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We show that an algebraic formulation of weighted directed graphs leads to in-
troducing a k-vector space equipped with two coproducts A and A verifying the
so-called coassociativity breaking equation (A®id)A = (id®A)A. Such a space is
called an L-coalgebra. Explicit examples of such spaces are constructed and links
between graph theory and coassociative coalgebras are given.
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1. Introduction. On the one hand, motivated by periodicity phenomena in
algebraic K-theory, Loday [12] introduced the notion of “noncommutative Lie
algebra,” called Leibniz algebra. Such algebras D are described by a bracket
[—, z] verifying the Leibniz identity:

[[x,v],z] = [[x,z],y] +[x,[y,z]]. (1.1)

When the bracket is skew-symmetric, the Leibniz identity becomes the Jacobi
identity and the Leibniz algebra turns out to be a Lie algebra. A way to construct
such a Leibniz algebra is to start with an associative dialgebra, that is, a k-
vector space D equipped with two associative products + and — such that for
all x,y,zeD,

) x4 (y—Hz)=x+4(y+2),

2) x+-y)dz=x+(yH2z),

B) xFY)Fz=(Xx4H4Y)Fz.
The associative dialgebra is then a Leibniz algebra by defining [x,y] := x 4
v -y + x for all x,y € D. The operad of associative dialgebras is Koszul
dual to the operad of dendriform algebras, a dendriform algebra E being a
k-vector space equipped with two binary operations <, >: EQ E — E, satisfying
the following axioms:

(1) (a<b)<c=a<(b<c)+a<(b>c),

) (a>b)<c=a> (b<c),

(3) (a<b)>c+(a>b)>c=a>(b>c).
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This notion dichotomizes the notion of associativity since the product a xb =
a<b+a>b,forall a,b € E, is associative. By dualizing, we can easily define
the notions of coassociative codialgebras and dendriform coalgebras. Coasso-
ciative codialgebras are then k-vector spaces equipped with two coassociative
coproducts Agias and Agias Verifying (Agias ® id) Adias = (id ® Adias ) Adias, and two
other axioms easily obtained from the definition of a dialgebra. Similarly, a
dendriform coalgebra is a k-vector space equipped with two coproducts, not
necessarily coassociative, Agend and Agend, still verifying the same equation
(Adend ® id)Adend = (1d ®Adend)Adend-

On the other hand, motivated by classical random walks on directed graphs
and more generally by weighted directed graphs, we introduce an algebraic
framework based on a particular k-vector space equipped with two coproducts
A and A verifying (A ®id)A = (id®A)A called in the sequel the coassociativ-
ity breaking equation. Such a space is called an L-coalgebra. In this setting,
bidirected graphs are characterized by the equation A = TA, where T is the
switch map. This leads us to introduce a special cocommutator ker(A — TA).
By dualizing, we also obtain an algebraic framework of algebras equipped with
two products + and - and the commutator becomes [x,y]:=x 4y - + X.
Requiring that [—, z] verifies the “Leibniz identity” implies studying particular
coalgebras called coassociative codialgebras. Therefore, requiring an algebraic
framework for weighted directed graph leads also to considering special alge-
bras equipped with two products.

These particular L-coalgebras, the coassociative codialgebras, and dendri-
form codialgebras, in addition to those coming from weighted graphs the-
ory, are exciting motivations to investigate further algebras (resp., coalgebras)
equipped with two or more products (resp., coproducts). Indeed, to construct
associative dialgebras and dendriform algebras, the way is to start with con-
structing their coversions and to consider the k-vector space of linear maps
defined on such spaces and taking values into an associative algebra. The con-
volution products defined from these two coproducts will yield associative
dialgebras and dendriform algebras.

This paper is the first of a series of 6 papers [7, 8, 9, 10, 11] on the construc-
tions of L-coalgebras via graph theory. We very briefly summarize the obtained
results. In [9], we focus on unital algebras viewed as L-bialgebras and show the
existence of differential associative dialgebra associated with each curvature,
in the sense of Quillen [15], of a Leibniz-Ito derivative, that is, a linear map
p:A— Msuchthatforall x,y € A, p(xy) =xp(y)+p(x)y+p(x)p(y), with
A an algebra with unit 1, M an A-bimodule, and p(1) = 0. Motivated by a work
of Joni and Rota [5] on combinatorics, the L-coalgebra formalism is also applied
in [7]. We prove that the combinatorics generated by a quantum random walk
over Z, called the Hadamard walk, can be recovered from periodic orbits of a
classical chaotic system. There exists a bijection between these periodic orbits
and periodic orbits of a particular directed graph whose associated L-coalgebra
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is such that A = A. In [10], we show that any weighted directed graph, through
its associated (Markov) L-coalgebra, yields solutions of the Yang-Baxter equa-
tion and thus provides representations of the braid groups. In [11], we con-
struct (Markov) coassociative codialgebras and show a relationship between
these codialgebras and a class of well-known coassociative coalgebras by con-
sidering a tool from graph theory called the line extension. We also exhibit
a tiling of directed graphs called the (n2,1)-De Bruijn graphs made with n
coassociative coalgebras. These constructions were our first examples of coas-
sociative manifolds [8]. We also obtain examples of cubical trialgebra, a notion
defined in [13], and more generally examples of hypercube n-algebra, that is, a
k-vector space V equipped with 7 products verifying (xe;y)e;z = xe;(ye;2),
x,v,zeV,i,j=0,...,n—1, as well as associative products which split into
several ones, that is, x x ¥ = >, x *; v, for all x,y € A, with *; associative,
for all i = 0,...,m— 1. In [8], we construct L-Hopf algebras, coassociative co-
dialgebras, coassociative cotrialgebras, see [13] for the definition, dendriform
coalgebras, and Poisson algebras. All these constructions led us to the notion
of coassociative manifold developed in [8].

We now introduce the first part of the work on L-coalgebras. We start this pa-
per in Section 2 with recalling the definition of a weighted directed graph and
with introducing axioms of L-coalgebras. We construct from any weighted di-
rected graphs an L-coalgebra called a Markov L-coalgebra. Then, we enlarge the
definition of a directed graph and construct for any L-coalgebra its weighted
directed graph. As a coassociative coalgebra is a trivial L-coalgebra, we study
some consequences of this association, one of them being the nonlocality of
the coassociative coproduct over such a graph. We prove also that any coasso-
ciative coalgebra (C,A) equipped with a group-like element can be viewed as
a nontrivial L-coalgebra (C, Zi, E). The case of a is then investigated and the
new coproducts d and d turn out to be Leibniz-Ito derivatives. Motivated by
this construction, we construct, in Section 4, L-coalgebras from any Markov L-
coalgebras (L, A, A) whose new coproducts E and E become Leibniz-Ito deriva-
tives if coproducts A and A are unital homomorphisms. We also set a compari-
son between usual graph theory and coassociative coalgebras. This work ends
with the example of the quaternions algebra embedded into a Markov L-Hopf
algebra (of degree 2) whose associated directed graph is the directed triangle.

