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We show that certain Mann and Ishikawa iteration schemes are equivalent for
various classes of functions.
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The Mann iterative scheme was invented in 1953, see [7], and was used to
obtain convergence to a fixed point for many functions for which the Banach
principle fails. For example, the first author in [8] showed that, for any contin-
uous selfmap of a closed and bounded interval, the Mann iteration converges
to a fixed point of the function.

In 1974, Ishikawa [5] devised a new iteration scheme to establish conver-
gence for a Lipschitzian pseudocontractive map in a situation where the Mann
iteration process failed to converge.

Let X be a Banach space. The Mann iteration is defined by

xX0€X, Xpi1=(1-on)xn+e,Tx,, n=0, (1)

where the &, € (0,1), for all n > 0.
The Ishikawa iteration scheme is defined by

U €X, Uni1 = (1—0pn)Up+ TV,

(@)

Un=(1-Bn)un+PBnTun, n=0,
where
O0<op,<Bpn=<1, Vn=z=0. 3)

In specific situations, additional conditions are placed on (&), and (B8)x.
In [9], the first author modified the definition of Ishikawa by replacing (3) by

0<o&n,Bn=<l, Vn=0. (4)

During the past 25 years, a large literature has developed around the themes
of establishing convergence of the Mann iteration for certain classes of func-
tions, and then showing that the Ishikawa iteration, using (4), also converges.
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Of course, having established the convergence of an Ishikawa method using (4),
we obtain as a corollary the convergence of the corresponding Mann iteration
method by setting each 8, = 0.

A reasonable conjecture is that, whenever T is a function for which Mann
iteration converges, so does the Ishikawa iteration. Given the large variety of
functions and spaces, such a global statement is, of course, not provable. How-
ever, in this paper, we do show that, for several classes of functions, Mann and
Ishikawa iteration procedures are equivalent.

Picard iteration is defined by py € X and py,+1 = Tpn, where T is a selfmap
of X.

THEOREM 1. Let X be a normed space and let B be a nonempty convex subset
of X, T : B — B, with T satisfying

ITx - Tyl <kmax{llx -y, lIx-Tx|, |y =Ty, Ix =Ty, Iy -Txll} (5

forall x,y € B,0 < k < 1. Suppose that T possesses a fixed point p € B. Then
Picard iteration and certain Mann and Ishikawa iteration schemes converge
strongly to p.

PROOF. Let pg € B and define py+1 = Tpy, n = 0. From [3], it follows that
(pn)n is Cauchy in B. Hence, it converges to a point x* € B. From (5),

lPner=pll =ITpn-Tpl|
< kmax {|[pn —pll,|[pn = Tpxll,
lpn = Tp|||Tpn—pll} (6)
= kmax {||pn —pll,|lpn —Pna1ll,
llpn = pll [P0 —pll}-

Taking the limit as n — oo yields ||p — x*|| < kl|p —x*||, which implies that
p = x*, that is, (p, ), converges strongly to p.

In [9], it was noted that [8, Theorem 6] could be extended to maps satisfying
(5), that is, Mann iteration of a T satisfying (5) with «;,, € (0,1) and bounded
away from zero converges strongly to the unique fixed point p of T.

In [12], it was shown that, for T satisfying (5) with &, € (0,1), the Ishikawa
method, with each «, > 0 and > &t;, = o, converges strongly to p. O

As shown in [10], inequality (5) is one of the most general contractive con-
ditions for a single map.
We need the following lemma.

LEMMA 2 (see [11]). Let (an)n be a nonnegative sequence that satisfies the
inequality

an1 < (1=Ap)ay + oy, (7)
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where Ay, € (0,1) foreachn € N, >, _| Ay = o0, and oy, = €4 Ay, lime, = 0. Then
lima, =0.

We are able now to prove the following result.

