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ON SAKAGUCHI FUNCTIONS
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Let Ss(x) (0 < «x < 1/2) be the class of functions f(z) = z+ - - - which are analytic
in the unit disk and satisfy there Re{zf"(z)/(f(z) — f(-=z))} > «. In the present
paper, we find the sharp lower bound on Re{(f(z) — f(—z))/z} and investigate
two subclasses So () and Ty () of Ss(x). We derive sharp distortion inequalities
and some properties of the partial sums for functions in the classes Sy(«) and
To(x).

2000 Mathematics Subject Classification: 30C45.

1. Introduction. Let A be the class of functions f(z) = z+ - - - which are
analytic in the unit disk E = {z : |z| < 1}. We denote by S the subclass of A
consisting of functions which are univalent in E. A function f(z) € A is said
to be in the class S; () if it satisfies

zf'(z)
Re{fi(z)—f(—z)}> x (z€E) (1.1)

for some o (0 < ox < 1/2). Further, a function f(z) € A is said to be in the
class T («x) if and only if zf'(z) € Ss(x) for some « (0 < x < 1/2). We denote
S¢(0) = S;. Sakaguchi [3] introduced the class S and proved that S ¢ C(C S),
where C is the class of close-to-convex functions. The class S has been studied

by several authors (e.g., Stankiewicz [4] and Wu [6]).
For the class S¢ (), Owa et al. [2] have proved the following theorem.

THEOREM 1.1. If f(z) € Ss(x) with1/4 < x < 1/2, then

Re{f(z)f(z)}> 2 zeE). (1.2)
z 3-4x

The following two lemmas were shown by Cho et al. in [1].

LEMMA 1.2. If f(z) =z+ >, _,anz" € A satisfies

3

2n-1D a2 | +2n-1-2x)|am-1|} <1-2«x (1.3)
2

n

for some x (0 < x < 1/2), then f(z) € Ss(x).
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LEMMA 1.3. If f(z) =z+ >, _,a,z" € A satisfies

[Me

{4m—-1)?|aom 2| +2n-1)2n—-1-2&)|azm_1]} <1-2« (1.4)

n=2

for some ox (0 < x < 1/2), then f(z) € Ts(xx).

In view of Lemmas 1.2 and 1.3, Cho et al. [1] introduced the subclass Sy () of
S¢(x) consisting of functions which satisfy inequality (1.3) in Lemma 1.2, and
the subclass Ty () of Ts(x) consisting of functions which satisfy inequality
(1.4) in Lemma 1.3. It is easy to see that To(x) C So(x) for 0 < x < 1/2.

The following theorems (Theorems 1.4, 1.5, and 1.6) are the main results
of [1].

THEOREM 1.4. If f(z) € So(x) with0 < x < 1/2, then

f2 1

Re >—2(1—¢x)

(z€E). (1.5)

THEOREM 1.5. If f(z) € So(x) with0 < x < 1/2, then

1-20, _» 1-2x, 5
2l - =5 lzlP - 55 12 = [f(2)]
1-2 , 1-2 .
<lzl+ =%z + ==X 23,
2 3-2«x (1.6)
1-(1-20012] - 28728 L2 g () |
3-2«x B
sl+(1—2(x)|z|+M\z|2,
3-2«x
forz € E.
THEOREM 1.6. If f(z) € To(x) with0 < x < 1/2, then
1-2«, 1-2«x 3
e L eyl <|f(@]|
1-2«x 1-2«
<lzl+ 1z|? + 1z|3,
L L 4 3(3-2x) 1.7)
12« 1-2x, o ,
- lzl= 5 2 = 1/ (@)
1-2x 1-20,_»
<1+ 5 |z|+3_20(|2|,

forz € E.

In the present paper, we improve the above results and find the sharp bounds.
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2. Main results

THEOREM 2.1. If f(z) € Ss(x) (0 < x < 1/2), then

Re{f(z) - f(-2)

}>4"‘ (z € E). (2.1)
z

The result is sharp.