2. Definitions and notation. We denote by k the field R or C and consider
only unital associative algebras. The Sweedler notation Aa = >, ag) ® a(z) will
be also used. The transposition map will be denoted by T: V1@ Vo ®---®V,, —
Vu®Vi®---®Vy,_1suchthat T(x1®Xx72®---®Xy,) = Xn®X1®- - - ®X,_1, Where
Vi1,Vo,...,Vy, are n k-vector spaces. We recall that a unital associative algebra
is a k-vector space (A, m,n) equipped with a product m: A® A — A verifying
m(m ®id) = m(id®m) (associativity) and a unit map n: k — A, A — Aly,.
Dualizing the previous definition, we obtain a coassociative coalgebra over k
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[14, 17], that is, a k-vector space (C,A,€) such that the counit map €:C — k
and the coproduct map A: C — C®C verify

(1) the coassociativity equation (A®id)A = (id®A)A;

(2) the counit equation (id®e)A =id = (e ®id)A.
A coalgebra is said to be cocommutative if A = TA. Similarly, a bialgebra
(C,m,n,A,e€,k) over k is a k-vector space such that (C,A,¢€) is a coalgebra,
and (C,m,n) is an algebra such that the coproduct and counit are algebra ho-
momorphisms. A Hopf algebra (H,m,n,A,€,S,k) is a bialgebra with a k-linear
map S : H — H called antipode which verifies m (S ®id)A = m({id®S)A = ne.
An antipode is unique, unital antialgebra map, and an anticoalgebra map, that
is, forall x e H, (§®S)Ax = TAS(x).

DEFINITION 2.1 (directed graph). A directed graph G is a quadruple (Go, G1,
s,t) [16], where Gy and G, are two denumerable sets called, respectively, the
vertex set and the arrow set. The two maps s,t : G; — Gg are called, respectively,
source and terminus. A vertex v € G is a source (resp., a sink) if t=1({v})
(resp., s~ ({v}))is empty. A graph G is said to be locally finite (resp., rowfinite)
if t71({v}) (resp., s~ ({v})) is finite. Fix a vertex v € Gy. Define the set F, :=
{a € G1,s(a) = v}. A weight associated with the vertex v is amap w, : F, — k.
A directed graph equipped with a family of weights w := (wy)yeg, is called a
weighted directed graph.

REMARK 2.2. The case of nondirected graphs can be dealt with in this frame-
work by imposing that for each arrow a € G, such that s(a) =u and t(a) = v,
there exists a unique a € G; with s(a) = v and t(a) = u. We then identify a
with a. Should this identification be omitted, the graph is directed, the condi-
tion of existence of @ meaning that every arrow has an inverse.

This subsection ends by recalling the definition of the line extension of a
directed graph and the graph isomorphism.

DEFINITION 2.3 (line extension). The line extension of a directed graph G :=
(Go,Gq,s,t) with a denumerable vertex set Gy and a denumerable arrow set
G1 € Go X Gy is the directed graph with vertex set G; and arrow set G2 € G; X G
defined by (v,w) € Gy X G; belongs to G, if and only if t(v) = s(w). This
directed graph, called the line-directed graph of G, is denoted by E(G).

DEFINITION 2.4 (graph isomorphism). A graph isomorphism f :G — H be-
tween two graphs G = (G, G1,Sc,t¢) and H = (Hy,Hy,Sy,ty) is a pair of bi-
jections fy: Go — Hp and f) : G; — H; such that fy(sg(a)) = sg(fi(a)) and
Jo(tg(a)) =ty (fi(a)) for all a € G;. All the directed graphs in this formalism
will be considered up to a graph isomorphism.

EXAMPLE 2.5. The two directed graphs in Figure 2.1 are isomorphic.

3. Coassociativity breaking. We introduce L-coalgebras and show why this
notion is interesting.
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FIGURE 2.1

3.1. Axioms

DEFINITION 3.1 (L-coalgebra). An L-coalgebra (L,A,A) is a k-vector space
equipped with a right coproduct A : L — L®? and a left coproduct A : L — L®2,
verifying the coassociativity breaking equation (A ® id)A = (id®A)A. An L-
coalgebra may have two counits. The right counit € : L — k verifying (id ®€)A =
id and the left counit € : L — k verifying (é®id)A = id. An L-coalgebra is called
coassociative if its two coproducts are coassociative. In this case, the equation
(A®id)A = (id®A)A is called the entanglement equation, see [8, 11].

PROPOSITION 3.2. Any coassociative coalgebra is an L-coalgebra.

PROOF. Let C be a coassociative coalgebra and A its coproduct. Set A:= A.
The two coproducts verify (A®id)A = (id®A)A. |

The case A := A will be called the degenerate case. To discriminate between
the different types of L-coalgebras, we give the following definition.

DEFINITION 3.3 (finite Markov L-coalgebra). A Markov L-coalgebra is an L-
coalgebra (4, Ay, Ay), which is of dimension dim as a k-vector space, with a
basis 9y := (Vi)1<i<dims equipped with

(1) aset%;:={v;®v;; (Vi,Vj) €Y XY},
(2) two subsets I, and J,, of 9%;, and maps wy, : I, = k and w,, : J,, — k
called weights, for any 1 < i < dim%, verifying that

Ay(vi) = D wy, (Vvievk)vi®vy,

k:vi®vkelvi
. (3.1)
AM(Ul') = Z wvi(vjéavi)vj@vi.

\jZUJ'@‘l/l'Gin

A Markov L-coalgebra is said to be finite when I,,, and J,, are finite sets for all i.
The linear maps s,t : k%; — k% given by s(v;®v;) = v; and t(v;®v;) = v;, for
all vi,v; € Yo, are still called source and terminus, respectively. Let (9, Ay, Anm)
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be a finite Markov L-coalgebra and v; € %y. The future of v; is defined as
t(Aym (vi)) and the past of v; as s(Ay (vi)).

