphism, called the limit homomorphism of the
morphism

lim{@,{fy:y € B}}:lim¥x — lim¥y. (2.5)

To see this, assign to each thread x = {x,: & € A} of the system ¥y the point
¥ = {yy :y € B} of the product [[{Y, : y € B} by letting

vy = fy(Xew), YEB. (2.6)



CONTINUOUS HOMOMORPHISMS OF ARENS-MICHAEL ALGEBRAS 1217

It is easily seen that the point = {y, : y € B} is in fact a thread of the system
Yy. Therefore, assigning to x = {xy: x € A} € lillyx the point y = {y, :y €
B} € lim%y, we define a map @{@,{fy 1y € B}} :lim¥x — lim%y. Straight-
forward verification shows that this map is a continuous homomorphism.

Morphisms of projective systems which arise most frequently in practice are
those defined over the same indexing set. In this case, the map @ : A — A of the
definition of morphism is taken to be the identity. Below, we mostly deal with
such situations and use the following notation: { fy : Xo — Yo; x € A} : Fx — Sy
or sometimes even a shorter form {fy}:¥%x — %y.

PROPOSITION 2.1. Let¥y = {Ya,qf(,A} be a projective system and X a topo-
logical algebra. Suppose that for each «x € A a continuous homomorphism
fo i X — Yy Is given in such a way that fy = qﬁfg whenever o, € A and
« < B. Then, there exists a natural continuous homomorphism f : X — lim%y
(the diagonal product N{f : x € A}) satisfying, for each x € A, the condition
So=auf.

PrROOF. Indeed, we only have to note that X, together with its identity map
idy, forms the projective system &. So, the collection {fy: & € A} is in fact a
morphism ¥ — ¥y. The rest follows from the definitions given above. |

2.2. Arens-Michael algebras. We recall some definitions [3]. A polynormed
space X is a topological linear space X furnished with a collection {|| - ||,,A}
of seminorms generating the topology of X. This simply means that the col-
lection

{xeX:|lx—xo0ll, <€}, x0€X,VvEA, €>0, (2.7)

forms a subbase of the topology of X. A polynormed algebra is a polynormed
space X which admits a separately continuous multiplication bioperator m :
X XX — X. A multinormed algebra is a polynormed algebra such that || xy ||, <
x|y - [Iv]ly for each v € A and any (x,y) € X x X. Finally, an Arens-Michael
algebra is a complete (and Hausdorff) multinormed algebra.

The following result [3, Corollary V.2.19] provides a characterization of
Arens-Michael algebras.

THEOREM 2.2. The following conditions are equivalent for a multinormed
algebra X:
(a) X is an Arens-Michael algebra;
(b) X is limit of a certain projective system of Banach algebras;
(c) X istopologically isomorphic to a closed subalgebra of the Cartesian prod-
uct of a certain family of Banach algebras.

2.3. Set-theoretical facts. For the reader’s convenience, we present neces-
sary set-theoretic facts. Their complete proofs can be found in [1].
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Let A be a partially ordered directed set (i.e., for every two elements «, € A
there exists an element y € A such that y > @ and y > ). We say that a subset
A; € A of A majorates another subset A, < A of A if for each element x; € A,
there exists an element «; € A; such that &; > ». A subset which majorates
Ais called cofinal in A. A subset of A is said to be a chain if every two elements
of it are comparable. The symbol sup B, where B < A, denotes the lower upper
bound of B (if such an element exists in A). Let now T be an infinite cardinal
number. A subset B of A is said to be T-closed in A if for each chain C < B, with
|C| < T, we have supC € B, whenever the element sup C exists in A. Finally,
a directed set A is said to be T-complete if for each chain C of elements of A
with |C| < T, there exists an element sup C in A.

The standard example of a T-complete set can be obtained as follows. For
an arbitrary set A, let exp A denote, as usual, the collection of all subsets of
A. There is a natural partial order on expA: A; > A, if and only if A; 2 A».
With this partial order, exp A becomes a directed set. If we consider only those
subsets of the set A which have cardinality < T, then the corresponding subcol-
lection of exp A, denoted by exp, A, serves as a basic example of a T-complete
set.