PROOF. For f(z) € S;(x), it follows from (1.1) that the function

(2.2)

is an odd starlike function of order 2« € [0, 1), that is, g(-z) = —g(z) and

zg'(z)

Re g(z)

>2x (z €E). (2.3)

Since every odd function in S is the square-root transform of some function
in S, there exists an h(z) € S such that g(z) = vh(z?2). Further, h(z) is also
starlike of order 2«, or equivalently

zh'(z)
h(z)

S1<2(1-2:)-2—, (2.4)
1-z

where the symbol < stands for subordination.
Applying a result due to Suffridge [5, Theorem 3] to (2.4), we have

z h/(t) 1 p dt
Jo (h(t) - t)dt<2(l_2a)J0 T 2.5)
which vields that
h(z) 1
z (1-2z)20-200" (2.6)

Thus, there exists an analytic function w(z) in E such that |w(z)| < |z| and

h(Z) 1 2(1-2:)
z :(l—w(z)) (z€E), (2.7)

and hence

1-2x
9(z) 1
Z _(1—w(22)> (z€E). (2.8)
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With the help of the elementary inequality Re(t#) = (Ret)? (0<B <1 and Ret >
0), it follows from (2.8) that

1-2c (2.9)
() -l (ep
T\ 1+]z|? 212«
for 0 < & < 1/2. This proves (2.1).
To establish the sharpness, we consider the function
folz) = —— (2.10)
TP '
It is easy to verify that fy(z) € S;(x) and
RQ{M}_ZRQ{ﬁ}ﬁ@X (2.11)
z (1+2z2)
as z = Rez — 1. The proof of the theorem is now complete. |

REMARK 2.2. This theorem improves and extends Theorem 1.1.

As an immediate consequence of Theorem 2.1, we have the following corol-
lary.

COROLLARY 2.3. If f(z) € Ss(x) with0 < x < 1/2 and if f(z) is odd, then

f(z) 1

Re — > 1 2a

(z€E). (2.12)

The result is sharp with the extremal function fy(z) given by (2.10). In particu-
lar, if f(z) € S; and f(z) is odd, then

Re¥> ! (z€E) (2.13)

N |

and the result is sharp.

THEOREM 2.4. If f(z) =z+ > _oanz" € So(x) with 0 < & < 1/2, then for
z€E,
(a) the following inequalities hold true:

1-2«x
lz| - ——1zI?

1-2«x
> < f@]=lzl+—5—lzI% (2.14)

Equalities are attained by the function

f(z) :z—%zz € So(x), (2.15)
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(b) the following inequalities hold true:

3(1-2a—-2|a
1—2|a2HZ|— ( 35 | 2|)|Z|2
-2
3(1-2 2|as ) (2.16)
’ —cX— az 2
<|fl(2)] <1+2|azx|lzl+ Ty |z|°.
Equalities are attained, for example, by
1-20—-2a
I 3
f(z)=z-az 3 7n z° e So(x) (2.17)
or
1-2x-2a
_ 2, 1-e—ca 3
f(z)=z+az"+ ey z> e So(m), (2.18)
where0<a < (1-2x)/2.
PROOF. (a) Writing inequality (1.3) in Lemma 1.2 as
> n-(1+=D"Nallan| =1-2«, (2.19)
n=2

we arrive at >, _,|an| < (1-2x)/2. Therefore, it follows from f(z) € Sp(x)
that for z € E,

00

1-2x
|f(2)| =lzl-1z1? > |an| = zl-——lzI? =0,

"=z (2.20)
> 1-2«x '
|f(2)] <lzl+1z> > |an| < 2|+ 1z

n=2

(b) Since n— (1 + (-1)"*"Hx = n(1-2«/3) for n = 3, it follows from (2.19) that

2|a2|+<172?0()2n|an|5172(x (2.21)
n=3

for f(z) € So(x). Hence, we deduce that for z € E,

00

\f (2] 21-2|az|lz|-1z1? > n|a,|

n=3
3(1-20-2|a
o 1-2]ay )z - 3 3—20(| 2D 1,250, (2.22)

3(1-2x-2]az]) 22,

| f (@) <1+2]az|lzl+ T w -
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REMARK 2.5. Note that |a;| < (1 -2«)/2. Theorem 2.4 is an improvement
of Theorem 1.5.

THEOREM 2.6. If f(z) € Ty(x) with0 < «x < 1/2, then for z € E, the following
inequalities hold true:
1-2

X
Iz\—TIZI2 <|f@]| =lzl+

_1—20(
2

2%, (2.23)

1 1-2«x

Izl < |f'(2)| <1+ |z]|. (2.24)

The results are sharp with the extremal function f(z) = z— ((1 —-2x)/4)z?% €
To ().
PROOF. Let f(z)=z+>, ,anz" € To(x). Writing inequality (1.4) in Lemma