REMARK 3.4. The definition of a Markov L-coalgebra is basis-dependent.
With the viewpoint of discrete Markov processes in mind, the definitions of
future and past are constructed on linear superpositions of usual classical
future(s) (or past(s)) and are reminiscent of quantum definitions of future and
past, see [7].

THEOREM 3.5. Any weighted directed graph G = (Gy,G1,S,t), supposed to
be locally finite, row-finite, without sink and source, and equipped with a family
of weights (wy)veg,, gives a finite Markov L-coalgebra.

PROOF. Let G = (Gy,G1,s,t) be a directed graph, verifying Theorem 3.5. We
consider the free k-vector space kGy. Identify any directed arrow v — w of G,
with v @ w. The set G is then viewed as a subset of kG$?. The family of weights
(Wy)veg, is then viewed as a family of maps w,, : F, — k, where Fy, := {a € G,
s(a) = v}. Define the coproducts Ay, Ay : kGo — kG§? as follows:

Av(w)i= > wy(a)vet(a),
i:a;eFy

> sy (ai)s(ai) @v,

i:a;€Py

. (3.2)
Ay (v):

where P, := {a € Gy, t(a) = v}, for all v € Gy. For all v € Gy, the maps w, :
Py, — k are such that 1w, (a;) = wy,)(a;), for all a; € P,. With these definitions
the free k-vector space kG, equipped with coproducts Ay and Ay, is a finite
Markov L-coalgebra. O

Motivated by this theorem, we construct a weighted directed graph from
each L-coalgebra.

DEFINITION 3.6 (geometric support). Let (L,A,A) be an L-coalgebra gener-
ated, as a k-vector space, by an independent spanning set Ly. To any v,w € Ly
such that the coefficient A of the element v ® w is different from zero either
in A(z) or in A(z), for some z € L, a weighted directed arrow v A w is asso-
ciated. The weighted directed graph so obtained, denoted by Gr(L), is called
the geometric support of L. Its vertex set is Ly and its arrow set the set of
those tensor products v ® w, v,w € Lo, which appears in the definition of the
coproducts. This construction is basis-dependent.

DEFINITION 3.7 (L-cocommutator). If (C,A¢) is a coassociative coalgebra,
ker(Ac — TA¢) represents the cocommutator subspace of C. Similarly, an L-
coalgebra (L, A, A) is said to be L-cocommutative if L% = L, where L* := ker(A—
TA) is called the L-cocommutator subspace of L.

THEOREM 3.8. Let (4, Ay, Ay) be a finite Markov L-coalgebra generated, as
a k-vector space, by an independent spanning set 4, with families of weights
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(Wy)vey, and (W, )vey,. If v € Gy such that for each arrow a € Gr(9), emerging
fromv, with a given weight w,, (a), there exists a unique arrow b € Gr(%9), such
that s(b) = t(a), t(b) =v, and wy(a) = w, (b), then v € 4",

PROOF. The proof is straightforward. O

REMARK 3.9. The L-cocommutativity describes algebraically the fact that
a directed graph can be bidirected. The characterization of bidirected graphs
leads naturally to constructing Leibniz bracket, see the introduction and also
[8, 12].

THEOREM 3.10. Let (4, Ay, Ay) be a finite Markov L-coalgebra generated, as
a k-vector space, by an independent spanning set 4y equipped with two families
of weights (wy ) ves, and (Wy )y ey, . Suppose that for allv € 4y, w, and w, take
values in R.. The family of weights (w,)vcq, describes a family of probability
vectors on Gr(%9) if and only if the right counit v — €(v) := 1, for all v € %y,
exists.

PROOF. The proof is straightforward. |

THEOREM 3.11. Let G = (Go,Gy1,S,t) be a directed graph supposed to be
locally finite, rowfinite, without sink and source, and equipped with a family of
probability vectors (I1,) veg,. Then G can be seen as the geometric support from
a finite Markov L-coalgebra equipped with right and left counits.

PROOF. lLet G = (Go,Gy,s,t) be a directed graph verifying Theorem 3.11.
We consider the free k-vector space kGy. For all v € Gy, define the right co-
product Ay : kGo — kG(’)92 such that for all v € Go, Ay (V) = Y 4er, v (@)v ©
t(a), the left coproduct Ay : kGo — kGg? verifying for all v € Go, Ay (V) =
(1/card(Py)) X 4ep, S(a) ® v, and the right (resp., the left) counit € (resp., €)
such that é(v) =1 = €(v) for all v € Gy. This finite Markov L-coalgebra has
two counits and its geometric support is G. O

PROPOSITION 3.12. Let (4,Ay,Ay) be a finite Markov L-coalgebra gener-
ated, as a k-vector space, by an independent spanning set 4,. The sequence
(Ap)1 = Ap, (Ap)2 = 1d @Ay, (Aym)3 = id®id®Ay,... generates all possible
weighted paths in Gr(%9), starting at any vertex. Similarly, the sequence (A ns0
generates all the possible weighted paths in Gr(9), arriving at a given vertex.

PROOEF. The proof is straightforward. O

The algebraic framework of finite Markov L-coalgebras extends the classical
setting of weighted directed graphs. Usually, a directed graph G = (Go, Gy, s,t)
is also coded through an adjacency matrix, that is, a square matrix Ag, with
Aglvi,v;] = 1if the directed arrow v; — v; € G;. With the viewpoint of random
walk on directed graphs, the adjacency matrix codes the (Markovian) neigh-
bourhood of a given vertex, that is, vertices present in the sum tAy; for the
future and in the sum sAy for the past, when we view the graph through its
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FIGURE 3.1. Directed graph associated with Sl; (2).

Markov L-coalgebra. The coproducts Ay and Ay can be called the propaga-
tors on the geometric support of the Markov L-coalgebra. The locality is re-
spected. If vy,...,v, denote the vertices of the graph G, then observe that
t(Ay(v)) = Ag - X, where the adjacency matrix Ag is written in the basis
(v1,...,Vn), and X is the vector ‘v :=t(Ay,...,A,) in the same basis.

Motivated by this framework, for any L-coalgebra (L,A,A) generated, as a
k-vector space, by an independent spanning set Ly, a unique directed graph
Gr(L), called the geometric support of L, has been constructed. Regarding the
coproducts of L as a propagator of a walk generated by the sequences (Ay)ns0
and (Ay)ns0, we define the future of v € Lo by t (A(v)) and the pastby s (A(v)).
We see what occurs in the case of a coassociative coalgebra.

