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It is known that two commuting continuous functions on an interval need not
have a common fixed point. However, it is not known if such two functions have
a common periodic point. We had conjectured that two commuting continuous
functions on an interval will typically have disjoint sets of periodic points. In this
paper, we first prove that S is a nowhere dense subset of [0,1] if and only if
{feC(0,1]): Em(f)NS # &} is anowhere dense subset of C([0,1]). We also give
some results about the common fixed, periodic, and recurrent points of functions.
We consider the class of functions f with continuous w s studied by Bruckner
and Ceder and show that the set of recurrent points of such functions are closed
intervals.

2000 Mathematics Subject Classification: 54C50, 54C60, 54H25, 37E05, 26A21.

1. Introduction. The subject of commuting continuous functions on an in-
terval has been considered by a group of researchers in the 20th century. In the
1920s, J. F. Ritt in a sequence of papers investigated the algebraic properties
of function composition as a binary operation on the set of rational complex
functions. In particular, he showed that commuting polynomials always have
a common fixed point. In 1954, Eldon Dyer asked whether two commuting
continuous functions must have a common fixed point. The same question
was asked by A. J. Shields in 1955 and L. Dubins in 1956. For sometimes, this
conjecture was considered by a group of people and led them to some par-
tial results. Boyce [4] and Huneke [6] answered this question in negative by the
construction of a pair of commuting continuous functions which have no fixed
point in common. In [2], we considered a generalization of the common fixed-
point problem and conjectured that in general two commuting continuous
self-maps of the intervals do not have a common periodic point. To settle the
conjecture, some partial results that gave more information about the struc-
ture of such pairs were obtained. However, in constructing such examples, we
were convinced that the construction of such pair is extremely difficult, even
though it seems that most pairs should not have any periodic points in com-
mon. Thus, in the Twenty-First Summer Symposium in Real Analysis, we posed
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Conjecture 1.1 and raised the possibility of using a Baire-category argument to
settle the problem. It is also not difficult to show that commuting continuous
self-maps of the intervals must have common recurrent points. However, this
is not true in general for the case of metric spaces. In [1], we also constructed
an example of a pair of commuting continuous self-maps of a compact metric
space with no common periodic points, which also provided an answer to a
question raised in [2].

CONJECTURE 1.1. Two commuting continuous functions on an interval will
typically have disjoint sets of periodic points.

Steele [7] considered the above conjecture and investigated the likelihood of
such pair f and g when P(f) is first category and pointed out the difficulties
that one might face using a Baire-category argument.

In this paper, we first provide a natural setting for the study of this problem
and give some results including a generalization of Steele’s main theorem. We
also consider the class of functions with continuous w r(x) studied by Bruck-
ner and Ceder [5] and show that the set of recurrent points of such functions
is a closed interval. We begin with some preliminaries.

The class of continuous self-maps of a closed interval I is denoted by C(I,1).
For f € C(I,I) and any integer n > 1, f™ denotes the nth iterate of f. The or-
bit of x under f (i.e., the set {f¥(x) : k = 0}) is denoted by O(f,x). The set
of cluster points of O(f,x) is denoted by w/(f,x). We simply use w(x) in-
stead of w(f,x) when there is no room for confusion. We also use w s (x) for
the function x — w(f,x). A point x is in R(f) if x € w(f,x). Let F,,(f) =
{xel: f"(x)=x}.Wecall F(f) =F (f) the set of fixed points of f, P(f) =
Usn_1 Fn (f) the set of periodic points of f, and R(f) the set of recurrent points
of f, respectively. A subset Y of I is called invariant under g if g(Y) c Y.
A closed, invariant, nonempty subset of I is called minimal if it contains no
proper subset that is also closed, invariant, and nonempty. Every closed, in-
variant, and nonempty subset of I contains a minimal set. If Y is a minimal set,
then Y < R(f), and if it is not the orbit of a periodic point, then it is a perfect
set. A minimal set is also nowhere dense.