THEOREM 3. Let X be a normed space, K a nonempty closed convex subset
of X, and T a Lipschitzian selfmap of K with Lipschitz constant L < 1. Suppose
that T has a fixed point p € B. Let xo = ug € K, and define x,, and u,, by (1)
and (2), with o, By satisfying (4), () lim, =limpB, =0, and (ii) > &, = .
Then the following are equivalent:

(a) the Mann iteration converges strongly to p,
(b) the Ishikawa iteration converges strongly to p.

PROOF. That (b) implies (a) is obvious setting f;, = 0 in (2). We prove that
(a) implies (b). From (1) and (2),

en1 = wnar |l = [[(1 = otn) (xn = un) + 0 (Txn = Tvn)||
< (1= 0tn)||xn —unl||+ cnL||Txn — TUy||
= (1= otn)[Ixn —wnl[+ o L||(1 = Bu) tn + Bn Tun — Xa|
= (1= otn)||xn = unl| + L[| (1 = Bn) (un = Xn) + Bn (Ttn —xn)||
< [1=atn (1= L(1=Bn)) |20 — unl| + 0ta B M,

8)

for some positive M since (||Tu, — xnll)y is bounded. This fact is obvious if
we prove that (||uyl|), is bounded. A simple induction lead us to

Hun+1|| <(1 —an)HunH +0‘n||TvnH

< (1= o) ||un| + 0nL|| (1 = Bn)Un + BnTuy| ©)
< (1—otn)|[un||+ n L(1 = Bn) [[un|| + n BnL| | Tun||
= [[unl| = - = [uoll-

With a,, = |lxn —unll, An := (1 =L(1 - By)) € (0,1), and 0y := & BnM,
for each n € N, the inequality of Lemma 2 is satisfied. Therefore,

lim||x, —un|| = 0. (10)
Since (a) is true, using (10),
[un—pl < |lxn =Pl +]|%n — unll, (11)

which implies that lim|u,, — p|| = 0. O
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Let X be an arbitrary Banach space and let J be the normalized duality map
from X into 2X*. A map T with domain D(T) and range R(T) is called strongly
pseudocontractive (pseudocontractive) if, for each x,y € D(T), there exists
jix—y)eJ(x—-y)andat>1 (t=1) such that

(Tx =Ty, j(x=) < 7 Ix =¥l (12)
Equivalently, there exists a constant ¢ > 1 such that
(U =Ty = (I=T)p, G- = b=y, (13)
If we set k = (t —1)/t, then the above inequality can be written in the form
(I-T-kI)x—(I-T—-kDy,j(x-—y))=0 (14)
and, from a result of Kato [6],
Ix-yl<|lx—y+r[U-T-kDx—-U-T-kDvy]|, (15)

for all x,y € X and » > 0.

THEOREM 4. Let K be a closed convex subset of an arbitrary Banach space
X and let T be a Lipschitzian strongly pseudocontractive selfmap of K. Let xy =
ug € K, and x, and u,, be defined by (1) and (2), with &, By, satisfying (4)
and conditions (i) and (ii) of Theorem 3. Let p be the fixed point of T. Then the
following are equivalent:

(a) the Mann iterative scheme converges to p,
(b) the Ishikawa iteration scheme converges to p.

PROOF. The existence of a fixed point p comes from [4, Corollary 1] which
holds in an arbitrary Banach space. That (b) implies (a) is obvious setting 8;,, = 0.

Without loss of generality, we may assume that the Lipschitz constant L
of T is greater than or equal to 1. If L € (0,1], then the result follows from
Theorem 3.

To prove that (a) implies (b), it is necessary to express |[U,+1 —Xpn 1| in terms
of (15). Using (1), (2), and the identity which appears as [2, formula (10), page
782], we obtain

[[ten —xn|| = [[Uns1 + Cnthn — Xy TV, — X1 — OnXn + 0 Ty
=[|(1+ otn)uns1 + (I =T —kDupi1 — (1 —k) ity
+(2—k)oZ (U —Tvy) + & (TUpy 1 — TUy)