PROPOSITION 2.3. Let {A; :t € T} be a collection of T-closed and cofinal
subsets of a T-complete set A. If |T| < T, then the intersection N{A;:t € T} is
also cofinal (in particular, nonempty) and T -closed in A.

COROLLARY 2.4. For each subset B, with |B| < T, of a T-complete set A, there
exists an element y € A such that y > B for each B € B.

PROPOSITION 2.5. Let A be a T-complete set and L < A2, and suppose that
the following three conditions are satisfied.

Existence: for each «x € A there exists B € A such that (x, ) € L.

Majorantness: if («,) € L and y > B, then (x,y) € L.

T-closeness: let {¢; :t € T} be a chain in A with |T| < 1. If (&,y) € L for
somey € Aandeacht €T, then (x,y) € L where « =sup{c;:teT}.

Then, the set of all L-reflexive elements of A (an element x € A is L-reflexive
if («,x) € L) is cofinal and T-closed in A.

3. Continuous homomorphisms of Arens-Michael algebras. The following
statement is needed in the proof of Theorem 3.4. In the case when all the X,’s
are Banach algebras, its proof can be extracted from [3, Proposition 0.1.9] (see
also [3, Proof of Proposition V.1.8] and [2, Proof of Proposition 2.1]).

LEMMA 3.1. Let ¥y = {Xq, pg,A} be a projective system consisting of Arens-
Michael algebras X, x € A, Y a Banach algebra, and f - lim¥ — Y a continuous
homomorphism. Suppose that p(lim¥) is dense in X for each «x € A. Then,
there exist an index x € A and a continuous homomorphism fy: Xy — Y such

that f = fa°pa-
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PROOF. The continuity of f and the definition of the topology on lim¥
guarantee that there exist an index « € A and an open subset V4 € Xy such
that

fpat (Vo)) s{yeY:lyl <1}, (3.1)

where | - | denotes the norm of the Banach space Y.

Since X is an Arens-Michael algebra, X can be identified with a closed sub-
algebra of the product [ [{B; : t € T} of Banach algebras B;,t € T (Theorem 2.2).
Let || - ||; denote the norm of the Banach space By, t € T.For S < T,let rts : [ [{B; :
te T} - []{B::t €S} denote the natural projection onto the corresponding
subproduct. If S = T is a finite subset of T, then |[{x;:t € S}|ls = max{|/x¢|¢ :
teS}foreach {x;:teS}te[][{B:teS}.

Since V, is open in X, the definition of the product topology guarantees
the existence of a finite subset S = T and of a number € > 0 such that

{xa € Xo 1 |5 (xa)||g < €} S Va. (3.2)
Combining (3.1) and (3.2), we have
SfUxeX:||ms(pa(x))|lg<€}) c{yeY: |yl <1} (3.3)

It then follows that if x € X and || 7ts(p(x))lls < 1, then ||1Ts (pa(€x)) s =
€llTts (pa(x))lls < € and consequently

elfx)] =|f(ex)] <1, thatis, [f(x)]< é (3.4)
Since
x 1
\Trts (o N )~ Tis (Pa G « =1, (35
"S<” (HWS(IOa(x))IIS))H s (paGely 15 PcCeDlls (3.5)

we must have (by (3.4))

1 X
s patens 1 F X1 = 'f<||ns<pa<x>>||s)

=<

1 (3.6)
€

and hence

| f(x)] s%||rrg(pa(x))||s, for each x € X. (3.7)
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We now show that the map
h(z) = f(pH (51 (2) N Xa)) 1Tt (pa(X)) — ¥ (3.8)
is well defined. Assuming the contrary, suppose that for some z € g (p (X))
there exist two points x1,x» € p&l(rrs“ (z)nXy) such that f(x;1) # f(x2).Con-

sequently, | f(x1—x2)| # 0. On the other hand, 115 (p« (X1 —X2)) = s (P (x1)) —
s (px(x2)) = z—z = 0. Then, (3.7) implies that