Suppose # = {(f,g) : f, g € CU,I)}. Define p : % — [0,) by p((f1,91),
(f2,92)) = If1 = f2ll + llg1 — g21l where || f —gll = sup{lf(x) —g(x)|: x € I}.
The open ball about x with radius € is denoted by B¢(x), and the interior
and closure of A are denoted by A° and A, respectively. The set of rational
numbers is denoted by Q and the set of natural numbers is denoted by N.
For two compact subsets A and B of I, by d(A,B) and dy (A, B), we mean the
distance of the sets A and B with respect to the ordinary metric and Hausdorff
metric, respectively. Even though the results given here are true on any closed
interval I, we only prove them for I = [0,1]. In approximating a continuous
function with a polynomial, we consider its Bernstein polynomials restricted
to I. These polynomials have the interesting property that for f € C(I,I) all
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its Bernstein polynomials are also in C(I,I). In the sequel, we use Theorem 1.2
given below from [3]. The proof of Theorem 1.3 is also trivial, and thus, it is
omitted.

THEOREM 1.2. If f € C(I,I), then P(f) = R(f).

THEOREM 1.3. Let ¥ and p be as defined, then (¥,p) is a compact metric
space.

2. Main results

LEMMA 2.1. Let f € C(I,I) and let S be an F, subset of I. Then S is of first
category if and only if S does not contain an interval.

PROOF. Suppose S is of first category and S = U;, _; S), with each Sy, closed.
Then, from the Baire-category theorem, it follows that S does not contain an
interval. On the other hand, if S does not contain an interval, then for each
m > 1, S,, is a nowhere dense set, implying that S is a first-category subset
of I. |

COROLLARY 2.2. Let f € C(I,I). Then P(f) is of first category if and only if
P(f) does not contain an interval.

THEOREM 2.3. The set A= {(f,g):P(f) and P(g) are both first category}
is a residual subset of ¥.

PROOF. let A; = {(f,g) € ¥ : P(f) is not first category} and let A, =
{(f,g) € ¥ : P(g) is not first category}, then we have A = ¥\ (A; U Ay). We
show that A is a residual subset of ¥ by showing that A; and A, are first-
category subsets of #. We prove our claim for set A;; the case for A, similarly
follows. Suppose (f,g) € Aj, then P(f) is not of first category in I. Thus it
contains an interval, hence we have

Ay ={(f,g9) €%:P(f) is not first category}

{(f,g) € ¥#:P(f) contains an interval} @.1)

00

U {(f,g) € ¥:F, (f) contains an interval}.

m=1

Thus it suffices to show that, for each m > 1, the set B,, = {(f,g) € ¥ :
Fp (f) contains an interval} is a first-category subset of %. This is achieved
if we show that By, , = {(f,g) € # : Q, < Fn(f)} is a nowhere dense sub-
set of ¥, where {Q,} is an enumeration of the rational intervals (a,b) with
a,b € Qn[0,1]. Suppose (f1,91) € Bm,n and € > 0, then we have Q,, S Fp, (f1).
Let P be a polynomial with || f; — P|| < €, then (P,g1) € Be((f1,91)). Itis easy to
see that B, , is a closed subset of € and F,, (P) has finitely many elements for
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a polynomial P, thus F,, (P) does not contain Q. This implies that By, » = Bmn
has no interior, hence B, ,, is a nowhere dense subset of . O

LEMMA 2.4. Let S C [0,1] be a nowhere dense set and let m be a positive
integer. Then the set Ay, = {f € C([0,1]) : Fu(f) NS # @} is a nowhere dense
subset of C([0,1]).