First of all, we enlarge our graphical construction to bialgebra. Let (A :=
k{Ao}\®R,A,m,n) be a bialgebra such that (A := k{Ap}\®R,m,n) is an associa-
tive algebra generated by a denumerable set A verifying a set of relations .
Consider the subvector space of A spanned by the set Ag and denoted by kA,.
If Ay is an independent spanning set and A : kAy — kAS’Z, then we construct
its geometric support as before. In other terms, the vertex set is composed by
the generators of the algebra A and the arrows still represent the tensor prod-
ucts appearing in the definition of A. Fix an invertible element g € k. The Hopf
algebra Sl;(2) is generated by a, b, ¢, and d such that ba = gab, ca = qac,
dc = qcd, db = gbd, bc = cb, ad —da = (@' —q)bc, and ad — q 'bc = 1.
The antipode map is described by the linear map S : Sl;(2) — Sl;(2) such that
S(a) =d, S(d) = a, S(b) = —qb, and S(c) = —q~'c. The well-known coalge-
bra structure is described by Agi(a) =a®a+b®c, Agq(b) =a®b+bed,
Agi(c) =dec+cea,and Ag (d) =de®d+ceb. The directed graph associated
with S, (2) is illustrated in Figure 3.1.

The geometric support of Sl;(2), whose future and past of a given vertex
are coded by its coproduct Agj, behaves in a nonlocal way. For the sake of an
example, notice that on the directed graph Gr(Sl;(2)), the future of a is not a
and b as expected in usual graph theory. On the contrary, the future of a is a
and c and its past is a and b.
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Observe also that the antipode map, as an anticoalgebra map, has also an
interesting interpretation since it realizes a time reversal. (The future becomes
the past and conversely.)

PROPOSITION 3.13. If (C,A¢) is a cocommutative coassociative coalgebra
generated, as a k-vector space, by an independent spanning set Cy, then its
geometric support Gr(C) can be viewed as a nondirected graph.

PROOF. Let (C,A¢) be a cocommutative coassociative coalgebra generated,
as a k-vector space, by an independent spanning set Cy. Let a,b,x € Cy and
suppose that the term a ® b appears in the description of Ax. The same must
be true for b ® a since A¢c = TAc. On the geometric support Gr(C), an arrow
emerges from a to b and from b to a. We have just proved that the graph is
bidirected. By identifying the arrow emerging from a to b with that from b to
a, we obtain a nondirected graph. |

To embed any directed graph into an algebraic framework, we use the for-
malism of L-coalgebra. This point of view has the advantage to manipulate
weighted directed graphs and deals with future and past in an algebraic way
and to generalize these notions to any L-coalgebra. We mention that any di-
rected graph can also be embedded into a coassociative coalgebra by consid-
ering its path space instead of its vertex space [1]. This result can also be
recovered by the following theorem.

THEOREM 3.14. Let G be a nonempty set consisting of a distinguished subset
GO c G, twomapst,s:G— G, and a law of composition

0:G? ={(y1,y2) €GXG; s(y1) =t(y2)} — G (3.3)

such that
(1) s(y1oy2) =s(y2), t(y1oy2) =t(y1), for all (y1,y2) € G2,
(2) forallx e GO, s(x)=t(x)=x;forally € G, yos(y) =y, t(y)oy =1y,
(3) (y1oy2)oys=y1o(y20y3),
(4) the family (Gy := {(y1,y2) € G,y = y10¥2})yec is a family of finite
sets.
Let C be a k-vector space equipped with a right action «: CxG — C. If C :=
{cy = «(c,y), y € G} is the k-vector space of orbits associated with «, then C
has a coassociative coalgebra structure.

PROOF. Fix ¢, € C and define Ac, := 2y 0y2—y Cy1 ® Cy,. From condition (2),
one gets that there exists at least an element (y1,y»,y3) € G*3 such that y =
Y1 © y2 o y3. By the definition of the coproduct and the associativity of the
product o, we get

Z C}’1®A(C}’2) = Z Z CY1®(Cy{®Cy§)
Yiey2=y Y1eY2=Y ¥1°¥s=Y2

= > ¢y ® (cy; ®cyy),
y1e(ypoys)=y
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Z Aley,) ®cy, = Z Z (Cy]” ® Cyé') ®Cy,
yieyz=y yieya=y yioyy=y1
= > (cyr®@cyy) ®cy,,
(1 oy3)eya=y
(3.4)

proving that (id ®A)A = (A®id)A since the sums involved are over all possible
decompositions of y in three parts. As y = yos(y) = t(y)oy,wedefine e(cy) =
0if y € G\G'? and e(c,) = 1 otherwise. We have

Alcy) = > Cyy ®Cyy +Ciy) ®Cy +Cy ®Cs(y), (3.5)
Y1oy2=y; y€G\G®

thus (id®e)A = (e®id)A =id. O

REMARK 3.15. Observe that a directed graph, as a geometric object, can
be a geometric support for several L-coalgebras. For instance the geometric
support of the coassociative coalgebra (%,A), spanned as a k-vector space by
a basis a, b, ¢, and d and whose coproduct A is given by A(a) =a®a+bec,
Ab)=aeb+bed, A(c)=dec+c®a,and A(d) =d®d+c®b, is the same
as, or isomorphic to, the geometric support of the finite Markov L-coalgebra
spanned, as a k-vector space, by a basis a, b, ¢, and d and described by the
right coproduct Ay (a) =a®(a+b), Ay(b) =b®(c+d), Ay(c) =c®(a+Db),
Ay (d) =d® (c+d) and the left coproduct Ay (a) = (a+c)®a, Ay (b) = (a+
c)®b, Ay(c)=(b+d)oc, Ay(d) = (b+d)®d.

To turn a coassociative coalgebra into a nondegenerate L-coalgebra, we will
use a generalization of an idea applied by Hudson [4].

PROPOSITION 3.16. Let (C,Ac) be a coassociative coalgebra with a group-
like element e. Define the coproducts 5f,6f : C — C®? such that for all c € C,
dp(c):=ewcanddy(c):=c®e. Then (C,54,5y) is a finite Markov L-coalgebra
which is in addition a coassociative codialgebra.

PROOF. The proof is straightforward. |

PROPOSITION 3.17. Any coassociative coalgebra (C,Ac), with a group-like
element, gives rise to a nondegenerate L-coalgebra structure on C.