0+ |f(x1—x2)| Sénﬁs(lﬂa(xl—xz))”szo- (3.9)

This contradiction shows that the map h : s (p« (X)) — Y is indeed well de-
fined. Note that

f=homsopy, (3.10)

which implies that the map h is linear. Next, consider points z € 15 (p (X))
and x € X such that mrg(py(x)) = z. By (3.7),

h(2)| = 1 £00] = Zlims ()]s = < l12ls. (3.11)

This shows that h is bounded and, consequently, continuous. Next, we show
that h: s (p« (X)) — Y is multiplicative. Let (x',y") € ts (p« (X)) X TTs (P (X))
and consider a point (x,y) € X x X such that mg (p«(x)) = x" and g (p«(V)) =
v'. Then, by (3.10),

h(x"-y") = h(ms(pa(x)) - s (Pa(¥)))
= h(ms(palx-)))

=f(x-y)=f(x)-f(») (3.12)
=h(ms(pa(x))) - h(ms(pa()))
=h(x')-h(y).

Since (Y, |-|) is complete, h admits the linear continuous extension

g :clmses; (Ms(pa(X))) — Y. (3.13)

Since the multiplication on [[{B; : t € Ty} is jointly continuous, we conclude
that g is also multiplicative. Finally, define the map f as the composition

fa=9o(ms|Xy) : Xo — Y. (3.14)
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Obviously, fy is a continuous homomorphism satisfying the required equality
Saovra=f. O

Next, we introduce the concept of projective Fréchet system.

DEFINITION 3.2. Let T > w be a cardinal number. A projective system
Ix = {Xq, pg,A} consisting of topological algebras X, and continuous homo-
morphisms pﬁ 1 Xg— Xay x< B, &, BE A, is aT-system if

(1) X is a closed subalgebra of the product of at most T Banach algebras,
X € A;

(2) the indexing set A is T-complete;

(3) if {xy : y € T} is an increasing chain of elements in A with & = sup{c, :
y € T}, then the diagonal product (see Proposition 2.1)

ApS, Yy €T X — lim {Xoy, pay T} (3.15)
is a topological isomorphism;
(4) p«(X) is dense in X, for each @ € A.
Fréchet systems are defined as projective w-systems.

PROPOSITION 3.3. Every Arens-Michael algebra X can be represented as the
limit of a projective Fréchet system ¥x = {Xa, pf\, exp,, T'}. Conversely, the limit
of a projective Fréchet system is an Arens-Michael algebra.

PROOF. By Theorem 2.2, X can be identified with a closed subalgebra of the
product [[{X; : t € T} of some collection of Banach algebras. If | T| < w, then X
itself is a Fréchet algebra and therefore our statement is trivially true. If |T| >
w, then consider the set exp,, T of all countable subsets of T. Clearly, exp,, T
is w-complete set (see Section 2.3). For each A € exp,, T, let X, = clmma(X)
(closure is taken in [[{X; : t € A}), where

ma [ [{Xe:teT —[[{Xe:t € A} (3.16)

denotes the natural projection onto the corresponding subproduct. Also let
ph = 5| Xp, where

mh: [[{Xe:teB —[[{Xe:t € A} (3.17)

is the natural projection, A,B € exp,, T, A < B. The straightforward verification
shows that ¥x = {X4,p5,exp,, T} is indeed a projective Fréchet system such
that @g)}( = X.

Conversely, let ¥x = {Xq, pﬁ,A} be a projective Fréchet system. Clearly,
lillyx can be identified with a closed subalgebra of the product [[{Xy: x € A}
(see Section 2.1). Each X, « € A, can obviously be identified with a closed
subalgebra of the product [[{BS : n € T4} of a countable collection of Banach
algebras BS. Then 11219’;0 as a closed subalgebra of the product [[{[[{BS:n €
Ty} :a € A}, according to Theorem 2.2, is an Arens-Michael algebra. O
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The following theorem is one of our main results.