PROOF. First we show that A,, is a closed subset of C([0,1]). For this, let
{gn} S Ay be a sequence and {g,} converges uniformly to g; we show that
g € Ap.Since Fp, (gn) NS #+ @, take yy, € F(gn) NS. Without loss of generality,
we may assume lim,, .. ¥, = o, thus yo € S. Let € > 0 be arbitrary. Choose k
large enough so that g™ (yx) —g™ (¥o)| <€, gyt —g™l <€, and |yr— ol <e.
Then we have

g™ (o) =0l = 9™ (30) —g™ (Vi) + 9™ (k) — g (V) + 91 (vk) — Yol
< g™ (o) —g™ (i) |+ 19™ (k) =g ) | + | g7 (1) = vo
<1g™(v0)—g™ () +1g™ =gl + | vk — o
< 3e

(2.2)

Since € was arbitrary, we have g™ (yo) = Yo, implying that yy € F,,,(g) N S,
hence g € A,,. To show that A,, is nowhere dense subset of C([0,1]), we show
that for each f € A,, and € > 0, there exists a function h € C([0,1]) so that
lh—f|l <€and F(h)nS = @. To this end, let P be a Bernstein polynomial of
f so that ||f —P|| < €/4m and let E; = F{(P) NS = {z1,22,...,2k}. Due to the
uniform continuity of P, for € > 0, there exists oy > 0 so that for t1,t, € [0,1],
with |t; —t2| < 46k, we have |P(ty) —P(t»)| < €/4mk. Let 6}( =(1/4)min{|z; —
zj| for i # j,ok,€/4}. For each z; € E;, we have one of the following cases.

CASE 1. Forall x € (z;— 6;(,21') u(zi,zi +6}(), P(x) > x.

CASE 2. Forall x € (z;—8,,2i) U (zi,zi +5;), P(x) < x.

CASE 3. For all x € (z; — 6;,21-), P(x) > x, and for all x € (z;,z; + 5;<),
P(x) < x.

CASE 4. For all x € (z; - 8,,zi), P(x) < x, and for all x € (z;,z; + §;),
P(x) > x.

We only prove Cases 1 and 3. Cases 2 and 4 are proved similarly.

In Case 1, choose x; and x» so that z; — 5}< <X1<Z1<X2<Z1+ 6; and take
Py (x) = P(x) for x < x; or x > x>, being linear on the interval [x,x2].

In Case 3, choose x1, x», and x3 so that z; —6; <X3<Z1<X2<XxX1<Z7 +5;(,
P(x3) —€/8mk < (x;+x2)/2 < P(x3) +€/8mk, and [x2,x;]1nS = @. In this
case, take P;(x) = P(x) for x < x3 or x > x1, P1((x1+Xx2)/2) = (x1+x2)/2,
being linear on the intervals [x3, (x1+x2)/2] and [(x1+X2)/2,x1]. Therefore
we have F; (P1) NS = Fi1 (P)\ {z1} and ||P; — P|| < €/4mk. Repeating this process
for each z; € Eq, i = 2, we can choose piecewise polynomials P; in C([0,1]) so
that ||P; — P;_1|| < €/4mk and F;(P;) nS = F;(P)\ {z1,22,23,...,2i}. By taking
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Qi = Py, we have Q1 — fIl < |Qq —Px—1ll +[|Px-1 —Px—2ll ++ - - + I[Py =Pl +|IP -
fll <k(e/4mk) +e/4m = €/2m and F1(Q;) NS = &. Since Q; is a continuous
piecewise polynomial, F>(Q;) has finitely many elements. Thus, by replacing
the role of P with Q; and the role of F;(P) with F>(Q;), similarly, we may
choose a piecewise polynomial Q; in C([0,1]) so that [|Q2 — Q|| < 3€/4m and
F>(Q») NS = @. Continuing this process, we may choose piecewise polynomials
{Q;}*, cC([0,1]) sothat || f—Q;ll =3€/4m, |Q;—Qi—1 || <3e/dmfor2 <i=<
m,and F;(Q;) NS = @ for 1 <i <m.Thuswe have | Q. — fIl < |Qm—Qm_1ll +
Qm-1—Qum-all+---+11Qy—fll <3€/4m+3€/dm+ - -- +3€/4m +3€/4m <
m(3e/4m) = 3€/4 < €, and F,, (Qn) NS = &. This implies that Q,, ¢ A,, and
hence A,, is a nowhere dense subset of C([0,1]). O

LEMMA 2.5. Let S < [0,1] and let m be a positive integer. If the set A,, =
{f €C(0,1]) : Fu(f) NS # @} is a nowhere dense subset of C([0,1]), then S
is a nowhere dense subset of [0,1].