PROOF. Let (C,A¢) be a coassociative coalgebra. Suppose e is a group-like
element, that is, Ac(e) = e®e. Define, as in Proposition 3.16, the coassociative
coproducts 8¢ (c) := c®e and 6~f(c) :=ew®c, forall c € C.Define also two linear
maps E,E :C—-C®Chby E(c) =Ac(c)=0f(c) and H(c) =Ac(c) —6~f(c), for
all ¢ € C. These linear maps d and d turn the coassociative coalgebra C into
a nondegenerate L-coalgebra. Indeed, if ¢ € C such that Ac(c) = X.caq) ® C2),
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then

d
c— ZC(1)®C(2)—€®C

_ded > cay®Ac(ce)) —Ac(c)@e—e®Ac(c) +e®cwe, 56

d
c— ZC(1)®C(2)—C®6

229 S Aclew) ®c@) —Ac(c) @e—e®Ac(c) +e@c®e.

Moreover d is obviously not equal to d on the whole coalgebra. Therefore,
(C, d d) is a nondegenerate L-coalgebra. |

REMARK 3.18. Let (C,Ac,€c) be a coassoc1at1ve coalgebra with counit €c.
Observe that ¢ € C nkerec and (d ®id) d( ) = 0 if and only if ¢ is a primitive
element of C.

COROLLARY 3.19. Any bialgebra can be viewed as a nontrivial L-coalgebra.

PROOF. The proof is straightforward since the identity element is group-
like. O

We can construct another interesting class of L-coalgebra.

DEFINITION 3.20 (C-bimodule). Let (C,Ac¢) be a bialgebra. From Proposition
3.17, (C, E, E) is an L-coalgebra. Define on C®2 two structures of C-bimodule
given by the following products: for x,y € C, c € C®?, x"c = Sf(x)c, cry =
csp(y), x-c=8p(x)c,and c-y =cd ().

Let A be an algebra with unit 1 and M an A-bimodule. A Leibniz-Ito derivative
is a linear map p: A — M such that for all x,y € A, p(xy) =xp(y)+p(x)y+
p(x)p(y) and p(1) =

THEOREM 3.21. Let (C,Ac) be a bialgebra. As Ac is a unital homomorphism,
the coproducts d and d turn out to be Leibniz-Ito derivatives.

PROOF. Let (C,Ac¢) be a blalgebra and x,y € C. The relation d(l) =0=
d(l) holds. Moreover, d(x)d(y) = Ac(xy) +xy®l-Acx)(yel)-(xe
1)A(y) implies d(xy) d(x)d(y) + d(x) Y +X- d(y) The same equation
holds for the other coproduct. O

If (C,Ac) is a bialgebra, we call (C, E, ﬁ) a Leibniz-Ito L-coalgebra. This kind
of L-coalgebra plays an important role in quantum stochastic processes, see
[3, 4].

We present here two ways to construct L-coalgebras from known ones.

3.1.1. Bicomodule over C for a coassociative coalgebra C. Let (C,A¢) be
a coassociative coalgebra. Let B be a C-bicomodule, that is, there exist linear
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maps & and é such that the following diagram commutes:

B—  ~BeC

gl lé@idc 3.7)
id,

)
CoB—""> CeBoC

and such that (idg ®A¢)S = (§®idc)d and (Ac ®idp)d = (ide ®35)4.

PROPOSITION 3.22. Let (C,A¢) be a coassociative coalgebra and B a bico-
module over C. Let A := C ® B® C. Keeping the previous notation, the linear
maps & and & induce coproducts A and A on A given by

Auebev):=(uedb))®(veesf),

- - (3.8)
Aluebev):=(geheu)e (5(b)®v),

foruebev € A and fixed elements g, f € C and h,e € B. That means that
there exists a natural structure of L-coalgebra on A for any couple of pairs
(g,f) €C*? and (h,e) € B*2.

PROOF. Let (C,Ac¢) be a coassociative coalgebra and B a bicomodule over
C.Fix g,f € C and h,e € B. Set A := C® B® C. The coproducts 6, § induce
coproducts A, A defined above such that the following diagram commutes:

A—2  ~ AgA

Al lmA (3.9)
idy ®A

ARA—>= AQRARA.

Indeed,

uebev (ued))®(veedf)

Al l&@idf;

(geheu)e (5(b)ev) el (gehou)e (§eidc)d(h) e (Veed f).
(3.10)
|

3.1.2. Tensor product. Let (L,A;,A;) and (M, Ay, Ay) be two L-coalgebras.
Define the right coproduct Argp to be the composite

A @AM id; ® T®idpy

LeM (LeL)® (M®M) (LeM)® (LM) (3.11)
and the left coproduct Ay by
Ar®Apy id; @ Teidy
LeM —— (L®L) 9 (M®M) ——————— (LM) ® (L M). (3.12)
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With this setting, (L®M, Argn, Aren) becomes an L-coalgebra over k. If both L-
coalgebras have counits, we define the right counit €, 5y as L& M LEM, k ok ~
k and the left counit &gy as L®M =M. ko k ~ k.

3.2. L-Bialgebras and L-Hopf algebras. The construction of vector spaces
equipped with two coproducts entails the generalization of definitions such as
bialgebras and Hopf algebras.

DEFINITION 3.23 (L-bialgebra). An L-bialgebra with counits € and € is an L-
coalgebra with counits (L, A, A, €, &) equipped with an extra structure of unital
algebra over k such that the coproducts and counits are algebra homomor-
phisms.

DEFINITION 3.24 (L-Hopf algebra). An L-Hopf algebrais an L-bialgebra with
counits (H,A,A, €, &) equipped with two linear maps S, S: H — H, called right
and left antipodes, which verify the equalities m(id®S)A = ne and m(S ®
id)A = né.

REMARK 3.25. In the sequel, all our L-Hopf algebras will verify the previ-
ous equalities. However, it is worth noticing [8] that we can also construct
another type of L-Hopf algebras verifying the equalities m (S ®id)A = ne and
m@deS)A = né.

We give two examples of L-bialgebras.

EXAMPLE 3.26 (the Cuntz-Krieger algebra). In [2, 6], a C*-algebra, called a
Cuntz-Krieger algebra, is associated with each directed graph G = (Go, G1,s,t).
If G is a row-finite (i.e., for all v € Go, s~ ({v}) is finite) directed graph, a
Cuntz-Krieger G-family consists of a set {P, : v € Gy} of mutually orthogonal
projections and a set {S, : e € G} of partial isometries satisfying

S¥Se=Pie), Pu= > S.S¥, Vl(ev)eE G xG, (3.13)
e:s(e)=v
where, for all e € G1, S denotes the adjoint of S.