THEOREM 3.4. Let f: @EPX - ligl&fy be a continuous homomorphism be-

tween the limits of two projective Fréchet systems ¥x = {Xa,pg,A} and ¥y =
{Yq, qﬁ,A} with the same indexing set A. Then, there exist a cofinal and w-closed
subset By of A and a morphism

{fD(ZX(x—'Yu,Bf}:EfX|Bf—>yy|Bf, (3.18)

consisting of continuous homomorphisms fx : X« = Y&, & € By, such that f =
lim{ fu: Bf}.

If; in particular, lim¥x and lim%y are topologically isomorphic, then $x =
{Xa, pg,A} and ¥y = {Ya,qg,A} contain isomorphic cofinal and w-closed sub-
systems.

PrROOF. We perform the spectral search by means of the following relation

L={(x,B) € A’: x < B and there exists

a continuous homomorphism fg : Xg — Yq such that f,ff v =quf}-
(3.19)

We verify the conditions of Proposition 2.5.

EXISTENCE CONDITION. By assumption, Y is a Fréchet algebra. Therefore,
Y, can be identified with a closed subspace of a countable product [[{B, :n €
w} of Banach algebras. Let 11, : [[{By : m € w} — B, denote the nth natural
projection. For each n € w, by Lemma 3.1, there exist an index f8,, € A and
a continuous homomorphism f3, : Xg,, — Bn such that myqaf = fg,Pgn- BY
Corollary 2.4, there exists an index § € A such that 8 > 8, for each n. Without
loss of generality, we may assume that § > «. Let f, = f3, pgn, n € w. Next,
consider the diagonal product

fE=nlfanew):Xg —[[{Buinew). (3.20)

Obviously, fg pg = quf. It only remains to show that f£ (Xg) € Y. First, ob-
serve that f,ff(pﬁ(X)) C Y. Indeed, let x € X. Then,

FE(ps(x)) = {fulps(x)) 1 n € w}
= {fﬁn(vﬁn(m(x))) ‘new)
= {f5. (P (%)) :m € W} (3.21)
= {m(aa(f(x))) :n € w}
=du(f(x)) € Ya.
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Finally,

folf (XB) = fo‘f(CIX/; ps (X)) = Cl]'[{Bn:new} fo[f (pB (X)) = ClH{Bn:new} Y«
=Yq.

(3.22)

MAJORANTNESS CONDITION. The verification of this condition is trivial. In-
deed, it suffices to consider the composition f) = & Py

(-CLOSENESS CONDITION. Suppose that for some countable chain C = {«, :
n € w}in Awith & = sup C and for some § € A with 8 > «, the maps ff(n 1 Xg —
Y«, have already been defined in such a way that ffnpﬁ =qu, f foreachn e w
(in other words, («;,,B) € L for each n € w). Next, consider the composition

fE=iton{fE new):Xg— Yy (3.23)
where i: Yy — @{Yan,qg‘;‘”,w} is the topological isomorphism indicated in
condition (3) of Definition 3.2. Observe that for each x € X,

FLpp0)) =i 1 (Aalfh, in e w}) (pp(x)
) (f(x))
)(
(

= i_l(A{QD(n ne w}

=i ' (a{ay, :newl)(@a(f(x))) (3.24)

= (afag, newh) (Al :n e w}) (an(f(X)))
= Qa(f(x))-

This shows that (&, ) € L and finishes the verification of the w-closeness
condition.

Now, denote by By the set of all L-reflexive elements in A. By Proposition 2.5,
By is a cofinal and w-closed subset of A. One can easily see that the L-reflexivity
of an element « € A is equivalent to the existence of a continuous homomor-
phism fx = f&: X« — Y satisfying the equality fap« = g«f- Consequently, the
collection {fx : & € By} is a morphism of the cofinal and w-closed subspec-
trum ¥x|By of the spectrum ¥y into the cofinal and w-closed subspectrum
¥y By of the spectrum ¥y. It only remains to remark that the original map f
is induced by the constructed morphism. This finishes the proof of the first
part of our theorem.