PROOF. On the contrary, suppose S is somewhere dense. Then S contains
a closed interval [a, b] of positive length. Define the function f as f(x) = x,
forx <aorx=b, fa+(b-a)/8) =1, f(a+(b—-a)/4) =a+ (b—a)/4,
f(x)=x,fora+(b-a)/4<x<a+3(b-a)/8, f(a+(b—-a)/2) =0 and linear
elsewhere. Take € < (1/2)min{l — (a+ (b—a)/4),a+ (b—a)/2}. It is easy to
see that for each g € C([0,1]) with [|g — fI| < €, there exist x1,x» € (a,b) so
that g(x1) > x1, g(x2) < x2. This implies the existence of x3 € (a,b)NFi1(g) <
Fn(g) NS, hence g € A, contrary to the assumption that A,, is a nowhere
dense subset of C([0,1]). d

By combining Lemmas 2.4 and 2.5, we have the following theorem.

THEOREM 2.6. Let S < [0,1] and let m be a positive integer. Then the set
Am ={f €C0,11) : Fn(f) NS # @} is a nowhere dense subset of C([0,1]) if
and only if S is a nowhere dense subset of [0,1].

THEOREM 2.7. LetS C [0,1] be a first-category set. Then there exists a resid-
ual subset M of C([0,1]) so that P(g)nS = & for each g € M.

PROOF. LetS = U;_ Sy, where S, isnowhere dense for each n. For each pos-
itive integer m from Theorem 2.6, we have that the set A, , = {g € C([0,1]):
Fn(g) NS, # @} is a nowhere dense subset of C([0,1]). Thus B = U1 YUn-1
Amqn is a first-category subset of C([0,1]). Let M = C([0,1]) \ B, then M is
residual and if g € M, then g ¢ A, ,, for each m > 1 and n > 1. Thus we have
Fn(g)nS, =@ for m =1 and n > 1. This implies that SNP(g) = @ for each
geM. O

THEOREM 2.8. The function h : % — [0, o) defined by h((f,g)) =d(F(f),F(g))
is a lower semicontinuous function.

PROOF. The proof is straightforward and is omitted. |
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COROLLARY 2.9. Let A = {(f,g) € ¥:f and g have a common fixed point}
and let B = {(f,g) € ¥ : f and g have a common periodic point}. Then s and
% are closed and F, subsets of ¥, respectively.

Now we turn our attention to commuting continuous functions on the inter-
val and prove the following lemma that is used in Theorem 2.11.

LEMMA 2.10. Let f € C(I,I) wherel =[0,1], and leta,bel,a+b.Ife>0
is a real number, then there exists a function h € C(I,I) such that h(a) = f(a),
h(b) + f(b), and |h—- fl <e.

PROOF. We can assume € < 1. Then, for x € I = [0,1], let
hix)=f(x)+(c—f(x))|x—alce, (2.3)

with ¢ = 1/2if f(b) # 1/2 and ¢ = 1/3 if f(b) = 1/2. Then h is continuous,
h(a) = f(a), h(b) # f(b), and |h(x) - f(x)| = |(c - f(x))|x —alce < |x —
al(e/2) < €/2 for any x € I. Thus, ||h — f]|| < €. Moreover, h(x) € [0,1] for
xel.If f(x)=c,0<h(x) < f(x),and f(x) < h(x) <1 if f(x) <c. Thus
heC(,I). O

THEOREM 2.11. Let% = {(f,g) € #:fog=gof}, then% is a nonempty,
closed, and nowhere dense subset of .