—(1+an)Xns1— (I =T —kI)xXpns1 + (1 —k)otnxn
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—(2=k)Z (xn—Txn) = n(Txni1—Txn)||
= ||(1 +0‘n)(un+1 _xn+1) +0‘n[(I—T—kDun+l - (I—T—kl)xnﬂ]
—(1=k) &t (Un—xn) + (2=k) o (U — TVn — X0+ TXp)

+ 0 (TUps1 — TV — Txps1 + Txn)ll.
(16)

Using the triangular inequality and (15),

[[tn — xnl|

[(I=T~kDtps1 — (I ~T —kDXpi1]]]

o<
= (1+ o) || (Uns1 —Xns1) + I +7&n

— (1=K otn ||t — xn|| = (2= k) 3| |un — Ty — X0 + Txy|

— 0 ||TUuns1 — TV — TXps1 + Txnl|

= (1+0(n)||un+l_Xn+1||—(1_k)0(n||un_xn”
—(2=k) o2 |Jun —Tvn —xn + Txn|| = || Trni1 = TR — TxXni1 + Txnl.
(17)
Solving the above inequality for ||1,+1 —Xpn+1 || gives
1+(1-k)«x
litmes =« L=
(2-k)x?
TO(”H n TUn—Xn-l‘TXnH
+ G | Tuni1 = Tn — Txni1 + Txn]
1+, (18)
1+(1-k)«x
bl v+ - - Tval
+(2=k) &2 || Txn — xn||+ 0tu| | TUn 1 — TV
+ 0 || Tx 1 — Txnll,
[ltn — Tonl| < [Jun —xnl|| + |10 = Txnl|| + || Txn — Tvy||. (19)
Let L denote the Lipschitz constant for T. Then,
[|Txn — Ton|| < L||xn —vall, (20)

o = xull = [|(1 = Bn)un + BnTran —xn||

L= Bn) |[un —xn||+ Bul| Tun —xn||

L= Bu)|[un —xnll+ Bull| Tun — Txul[+||Txn —xul[]  (21)
1= Bu)|[un — x|+ BuL|[tn —Xn ||+ Bnl[Toxn — xnl|

1-

Bn"’BnL ||un_xn||+3n||Txn_xn||



456 B. E. RHOADES AND S. M. SOLTUZ

Note that, for L > 1, 1 — B, + B»L < L. Substituting (21) into (20) and then
(20) into (19) gives

[un = Tvnl| < |lun —xn|| +[[3n — Txn|| + LIL|[n — xn|[ + Bn| [ Txn — xnll]

= (1+ L) ||un —xnl|+ (L +LB)||Txn —xnl,

(22)
[|Tuns1 — Tvn|| < L1 —vnll = LI (1 = otn) i + 6, TV, — Uy
(23)
SL[(l*o‘n)”“n*vnHJrO(nHTUn*UnH]-
Using (21),
|Tvn = vnl| < [|Tvn = Toxu|| +[|Txn = xn|[ + |30 = Val|
< (1+L)||xn —val| + | Txn — x|
(24)
< (1 +L)[L||xn —un||+ Bul|Txn — xn|l] +|Txn — xn]]
= (1 +L)L||xn —un||+[(1+L)Bn +1]||Txn — xnll,
||un_vnH = ||un_ (1_Bn)un_BnTun|| = BnH(un_Tun)H
5Bn[”un*xn”+Hxn*TXnH+||TXn*TunH] (25)
< Bu[(A+L)||xn —wunl|+ |50 — Txnl|].
Substituting (25) and (24) into (23), we obtain
|Tuns1 —Tonl| < L(1 = 0n) [ B (1 +L)||un — x|+ Bul| Txn — xnll]
+ 0 L[ (1 +L)L||xyn —un||+ [(1+L) B+ 1]||Txn — xnl|]
(26)

< [L(1-on)Bn(1+L) + oy L2 (1 +L)] |20 — un|
+ {BuL(1 = o) + n L[ (1 +L) By + 1]} X0 — Txn|.