The second part of this theorem can be obtained from the first part as fol-
lows. Let f:lim¥x — lim¥y be a topological isomorphism. Denote by f:
lim¥%y — lim¥x the inverse of f. By the first part proved above, there exist a
cofinal and w-closed subset B¢ of A and a morphism

{f‘x:Xo(—>YO(Z(XEBf}:ffX|Bf—>9’y|Bf (3.25)
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such that f = lim{fy : & € By}. Similarly, there exist a cofinal and w-closed
subset By-1 of A and a morphism

{ga: Yo — Xa: X €By1} : Fy | Byt — Fx | By (3.26)

such that f~! =lim{gy: & € By-1}.

By Proposition 2.3, the set B = By N By is still cofinal and w-closed in A.
Therefore, in order to complete the proof, it suffices to show that for each
o € B the map f: Xy — Yy is a topological isomorphism. Indeed, take a point
Xy € pa(ljr_n%() < Xu. Also choose a point x € mﬂ’x such that x4 = pa(x).
Then,

oS u(Xa) = GaSaba(X) = Galaf (X) = Paf " f(X) = palx) = (3.27)

This proves that g« fo(lp(x(liglff’x) = idp,imyy). Similar considerations show
that fagalqa(lir_ny’y) = idg,imyy) for eaCITO( € B. Since p(lim¥x) is dense
in Xy and qa(@y’y) is dens?in Yy (Definition 3.2, condition (4)), it follows
that goful X« = idy, and fxgu«lYs = idy,. It is now clear that fr, @ € B, is a
topological isomorphism (whose inverse is gq). O

REMARK 3.5. A similar statement remains true (with the identical proof) for
projective T-systems for any cardinal number T > w.

REMARK 3.6. Theorem 3.4 is false for countable projective systems. Indeed,
consider the following two projective sequences

2 1 2 1)+1
Feven = {(CZn Zy(er )1w}| Fodd = {‘CZ”Jrl,nzy(ﬁj * JU}; (3.28)
where
”zzr(LnH) :(CZ"X(CZ . (C‘Z”, n227(lvi41—1 )+1 (CZ"H X(CZ . (Znﬂ (3.29)

denote the natural projections. Clearly, the limits lim Feyen and lim #oaq of these
projective systems are topologically isomorphic (both are topologically iso-
morphic to the countable infinite power C® of C), but Feven and Foqq do not
contain isomorphic cofinal subsystems.

COROLLARY 3.7. Let%y = {Xo(,pf(,A} be a projective Fréchet system. If @9
is a Fréchet algebra, then there exists an index « € A such that the Bth limit
projection pg :lim¥ — Xg is a topological isomorphism for each B > «.

PROOF. Consider a trivial projective Fréchet system &’ = { X4, qff(,A}, where
Xy =1lim¥ and qg = idymy for each o, € A. By Theorem 3.4 (applied to the
identity homomorphisna_ f= idhmq) there exist an index &« € A and a continu-
ous homomorphism gy : Xy — hmEf such that ld]lmy = g« ° P«- Clearly, in this
situation, p| hmff’ lim¥ — Xy is an embedding w1th a closed image. But this
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image pa(lir_nSP) is dense in X, (Definition 3.2, condition (4)). Therefore, p«
(and, consequently pg for any B = «) is a topological isomorphism. |

COROLLARY 3.8. Suppose that X is a Fréchet subalgebra of an uncountable
product [ [{B; : t € T} of Fréchet (Banach) algebras, then there exists a countable
subset Ty of the indexing set T such that the restriction Tt | X : X — 1t (X) of
the natural projection Trry : [1{B; : t € T} — [[{B; : t € Tx} is a topological
isomorphism.

3.1. Arens-Michael x-algebras. The concept of projective Fréchet system
can naturally be adjusted to handle variety of situations. Below it will always
be completely clear in what content this concept is being used. We consider
Arens-Michael x-algebras, that is, Arens-Michael algebras with a continuous
involution. It is known that every such an algebra can be identified with a closed
k-subalgebra of the product of Banach x-algebras (see, e.g., [3, Proposition
V.3.41]). Therefore, one can obtain an alternative description of such algebras
as limits of projective systems consisting of Banach x-algebras and continuous
*-homomorphisms (compare with Theorem 2.2). This, as in Proposition 3.3,
leads us to the conclusion recorded in the following proposition.