PROPOSITION 3.27. A Cuntz-Krieger algebra CK associated with a graph
without sinks and loops and whose vertex set is finite is a finite Markov L-
bialgebra.

PROOEF. As usual, by defining

Ay (Py) = > Py, ®Py,,

t(s~1({v})
) v EL(s v (3.14)
Au(P)= > PyoP,

voes(t—1({v}))
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G

R,

FIGURE 3.2. Example of geometric support associated with an alge-
bra k{a,b,c,d} @ klI.

we turn CK into a Markov L-coalgebra. Thanks to the mutual orthogonality
property of the projectors, we get, for instance,

Au(P) Ay (Py) = > > PuPy@Py Py
viet(s~1(v)) viet(s~1(v")) (3.15)

= 6(U,U')AM(P1)) = AM(PUPU'),

where ¢ is the Kronecker symbol. Since the vertex set is finite, CK has an iden-
tity element ZvEGU P, := 1. In general, we do not have Ay (I) =I®1 = Ap (D).
O

EXAMPLE 3.28 (unital algebra). Let A be a unital algebra with unit I. From
the equality (I-a)-I =1-(a-I), A carries anontrivial finite Markov L-bialgebra,
with coproducts 6 (a) = a®l and 5f(a) =I®a,forallae A.If A:=k{Apg} \R
is an associative algebra generated by a denumerable set Ay verifying a set
of relations R, then its geometric support can be constructed. We call it the
flower graph (see Figure 3.2).

Observe that for all a € A different from I, a — §7(a) +6s(a) and I — I®1
is a coassociative cocommutative coproduct.

4. Finite Markov L-coalgebra and periodic orbits. Propositions 3.16 and
3.17 assert that a coassociative coalgebra (C,Ac) with a group-like element e
yields two coproducts E and E, constructed from the coproduct Ac, which
turn out to be Leibniz-Ito derivatives if Ac is a unital homomorphism and if e =
I. In this framework, if we replace a coassociative coalgebra by a finite Markov
L-coalgebra, how can we produce two new coproducts such that if the old ones
are unital homomorphisms, the new ones become Leibniz-Ito derivatives?

The answer to this question can be found, in the proof of Proposition 3.17, by
analysing the term e ® x ® e. Graphically, this term describes the pathe — x — e,
that is, we have made one complete turn around the orbit (e, x,e) of the flower
graph. In a general finite Markov L-coalgebra % generated by an independent
spanning set %y, there does not exist such a possibility. Therefore we have
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to create it. To do so, we need to consider the arrow set %; of the geometric
support of a finite Markov L-coalgebra % and fix an arrow, say a — b, which is
associated with a ® b in 4®2. By this way, we can construct two virtual periodic
orbits of period 2, eithera — b — a or b — a — b. Before going on, we introduce
anotion inspired from the line extension of graph: the L-coalgebras of degree n

DEFINITION 4.1. Let n € N\ {0}. The k-vector space (Z,A,,A,) is an L-
coalgebra of degree n over k if the diagram

An
zen > Z®n+1

A,,J/ \LA,,@id (4.1)
ideAy

Z®n+1 - Z®n+2

commutes, that is, (A, ®1id)A,, = (id®A,)A,. Such a space may have a right
counit €, : Z®" — z®"~1 guch that (id ®€,)A,, = id and a left counit &, : Z¢" —
711 guch that (€, ®id)A,, = id. By convention, Z®° := k.

PROPOSITION 4.2. A finite Markov L-coalgebra (6, Ay, Ay) is a finite Markov
L-coalgebra of degree n for any n > 0.

PROOF. Let Ay, Ay, €, and € be the coproducts and the possible counits of
a finite Markov L-coalgebra % and define the following operators:

(Am), =ide---®ideAy, (Ay), =Ay®id®---®id,
n-1 n-1
) ) . .. . (4.2)
€p=id®---®id®e¢, Ep=€®id®---®id.
—_— —_—
n-1 n-1

Equipped with these maps, % is a finite Markov L-coalgebra of degree n. O

From now on, we consider the special case n = 2. The Markov L-coalgebra
% can be embedded into a Markov L-coalgebra of degree 2. We see now the
link with the line extension in graph theory. Let (4, Ay, Ay) be a Markov L-
coalgebra generated by an independent spanning set %,, whose geometric sup-
port is denoted by Gr(%).Fix u — v € Gr(%),. Then (Ap)2(u®v) :=u®Apy (V).
Therefore, the line extension of Gr(%), denoted by E(Gr(%)), is a Markov L-
coalgebra with coproduct Ap(u®v) := (U ® V) ® Ay (v). Recall that s is the
source map. Therefore, (id®s ®id)Ag := (Ap )2 since (id®s®id)Ap(u®v) =
UuRS(UeV)t(Ay(v)):=u’Ay () = (Ay)2(uev).

DEFINITION 4.3. Let % be a k-vector space generated by an independent
spanning set %. Define the coproducts Sg,d; : 9%% — 4®3, such that Sp(a®
b)=a®beoaand 6;(a®b) =boaeb, for all a,b € %,.

PROPOSITION 4.4. Let %G be a k-vector space generated by an independent
spanning set 4y. The coproducts 6; and 6 verify the coassociativity breaking
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equation (6; ®id)6g = (id®06g)dr. Moreover, 6; and Sr are both homomor-
phisms if § has also an extra structure of algebra over k.

PROOF. Let%be a k-vector space generated by an independent spanning set
4. Fix a,b e(go We get aeb L beaeh 2 ®* he(aebea) and asb 2%
a®beoa — (b ®a®b)®a. If §is also an algebra generated by %, fix
(a,b,c,d) € 4Gy, then 6. (a®b)d(c®d) =(beoadb)(deced) = (bdoac®
bd) = 6r(ac®bd) = 6r((a® b)(c®d)). The same computation is used for
proving that 6 is a homomorphism. |

THEOREM 4.5. Let be a finite Markov L-coalgebra generated, as a k-vector
space, by an independent spanning set 4, equipped with coproducts Ay and
AM Set (Ay)2 = id®Ay and (AM)Z — Ay ®id. Define the two coproducts d
d@ as dcg = (Ap)2 -8, and d@ = (AM)Z —6R These two coproducts verlfy the
coassoczanvny breaking equation (d<g ®id) dq; = (1d®d<@) dno Moreover, dco =
0= dc{, on (trivial weighted) isolated periodic orbits of period 2.