PROOF. It is easy to see that (f,f) € ¥ when f is the identity function,
so ¥ is nonempty. Suppose (fn,gn) € % and (fn,gn) — (f,g). Then we have
fn = f, gn — g, and f,, 0 gn = gn o fn for each n. We show that (f,g) €
%.Let x € I and € > 0. Since f and g are uniformly continuous, we may
choose §, so that 0 < 6 < € and for every xi, x» in I with |x; — x2| < 6,
we have |f(x1) - f(x2)] <€, |g(x1) —g(x2)| < €. Since f,, — f and gn — g,
there exists N € N such that n > N implies ||f, — fll < &, llgn — gll < 6.
Thus, if n > N, [f(g(x)) —g(f )| < [f(g(x)) = F(@n(x))| + | f(gn(x)) -
JFn(@n O+ 1gn(fn(x) —g(fnxX)+1g(fn(x)) —g(f(x))] <26+ 2€ < 4e.
Since € > 0 and x were arbitrary, we have fog = go f, so (f,g) € ¥ and
% is closed. Now we show that # is nowhere dense. Let € > 0, (f,g) € %.
Suppose f or g is not the identity function, hence there exists xy so that
f(x0) # xo9 or g(xo) + xo. Suppose g(xp) # xo, the case where f(xg) + Xo
is similar. Let hy(x) = g(x) for each x € I, and let h; € C(I,I) be a func-
tion so that h;(xg) = f(x0), but h1(g(xo)) = f(g(x0)) and || f —h | < €. From
Lemma 2.10, with a = xp and b = g(xy), it follows that such h; € C(I,I) exists.
Then we have (hy,h,) € B<((f,g)), and hz (h(x0)) = h2(f(x0)) = g(f(x0)) =
f(g(x0)) # hi1(g(x0)) = hi(h2(x0)). Thus % is the union of a nowhere dense
set and a singleton {(x,x)}, thus it is a nowhere dense subset of #. O

THEOREM 2.12. Let f and g be two commuting continuous self-maps of the
unit interval. Then we have one of the following holds:
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(i) f and g have a common periodic point;
(i) for any two positive integers m and n, let Ay, = {x: f"(x) = g"(x)}.
Then for all x € Ay n, w(f,x) is a perfect nowhere dense set.

PROOF. The set Ay, is not empty as is shown in [2], however we give the
proof for completeness. If A, is empty, the continuity of f and g permits us
to assume without loss of generality that

SrM(x) <g™x) Vxel (2.4)

Since g™ (1) < 1, the set § = {x € I : g"(x) < x} is not empty. Thus, since
S is closed, S has a minimum element c. Clearly, ¢ = g"(c). Hence f"(c) =
fm(g™(c)) =g™(f"(c)) so that f"(c) € S. Consequently, f"(c) > c =g™(c).
Since f"(c) = g™ (c) contradicts (2.4), the assertion that A,, ,, is empty is false.
Now suppose that (i) does not hold, that is, f and g do not have a common
periodic point, and let x € Ay, . Then f"(x) = g™ (x), and hence f"(f(x)) =
f(@™(x)) = g"(f(x)) and f"(g(x)) = g(f"(x)) = g(g™m(x)) = g"™(g(x)).
Thus if x € Ay, f(X),9(x) € Amn, and fP"(x) = gP™(x) for each positive
integer p. From this, it follows that O(g,x) is contained in A,, , whenever
X € Amn. From closeness of A, ,, it follows that w(g,x) € A . If w(g,x)
has an isolated point, then the isolated point is a periodic point of g which is
contained in A, ,, thus also a periodic point of f, which is a contradiction. So
foreach x € Ay n, w(g,x) is aperfect set. Suppose for some x € Ay n, W(g,Xx)
is somewhere dense, then it contains an interval Ij. Let I be the largest interval
such that Iy = I} € Ay and xg € I{, then there are positive integers k1, kp with
ki < k» so that gk (x) and g*2(x) are in I,. This implies that gk2=%1(I;) c I,
and thus g should have a periodic point in I; that is also a periodic point of
f, which is again a contradiction. It is also easy to see that the set w(g,x) is
an invariant set under g. Suppose A; is a minimal set contained in w(g,x).
Since f and g have no common periodic points, the set A; cannot be the orbit
of a periodic point. Hence A; is also a perfect set contained in Ay, Nw(g,x).
Thus, for each x € Ay n, w(g,x) = w(f,x) is a perfect nowhere dense set
containing a perfect minimal set. O

REMARK 2.13. Bruckner and Ceder [5] proved that w s is Baire 1 if and only
if any infinite w-limit set for f is perfect. Motivated by this result, one may
extend the above Baire-1 classification of w to the closed subsets of I. If so,
the above theorem tells us either the two commuting continuous functions
f and g have a common periodic point or both wy and w, are Baire 1 on
the closed set A, , with w(f,x) and w(g,x) being nowhere dense for each
X € Amn.