PROPOSITION 3.9. Every Arens-Micheal x-algebra X can be represented as
the limit of a projective Fréchet system ¥x = { Xy, pg,A} consisting of Fréchet
x-algebras X, ¢ € A and continuous *-homomorphisms pg 1 Xpg = Xo, x < B,
«, B € A. Conversely, the limit of any such projective Fréchet system is an Arens-
Michael x-algebra.

The analog of Theorem 3.4 is also true.

PROPOSITION 3.10. Let f:lim Yy~ lim¥y be a continuous * -homomorphism

between the limits of two projective Fréchet systems ¥x = {Xq, pg,A} and ¥y =
{Ya, qﬁ,A}, consisting of Fréchet x-algebras and continuous * -homomorphisms
and having the same indexing set A. Then, there exist a cofinal and w-closed
subset By of A and a morphism

{faZXa—>Yo(,Bf}!ffx|Bf—>Efy|Bf, (3.30)

consisting of continuous *-homomorphisms fx : Xa = Y&, & € By, such that
f= @{fa;Bf}-

If, in particular, lim¥x and lim¥y are topologically *-isomorphic, then ¥ x =
{X(x,pf(,A} and ¥y = {Ya,qg,A} contain isomorphic cofinal and w-closed sub-
systems.

PROOF. By Theorem 3.4, there exists a cofinal and w-closed subset By of A
and a morphism

{fo(:X‘x—>Yo(,Bf}:SPX|Bf—>5fy|Bf, (3.31)
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consisting of continuous homomorphisms fx : X4 — Y, & € By, such that
f= @{fa;Bf}-

We show that f«, & € By, is actually a *-homomorphism. Indeed, let x €
P«(X) and x € X such that py(x) = x«. Then,

Sa(x%) = fa(Pa(x)¥) = fa(pa(x*))
=qu(f(x*)) = au(f (X))
= du(f(x)" = fa(pa(x))* 32
= fulxa) ™. -

4. Complemented subalgebras of uncountable products of Fréchet alge-
bras. In this section, we show (Theorem 4.2) that the complemented subal-
gebras of (uncountable) products of Fréchet algebras are products of Fréchet
algebras. We begin with the following lemma.

LEMMA 4.1. Letp : X — Y be a surjective continuous homomorphism of topo-
logical algebras and suppose that X is a closed subalgebra of the product Y X B,
where B is a topological algebra. Assume also that there exists a continuous
homomorphism v : Y X B — X satisfving the following conditions:

(i) pr =1y, where Tty : Y XB — Y denotes the natural projection;
(ii) r(x) = x for each x € X.
Then, there exists a topological isomorphismh : X — Y xkerp such thatmtyh=p.

PrROOF. If x € X, then

p(x-7(p(x),0)) =p(x)-p(r(p(x),0))

by(l
=" p(x) -1y (p(x),0) @.1)
=px)-p(x)
=0.
This shows that the formula
h(x) = (p(x),x-r(p(x),0)), xeX, (4.2)

defines a continuous linear map h : X — Y xKker p. Moreover, h is a topological
isomorphism between X and Y x ker p considered as topological vector spaces
(to see this observe that the continuous and linear map g : Y xkerp — X de-
fined by letting g(v,x) = r(»,0) + x for each (y,x) € Y xkerp has the fol-
lowing properties: goh = idy and hog = idyxkerp). We now show that h is an
isomorphism of the category of topological algebras as well.