PROOF. The proofis straightforward by noticing that (6; ®id) (Ap)2 = (id®
(Ap)2)8; and that ((Ay)2 ®id)Sr = (id ®5z) (Ap)2. Let x, v € Gy representing
a (trivial weighted) isolated periodic orbit of period 2 on Gr(%). Such an orbit
verifies that (Ay)»(x®y) = x®y®x and (Ay)2(x®y) = ¥y ® x ® y, which
implies that E@ and (_i@ vanish on such an element. O

REMARK 4.6. With the Markov processes in mind, directed graphs equipped
with probability vectors have always their isolated periodic orbits trivial
weighted, that is, all the weights are equal to 1 on each arrow of the orbit.
From now on, such orbits will always be supposed to be trivial weighted.

THEOREM 4.7. Let% be a Markov L- bialgebra generated by a set%, equipped
with unital coproducts AM and AM Then d«; and dw behave as Lelbnlz -Ito
derlvatlves thatis, verify dq;(x)d«;(y) d@,(xy)—d@(x)cSR(y) 6R(x)d@(y)
and dqﬁ(l®1) = 0. Similarly, these two equalities hold for d%

PROOF. Let % be a Markov L-bialgebra generated by a set 9. Fix a,b,c,d €
%p. Define x:=a®b and y :=c®d. We get

da(x)da(y) = ((An) o (x) = 8.0)) ((Anr)o () = 82(3))
= (An)o (x3) = (Am) ()81 (¥) = 81.(x) (Ap) , ()
+0L(X)0L (V) + (6L (X)L (¥) =01 (x)0L()))

= dg(xy) — dg(x)5.(y) = 8.(x)dg().

(4.3)

Slmllarly, for the Coproduct d we can show that dcg(x)d<g(y) = dcg(xy)
(9(x)5R(y) 6R(X)d<q(y) Moreover, dq,;(I@I) = d(g([@[) These equa-

tions are reminiscent of those of Theorem 3.21 when O is played by 6 and

6L by Sf. O
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Let % be a finite Markov L-coalgebra generated, as a k-vector space, by an in-
dependent spanning set ¢y, equipped with coproducts Ay and Ay The present
setting can be easily generalized. Fix n > 1 and generalize the definition of
Sg and &; as follows: Sgp, 01 : 9%" — 4°2m+D defined by Sgn(di,...,dn) =
(ar,...,an)®a; and 6p n(ai,...,an) = ap®(ai,...,an), where a,...,an € 9.

THEOREM 4.8. Let§ be a finite Markov L-coalgebra generated, as a k-vector
space, by an independent spanning set %y and equipped with coproducts Ay
and Ay. It is obtained that

(1) (657[ ®id)Orn = (id®5R,n)6£n and g and 61, are h(o_momorp%ﬂsms;

(2) if d‘@ﬂ = (éM)n - 6R,n and d‘@,n = (AM)n - 6L,n; then (d‘@,n ®id)d‘§,n =
(idedgn) d(@; R

(3) the equality dgnlw] =0 = dygnlw] holds if the tensor product [w] =
(a1 ®---®ay), a,...,an € 4G, represents an isolated periodic orbit of
period n on the geometric support of the finite Markov L-coalgebra;

(4) if G is also a Markov L-bialgebra, the coproducts (6 R, OL, n) are homo-
morphisms. If the coproducts of 4 are umtal then d(q n and dqm behave
as Leibniz-Ito derivatives, that is, verify dcgn(x) dgm(y) = d@n(xy) —
Aign(X)0r () — Sr(X) dgn (¥); the same equality holds for deg..

PROOF. The proof is straightforward. O

If C is a coassociative coalgebra with a group-like element e, then two im-
portant coproducts E, d :C — C®2 can be constructed. If (%, Ap, Ayp) is a fi-
nite Markov L-coalgebra generated, as a k-vector space, by an independent
spanning set %, then two other important coproducts (_isglz, E@,Z 1 g®2 ., ge3
can be also constructed. This remark suggests the fact that some geometric
supports of coassociative coalgebras can be obtained by the line extension of
some geometric supports of finite Markov L-coalgebras. Indeed, in [11], we
have constructed Markov coassociative codialgebras from the line extension
of geometric supports associated with a class of coassociative coalgebras.

It is interesting to notice that the role played by the coproducts 6y and 5 ¥
of the flower graph in the case of a coassociative coalgebra is played by the
coproducts g, and d; ,, creating virtual periodic orbits of period n in the
case of a finite Markov L-coalgebra of degree n. Observe also that

(dgn®id)dgn[w] =0 (4.4)

implies that the path of length n, represented algebraically by the tensor [w],
has to be a trivial-weighted isolated periodic orbit of period n. We sum up
briefly some results in Table 4.1.

4.1. Examples. In the following examples, from a known algebra, we con-
struct a finite Markov L-coalgebra so as to the algebra turns it into a finite
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TABLE 4.1

Coassociative coalgebra C Markov L-coalgebra ¢

Coproducts Ac Agn, Agn
e group-like, 5f(x) =Xx®e,

Markovian coproducts Sf (x) 1= e® X

5R,n, 5L,n

over-isolated orbits

(deid)d =0 over primitive elements of period 1
- = - L behave as Leibniz-Ito
d. d Leibniz-Ito derivative L
’ derivative
i
) Q
1
k @ o
FIGURE 4.1
Markov L-Hopf algebra of degree 2. Set
id, :=id®id®---®id, n>0. (4.5)
\—(_J

n

An L-Hopf algebra of degree n, (H JAmAp), is by definition an L-bialgebra of
degree n, equipped with right and left counits éy and ey of degree n such
that its antipodes S,S : H — H verify (id,,_; ®m) (id,, ®S)Ay = npen and (m e
id) (S ®id,n) Ay = An€py, with Ny, An : HEM-D — H®" guch that n,(h) ;== he ly
and An(h) :=1y®h, h € H®" D,

EXAMPLE 4.9 (the triangle graph and quaternions). Here k = R. Recall that
quaternions are defined by the associative algebra H := R{1,1,j,k} \ %R, where
the set of relations % is defined by

ij=k  jk=i, ki=j, di=jj=kk=-1. (4.6)

The quaternions fit the present formalism by considering the directed triangle
graph in Figure 4.1.

Defining xo =i, x; = j, and x» = k and adding subscripts «, € {0,1,2} mod 3,
that is, X«+g = X«+gmod3, We define the Markovian coproducts associated with
this directed triangle as Ay (Xy) = Xa ® Xg+1, A (1) = Ay(1) = 1®1, and
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Ay (xg) = Xq-1 ® X«. Therefore,

(Am)o(xa®Xp) =Xa®Xp®Xp11,  €2(Xa®XB) = X, wn
(Anm) s (Xa®Xp) = Xao1® Xa ® X3, & (xa®xp) = X3 '

embed the directed triangle graph into a finite Markov L-coalgebra of degree 2.