Substituting (22) and (26) into (18) and using (1+ o) ™' < 1 - oty + &2, yields

[1xns1 —Unstl] < (T+ 1 =k) o) (1 - otn + 03| |20 — |
+(2=K) o[ (1+L2)[|xn —unl[+ (1+LBn) || Txn — xnl[]
+(2-k) o2 ||xn — Txnl|
+ 0 [L(1 = 0n) Bn(1+ L) + 0tn L2 (1 + L) | |50 — tn]| (27)
+ 0t {BnL (1= 0tn) + 0 L[ (1 +L) By + 11} |0 — Txn]|
+ 0 L||X 41— Xxnl|

= }/n||xn_un”+5n||xn_Txn|| +(Xn||xn+l _any
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where

On=0n[(2=Kk)(2+LBn)&n+[BnL(1—tn) + nL[(1+L)Bn+1]]],
Yn=[1+1-Kon](1-cn+a3)+Q2-k)(1+L%) 3 (28)
+ 0 L(1+L)[Bn(1—oty) +Loxy].

Note that

(1+(1—k)oty) (1 -ty +03) =1 —koty + ko + (1 —k) o
<l-koy+ko+(1-k)? (29)

=1-koy, + o,
Therefore,

Yn<1—koty+xn{20,+(2—k)(1+L?*)axy,
+L(1+L)[Bn(1—n) +Loty]}
=1-katp+on{[2+Q2-k)(1+L?)+L>(1+L)]xn (30)
+L(1+L)(1-0)Bn}

<1—koty + M (0t + Br),

where M =2+ (2—-k)(1+L%)+L2(1+1L).

Since «,, and B, satisfy (i), there exists an integer N such that M (&, + ) <
k(1—k) for all n > N.

Thus,

[[Xns1—Unia]] < (l_kzo‘n)Hxn_unH
+ o {[(2=k)(2+LBy) oy .
[BaL(1— o) + ctnL((1+ L) B + )]~ Toca] &V

+L||xns1—xnl|}-
With A, := k2, an = || Xn —unll, and €, = the quantity in braces, we have
Ans1 < (1=2An)an +€nln. (32)

Since x;,, — p and T is Lipschitzian, then is continuous. Therefore, imTx;, =
Tp =p and || Tx, — x|l — 0 as n — oo. Also lim||x,+1 — x|l = 0. Thus, the
conditions of Lemma 2 are satisfied and lim || x;,, — uy|| = 0.
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Consequently,
llun =Pl < [[un—xnll+[lxn—pl| — 0 asn — oo, (33)
and the Ishikawa method converges. |

Using the argument in [2], it follows that we also have corresponding theo-
rem for Lipschitz strictly hemicontractive operators.

Let S : X — X be a Lipschitz operator with L > 1. It is well known that
the operator S : X — X is strongly accretive if and only if (I —S) is strongly
pseudocontractive operator, and conversely. Consider the equation Sx = f,
where f € X is given and S is a strongly accretive operator. A fixed point for
Tx = f+ (I-S)x will be the solution of Sx = f, and conversely. If we consider
in (1) and (2) the operator Tx = f + (I — S)x, then T will be strongly pseu-
docontractive. Theorem 4 assures the equivalence between the convergencies
of Mann and Ishikawa iteration. We consider equation x + Sx = f, with S an
accretive operator, that is, (I —S) is a pseudocontractive operator. A solution
for x + Sx = f is a fixed point for Tx = f —Sx, which is a strongly pseudocon-
tractive operator. Replacing (1) and (2), we obtain the equivalence between the
convergencies of Mann and Ishikawa iteration for an accretive operator. The
solutions existences in the above two equations hold as in [2].

All our results hold for multivalued operators provided that this admit ap-
propriate single-valued selections.

It has been shown in [1] that there exists a Lipschitzian pseudocontractive
map defined on a compact subset of R? for which an Ishikawa method, with
&n < Bn, converges to a fixed point, but for which no Mann iterative method
converges. Therefore, it is not possible to extend Theorem 4 to pseudocontrac-
tive maps.
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