Let x1,x> € X. We need to show that h(x;) - h(x2) = h(x; - x2). Since X <
Y X B, we can write x; = (a;,b;), where a; € Y and b; € B, i = 1,2. Observe
that since x; € X, it follows from (ii) that 7 (x;) = x;. Consequently, by (i),
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p(xi) = p(r(xi)) = Ty (x;) = 1ty (ai, b;) = a;. Then,
h(xi) = (p(xi),xi—7r(p(xi),0)) = (ai, (ai,bi) v (ai,0)), i=12. (4.3)
Consequently,
h(x1)-h(x2) = (a1, (a1,b1) =7 (a1,0)) - (a2, (a2, b2) =7 (az,0))
= (a1-az,[(ai,b1) -r(a1,0)] - [(az,b2) —7(a2,0)])
= (a1 -az,[r(a1,b1) —7r(a1,0)] - [r(az,b2) —7(a2,0)])
= (a1 -a2,7(0,b1) -7 (0,b2)) = (a1 - a2, v[(0,b1) - (0,b2)])
= (a1 -a»,7(0,by - b2)) = (a1 - az,r[(a; - az,b1 - b2)—(a: - a»,0)])
= (a1-az,v(a1-az by -by)—v(ar-ap,0))

= (a1 -az, (a1 -az,by-by) —v(ai-a0))

(4.4)

This shows that h is a homomorphism and, consequently, a topological iso-
morphism as required. ]

For algebras with trivial multiplication, the following theorem is contained
in [2].

THEOREM 4.2. A complemented subalgebra of the product of uncountable
family of Fréchet algebras is topologically isomorphic to the product of Fréchet
algebras. More formally, if X is a complemented subalgebra of the product
[1{B: : t € T} of Fréchet algebras B:, t € T, then X is topologically isomor-
phic to the product [[{F;: j € J}, where F; is a complemented subalgebra of
the product [[{B; :t € T,} with |T;| = w for each j € J.

PROOF. Let X be a complemented subalgebra of the uncountable product
B=[[{B;:t € T} of Fréchet algebras B;, t € T, where T is an indexing set with
|T| = T > w. There exists a continuous homomorphism 7 : B — X such that
r(x) = x for each x € X. A subset S T is called r-admissible if 1r¢(7(2)) =
s (z) for each point z € Trgl('rrg(X)).

CrLAIM 1. The union of an arbitrary family of 7-admissible sets is »-ad-
missible.

This derives from the fact that for x,y € B, s(x) = mg(y) if and only if
e (x) =1 (y) foreach t € S.

CrAmM 2. If § < T is r-admissible, then 1r5(X) is a closed subalgebra of
BS:H{Bt:tES}.
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Indeed, let is : B — B be the canonical section of 1rg (this means that iy =
idgg AO: Bs — Bs X Br_s = B). Consider a continuous linear map rs = Tts o7 o ig:
Bs — 11g(X). Obviously, is(y) € Trs’l(ng(X)) for any point v € mrg(X). Since S
is r-admissible, the latter implies that

y =ms(is(y)) = s (v (is())) = rs(»). (4.5)

This shows that 1t5(X) is closed in Bs.

CLAIM 3. Let S and R be r-admissible subsets of T and S < R < T. Then, the
map 78 : g (X) — 15 (X) is topologically isomorphic to the natural projection
™ : s (X) x ker (8 | 1R (X)) — 105 (X).

Obviously, g (X) < 11g(X) X Br_s < Bg = Bs X Bg_s. Consider the map ig =
idBR AOQ:Bgr — Bgr XBr_g = B. Also, let g = TTg 0¥ o ig : B — g (X).

Observe that 78 o 7z | (115 (X) X Br_s) = T&|(15(X) x Br_s). Indeed, if x €
s (X) X Bg_g, then ig(x) € 1T§1(1TS(X)). Since S is r-admissible, we have
s (v (ir(x))) = s (ig (x)). Consequently,

R (rp(x)) = & (R (v (i (x)))) = 105 (¥ (ir (x)))

R

(4.6)
=15 (ig (x)) = & (MR (ir (x))) = ML (x).

Next, observe that 7z(x) = x for any point x € 1 (X). Indeed, since R is
r-admissible and since i (x) € Tz (1 (X)), we have

1r(x) =R (v (ir(x))) = R (ir (x)) = x. (4.7)

Application of Lemma 4.1 (with X = mr(X), Y = 15(X), B = Bg_s, p =
Tr§ |1t (X), and » = 1) finishes the proof of Claim 3.