REMARK 2.14. An argument similar to the proof of the above theorem could
give the same result if the role of A, is replaced with any nonempty
f-invariant closed subset of P(g) or g-invariant closed subset of P(f). In
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particular, Theorem 2.12 is also true if in its statement we replace A, , with
F(f) or F(g).

The family of all w-limit sets of a continuous function with the Hausdorff
metric forms a metric space. Bruckner and Ceder [5] introduced a kind of
chaos in terms of the map wy: x — w(f,x). In the same paper, they proved
Lemma 2.15 and used it to prove Theorem 2.16 which characterizes the con-
tinuity of wj.

LEMMA 2.15. If wy is continuous, then Fy (f) is connected.

THEOREM 2.16. The following conditions are equivalent:

(1) wy is continuous;

(2) {f™}y_, is equicontinuous;

(3) w2 is continuous;

@) Fi(f?) =np_ f"(D);

(5) F1(f?) is connected and, for all x, {f?"(x)}5_, converges to a point of
Fi(f?);

(6) F1(f?) is connected;

(7) wy is lower semicontinuous;

(8) wy is upper semicontinuous.

Using the above theorem, we show that the recurrent set of a continuous
function defined on a closed interval with continuous wy is a closed interval.

LEMMA 2.17. For any natural number n, w ¢n is continuous when w s is con-
tinuous.

PROOF. From the lower semicontinuity of wy, it follows that {f*}y_, is
equicontinuous, implying that { f"k},‘fz1 is equicontinuous for each n € N.
Hence wyn is also lower semicontinuous. Thus the lemma follows from
Theorem 2.16. a

THEOREM 2.18. Suppose f is a continuous self-map of the unit interval with
wy:x — w(f,x) continuous. Then R(f) is a closed interval.

PROOF. For each m =1, wm is continuous by Lemma 2.17, thus F, (f™) =
Fp (f) is connected by Lemma 2.15. We also have F; (f) € F,(f) foralln > 1,
implying that @ # Fi1(f) S Nne1 Fa(f), thus P(f) = U, _, Fn (f) is connected.
Since P(f) = R(f) < P(f), we have R(f) connected. Now let {xn}n_, be a se-
quence in R(f) with lim,, .., x;, = xo. We show that xy € R(f). Let € be an arbi-
trary positive number. From the continuity of w  and the fact that limy,~ . X, =
Xy, there exists Ny € N so that |x;, — x¢| < € and dg (w(f,xn),w(f,x0)) <€
for all n > Nj. Since {x,} < R(f), we have x,, € w(f,x,) for each n. Thus,
for each n > Ny, there exists z, € w(f,xo) so that |x, — z,| < €, implying
that |z, — xo| < 2€. Hence d(xg,w (f,x0)) < 2€, for every € > 0, implying that
X0 € w(f,xp), hence xo € R(f). Thus we have shown that R(f) is a closed and
connected subset of the real line, hence it is a closed interval. O
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REMARK 2.19. Due to the fact that R(f) = Ny Up_m ix € T2 [ fM(x) —
x| < 1/m}, we see that the recurrent set of continuous self-maps of a closed
interval is an Fss5 set. A question of considerable interest is the classification
of such maps with F, recurrent set. This class of functions contains nomadic
functions. A continuous self-map of an interval is called nomadic if it has a
dense orbit at some point. It is also known that if R(f) is closed, then f has
topological entropy zero. Thus Theorem 2.18 provides another subclass of the
class of continuous self-maps of the interval with an F, recurrent set as well
as zero topological entropy.

ACKNOWLEDGMENT. I wish to thank the anonymous referee for his useful
and important suggestions as well as for proposing the present version of
Lemma 2.10 which is more general than our original version.
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