1.3 as

Sun-(1+D"Nallan] <1-2«, (2.25)
n=2

we get Y, lan| < (1 -2«x)/4. From this, we easily have (2.23).
Noting that f(z) € To(x) ifand onlyif zf'(z) € So(x), (2.24) follows directly
from Theorem 2.4(a). |

REMARK 2.7. Theorem 2.6 improves Theorem 1.6.
THEOREM 2.8. Let f(z) =z+ >, »anz™ € So(x) with0 < x < 1/2, and let
siz) =2z,  sm(z)=z+ D anz" (m=2). (2.26)
n=2
Then for z € E, the following inequalities hold true:

f(2) m+(1+(-1)""1)«x

sm(z) - m+1-(1+(-1)m)x’ (2.27)
Sm(z)  m+1-(1+(-1)")«x
Re f2) >m+2—(3+(—1)m)o<' (2.28)
The results are sharp for each m > 1.
PROOF. Let
_ _1\yn+1
PNl € Gl D T P (2.29)
1-2x
Then A,11 > Ay > 1 (n = 2) and it follows from (2.19) that
m o) [
Silan| +Amear D lan| = D Anlan] =1 (m=2). (2.30)

n=2 n=m+1 n=2
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pi1(z) = Am“{fm((zz)) - (1 A:Hl)},

If we let

then

o -1
)\m+1 Zn:m+1 anzn

1+ anzn!

pi(z)=1+ (m=2)

and from (2.30), we have

pi(z)-1] _ Ame1 Zpomsr Anz""!
p1(z)+1 2423 anz" L+ A1 Do 1 An 2"

< )\m+1 Z:::m-v-l |an |
- 2—22?:2 |an| _)\m+12‘f’[o:m+l |a”| -

Thus, we conclude that Rep,(z) > 0 (z € E), that is,

f(2) 1

Re >1-
Sm(z2) Ami1

(z€E).

This proves (2.27) for m > 2.
If we take
1-2x
m+1-(1+(-1)")«x

z™ e S (),

f(z)=z-

then s,,(z) = z and

f(2) . m+(1+(-1)"")«x
Sm(2) m+1-—(1+(-1)")x

as z — 1. Hence, the bound in (2.27) is best possible for each m > 2.
Similarly, if we put

m )\m+
p2(z) = (1+Ams1) (sf((zz)) 1+2\ml+1)’

then by (2.30), we deduce that

p2(z) -1 _ —(1+Ami1) Xpms1 Anz" !
p2(z)+1 24250 s anz™ 1 — (Ami1 — 1) D1 Az

- (14 Ami1) Shomer | an ]
B 2_22?& |an| _()\m+1 —1)2:=m+1 |aﬂ|

<1

<1 (z€E).
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(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

for z € E. From this, we easily have (2.28) for m > 2. Further, the bound in

(2.28) is best possible for the function f(z) given by (2.35).
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For m = 1, replacing (2.30) by

A D an] = D Anlan| <1 (2.39)
n=2 n=2
and proceeding as the above, the proof of the theorem is completed. |

Letting m = 1 in Theorem 2.8, we have the following corollary.

COROLLARY 2.9. Let f(z) € So(x) with 0 < «x < 1/2, then for z € E, the
following inequalities hold true:

Re@ > 102 (2.40)
z 2
Rem > 3 ox (241)

The results are sharp.

REMARK 2.10. Inequality (2.40) in Corollary 2.9 is an improvement of
Theorem 1.4 for 0 < & < 1/2 and agrees with Theorem 1.4 for & = 0.

Using inequality (2.25) instead of (2.19), the following theorem can be proved
on the lines of the proof of Theorem 2.8. We omitted the details of its proof.

THEOREM 2.11. Let f(z) =z+ >, _p,anz" € To(x) with0 < x < 1/2, and let

00

s1(z) =2z, sm(z):z+2anz" (m = 2),
| ("=2 - (2.42)
_(m+1D)m+1-(1+(-1)")«x
Hm+1 = 1?2« (m=1).

Then for z € E, the following inequalities hold true:

Re f(z) S Hm+1—1 (2.43)
Sm(2) Hm+1
Re Sm(2) 5 _Hm: (2.44)

f(2) 7 T+pmar’
The results are sharp for each m > 1, with the extremal function

m+1

f(2) :z—z € To (o). (2.45)

m+1
Theorem 2.11, with m = 1, leads to the following corollary.
COROLLARY 2.12. Let f(z) € To(x) with0 < x < 1/2. Then for z € E,

342 Re z S 4
4 f(z) = 5-2«x°

Re @ . (2.46)

The results are sharp.
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