THEOREM 4.10. (1) The algebra of quaternions embeds the triangle graph
into an L-bialgebra of degree 2.

(2) Defining linear maps S,S : H — H by S(x;) = —x;_1 and S(xi_1) = —x;
for every i € {0,1,2}, the L-bialgebra H becomes an L-Hopf algebra of degree
2 with S and S playing the role of the right and left antipodes, respectively.

(3) The linear maps S and S are unital antialgebra maps and satisfy SS =
id = §S. They are the unique right and left antipodes of H, viewed as an L-Hopf
algebra of degree 2.

PROOF. leti,i’,j,j € {0,1,2}.In what follows we make computations with
the right coproduct. We show that (Ay)» is a unital algebra map. We get

(AM)z(Xi ®Xj) (AM)Z(Xi' ®Xj') = (Xi®Xj ®XJ'+1) (Xi' ® X ®X‘j/+1)
=XiXi ®XjXj ®Xjr1Xj +1,
(Anm), (xi®x;)) (xir @ xjr) = (Am), (xixi ® x;X7)

= XiXi ®XjXj ® t(Ay (XjXJ'/)).

Therefore, we have to prove that t (Ay(xjx;)) = Xj+1Xj +1, which is straight-
forward by the following geometric proof. Suppose that j # j* and (xj,x;/)
defines an edge of the triangle. This entails that (xjs1,x;+1) defines the sole
edge following it when we turn in a trigonometrical way. Now we observe that
up to a sign the concatenation of an edge, that is, the product of its source
and its terminus, gives the third vertex of the triangle. Hence, by rotation, the
concatenation of (x;j.1,xj+1) will give the vertex just after. Therefore, up to
a sign t(Am(xjx;j)) = Xj+1Xj 11, the sign is easily obtained by noticing that if
(xj,xj) is an arrow of the triangle, so is (xj,1,x;+1) and the sign is plus in
both cases when the concatenation is realized. If the direction of (x;,x;) is
in the opposite sense of an existing arrow, so is (x;.1,Xj +1) and the concate-
nation will give a minus sign in both cases. In the case when x ;- or x; is the
identity element, the proof is obvious since there is a loop on the identity. The
case xj» = xj is also trivial.

The coproducts (Axy)> and (Ay). are thus unital homomorphisms. The
counits €, and €, are also unital algebra maps. To prove the L-Hopf algebra
part, we must check that

(idem)(id®id ®S) (Anm), = N2€2,

. 5. . ~ .. 4.9)
(meid)(S®ideid) (Ay), = 262,
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which is straightforward with the choice we made for the right and left an-
tipodes. The map S is an antiunital map since, by definition, —x; = S(xj+1) =
S(xi—1xi) and S(x;)S(xi-1) = (=xi-1) (=Xi-2) = (xi-1) (xi-2) = = (xi-2) (xi-1)
= —(x7), 50 S(xix;) = S(x;)S(x;). Moreover, S(x;x;) = S(x;)S(x;) = Xj_1Xi-1
and S(x;x;) = =S(x;x;) = =S(x;)S(xj) = =xi-1Xj_1 = Xj_1X;1, proving that
S is well defined. The map S is unital since S(1) = S(x;(—x;)) = S(—x;)S(x;) =
—(=xi+1)(=x+1) = 1. The map S is unique since if S; and S, are two such
right antipodes, we must get x;S1(xi+1) = X;S2(xi+1) = 1, but x;x; = —1, so
S1(xi) = S2(x;). As S; and S, are equal on the generators of the quaternions,
S1 = S5. Moreover, SS(x;) = S(=xi+1) = —(=x;) = x; and $S(x;) = S(=xi_1) =
—(—xi) = Xi. |

REMARK 4.11. The right and left antipodes S and S are not unital anticoal-
gebra maps.

REMARK 4.12. As a coproduct, Ay is well defined on the directed triangle
graph, but is not a homomorphism for the quaternion product. If it were the
case, we would get, for example, —Ap (k) = —Ap(ij) = Ay (DAM(J) = —1j®
jk = —k ® i which is true and Ay (—k) = Ay (ji) = Ay (AN (D) = ji®o k) =
(—k) ® (—i) which is still true. Yet, the k-linearity is lost.

EXAMPLE 4.13 (the Pauli matrices). Here k = C. The Pauli matrices

Lo (0 1 (0 —i (10
2_011 YO—lOa Yl—io’ )’2—071

(4.10)

verify the relations yxyx+1 = iyk+2, Yk¥Yk = lo, and yxYx+1 = —Yk+1Yk- Recall
that M (k) is the algebra generated by the Pauli matrices. This algebra fits the
present formalism by considering the directed triangle graph with a loop on
1, not represented here,

Yo iyo
/ \ / \ @.11)
Y2 Y1, 13/2 lyl )

The first graph is to recall that yxyr+1 = iyx+2, but it is the second one which
we are interested in because it represents the relation (iyy+1)(iyx) = (iyk+2).
Defining xo = iyo, X1 = iy1, and x», = iy, and adding subscripts «,8 €
{0,1,2} mod 3, that is, Xx+g = X«+gmod3, We define Ap (Xo) =Xa®X x1, Ap (1) =
Ap(1) =1®1, and Ay (Xs) = Xa_1 ® X«. The coproducts in (4.7) embed the tri-
angle graph into a Markov L-coalgebra of degree 2.
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THEOREM 4.14. (1) The algebra generated by the Pauli matrices, that is,
M- (k), embeds the triangle graph into an L-bialgebra of degree 2.

(2) Defining linear maps S,S : M> (k) — M2 (k) by S(x;) = —xi_1 and S(xi_1)
= —x; foreveryie {0,1,2}, the L-bialgebra M, (k) becomes an L-Hopf algebra
of degree 2 with S and S playing the role of right and left antipodes, respectively.

(3) The maps S and S are unital antialgebra maps and satisfy SS = id = SS.
They are the unique right and left antipodes of H viewed as an L-Hopf algebra
of degree 2.

PROOF. The proof is a corollary from the quaternion example. We only

stress for instance on that S(xx) = —xx-1 implies the equality xS (xk+1) =
—xiXk = —(iyx) (iyx) = (yx)(yx) = 12, which is useful for computing the an-
tipodes equalities. 0
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