CLAIM 4. Every countable subset of T is contained in a countable 7-admis-
sible subset of T.

Let A be a countable subset of T. Our goal is to find a countable r-admissible
subset C such that A c C. Consider the projective system

Sp={[1{Be:t e Cl,mE exp, T} (4.8)

representing the product B and associated to the subalgebra X projective sys-
tem

Fx = {cliptecy (11 (X)), s | clstecy (e (X)), C € expy, T} (4.9)

representing X.
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By Theorem 3.4 applied to the homomorphism 7 : lim¥3 — lim¥y, there
exist a countable subset C of T and a continuous homomorphism 7¢ : B¢ —
clp. (11¢ (X)) such that A < C (i.e., A < C in the natural order on exp,, T) and
Ttcov = v oTre. Consider a point v € ¢ (X). Also pick a point x € X such that
e (x) = . Then,

y =Tc(x) =mc(r(x)) =re(me(x)) =re(y). (4.10)
This shows that ¥¢|m¢ (X) = idq.(x). It also follows that ¢ (X) is closed in Be.
In order to show that C is r-admissible, we consider a point z € 11 Lo (X)),

By the observation made above, ¥¢(11¢(z)) = 11¢(z). Finally,
11c(2) = re(11c(2)) = 1 (v (X)) (4.11)

which implies that C is r-admissible.

Since |T| = T, we can write T = {ty : & < T}. Since the collection of count-
able r-admissible subsets of T is cofinal in exp,, T (see Claim 4), each element
ty € T is contained in a countable r-admissible subset Ay < T. According to

Claim 1, the set Ty = U{Ag: B < «} is r-admissible for each & < T. Consider
the projective system

S =X, p§™, < T}, (4.12)
where
Xo =T, (X), pat'= TFTT(,‘f+1 |rrr,., (X) foreach e <. (4.13)

Since T = U{Tx: x < 7},itfollows that X = @Ef’. Obvious transfinite induction
based on Claim 3 shows that

X =lim¥ = Xox [ [{ker (p53*™") : x < T}. (4.14)

In order to demonstrate this, consider the well-ordered projective system &’ =
{Zx,q%, o < T} where

X0, 1f0(=0,
o = get _ (4.15)
Xox[I{ker(pg "):B<a}, fO<a<T

and, forO < x < T,

a% i Xox[[{ker (ph ') :B<a+1} — Xox[[{ker(ph™): B <o} (4.16)
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denotes the natural projection (which forgets the last coordinate). For each
x < T, we construct a topological isomorphism hy : X4 — Z« as follows. We
start by letting ho = idy,. Suppose that topological isomorophism h, : X, — Z,,
has already been constructed for each y < « in such a way that q;y,“ ohy,1 =
hy o p}'“ whenever y +1 < «. We construct a topological isomorphism h :
Xo = Zy.

If o is the limit ordinal number, let hy =lim{h, : y < «}.

If x =y+1 for some y < T, then, by Claim 3, there exists a topological
homomorphism h: X, — X, X ker(p§ +1) such that the following diagram

h
Xys1 ——= X, xker (p}™")

p§+1l lm 4.17)
X, — 94 X,
commutes (11; denotes the natural projection onto the first coordinate space).
Then, the required topological homomorphism hy .1 : Xy+1 — Zy.1 is defined
as the composition hy,; = ho (hy xid). The following diagrams illustrates the
situation

h y+1 hy xid y+1
Xy+s1 ——— X, xker(p}) —— Z,+1 = Zy xker (py )

i l l (4.18)
hy

X, X, Zy.

This completes the inductive construction of topological isomorphisms h,
« < T. Finally note that

H=lim{hy:x<7}:X =1lim¥ — lim¥’

4.19
=Xox[ [{ker (p§&) :x < T} .19

provides the required topological isomorphism.

Since, by the construction, A, is a countable r-admissible subset of T, it
follows from Claim 2 that X, and ker(p$*!), & < T, are Fréchet algebras. This
finishes the proof of Theorem 4.2. O
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