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Let C be a nonempty subset of a normed linear space (X,‖·‖) and T : C → C a given

mapping. Let F(T) denote the set of fixed points of T .

Definition 1. (1) The mapping T is said to be nonexpansive if

‖Tx−Ty‖ ≤ ‖x−y‖, x,y ∈ C. (1)

(2) The mapping T is said to be quasi-nonexpansive if F(T) �= ∅ and

‖Tx−p‖ ≤ ‖x−p‖, x ∈ C, p ∈ F(T). (2)

(3) The mapping T is said to be asymptotically nonexpansive if there exists a sequence

{kn} of nonnegative real numbers with kn→ 0 as n→∞ such that

∥∥Tnx−Tny∥∥≤ (1+kn)‖x−y‖, x,y ∈ C, n≥ 1. (3)

(4) The mapping T is said to be asymptotically quasi-nonexpansive if F(T) �= ∅ and

there exists a sequence {kn} of nonnegative real numbers with kn → 0 as n→∞ such

that

∥∥Tnx−p∥∥≤ (1+kn)‖x−p‖, x ∈ C, p ∈ F(T). (4)

(5) The mapping T is said to be of asymptotically nonexpansive type if, for any x ∈ C ,

limsup
n→∞

(
sup

{∥∥Tnx−Tny∥∥−‖x−y‖ :y ∈ C})≤ 0. (5)

(6) The mapping T is said to be of asymptotically quasi-nonexpansive type if F(T) �= ∅
and

limsup
n→∞

(
sup

{∥∥Tnx−p∥∥−‖x−p‖ : p ∈ F(T)})≤ 0, x ∈ C. (6)
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(7) The mapping T is said to be demicontractive if F(T) �= ∅ and there exists some

constant k∈ [0,1) such that

‖Tx−p‖2 ≤ ‖x−p‖2+k‖x−Tx‖2, x ∈ C, p ∈ F(T). (7)

(8) The mapping T is said to be hemicontractive if F(T) �= ∅ and

‖Tx−p‖2 ≤ ‖x−p‖2+‖x−Tx‖2, x ∈ C, p ∈ F(T). (8)

(9) The mapping T is called asymptotically demicontractive if F(T) �= ∅ and there

exist a sequence {kn} with kn ≥ 1 and kn→ 1 and a constant k∈ [0,1) such that

‖Tx−p‖2 ≤ k2
n‖x−p‖2+k‖x−Tx‖2, x ∈ C, p ∈ F(T). (9)

(10) The mapping T is said to be asymptotically hemicontractive if F(T) �= ∅ and

there exists a sequence {kn} with kn ≥ 1 and kn→ 1 such that

‖Tx−p‖2 ≤ k2
n‖x−p‖2+‖x−Tx‖2, x ∈ C, p ∈ F(T). (10)

(11) The mapping T is said to be uniformly Lipschitzian if there exists a positive

constant L such that

∥∥Tnx−Tny∥∥≤ L‖x−y‖, x,y ∈ C, n≥ 1. (11)

(12) The mapping T is said to be uniformly quasi-Lipschitzian if F(T) �= ∅ and there

exists a positive constant L such that

∥∥Tnx−p∥∥≤ L‖x−p‖, x ∈ C, p ∈ F(T), n≥ 1. (12)

These classes of mappings mentioned above have been studied extensively by various

authors (see [1, 2, 3, 6, 7, 8, 9, 10, 11, 12, 13, 14, 16, 17, 19, 20, 21, 23, 24, 25, 26,

27]) and several important fixed point theorems have been established successfully for

the classes of nonexpansive mappings and asymptotically nonexpansive mappings as

well as the mappings of asymptotically nonexpansive type in nearly uniformly convex

Banach spaces (see [7, 10, 25]). Also, various iterative schemes in connection with these

classes of mappings have been introduced and used to approximate fixed points of

these classes of mappings (see [1, 2, 3, 4, 13, 19, 20, 26]).

Remark 2. (1) It is clear that the nonexpansive mappings with the nonempty fixed

point set F(T) are quasi-nonexpansive.

(2) The linear quasi-nonexpansive mappings are nonexpansive, but it is easily seen

that there exist nonlinear continuous quasi-nonexpansive mappings which are not non-

expansive; for example, define Tx = (x/2)sin(1/x) for all x �= 0 and T0= 0 in R.

(3) It is obvious that if T is nonexpansive, then it is asymptotically nonexpansive with

the constant sequence {1}.
(4) If T is asymptotically nonexpansive, then it is uniformly Lipschitzian with L =

sup{kn :n≥ 1} and asymptotically pseudocontractive. However, the converses of these

claims are not true.
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(5) It is easily seen that, if C is a bounded subset of X and T : C → C is asymptoti-

cally nonexpansive, then it must be of asymptotically nonexpansive type. However, the

converse is not true.

(6) If T is asymptotically nonexpansive with F(T) �= ∅, then it is uniformly quasi-

Lipschitzian. For more comparisons of these mappings, readers may refer to Chang

et al. [1] and the references therein.

Remark 3. We note here that the fixed point set F(T) of a uniformly quasi-Lip-

schitzian mapping T is a closed subset of D provided that D is closed. To see this,

assume that {pn} ⊂ F(T) with pn → p as n→∞. Then p ∈D since D is closed. By the

definition of T , we have

∥∥Tp−pn∥∥≤ L∥∥p−pn∥∥, (13)

which implies that Tp = p.

In 1991, Schu [19, 20] introduced the following iterative schemes: let X be a normed

linear space, let C be a nonempty convex subset of X, and let T : C → C be a given

mapping. Then, for arbitrary x1 ∈ C , the modified Ishikawa iterative scheme {xn} is

defined by

yn =
(
1−βn

)
xn+βnTnxn, n≥ 1,

xn+1 =
(
1−αn

)
xn+αnTnyn, n≥ 1,

(14)

where {αn} and {βn} are some suitable sequences in [0,1]. With X, C , {αn}, and x1 as

above, the modified Mann iterative scheme {xn} is defined by

x1 ∈ C,
xn+1 =

(
1−αn

)
xn+αnTnxn, n≥ 1.

(15)

In 1998, Xu [26] introduced the following iterative scheme with errors: let X be a

normed linear space, let C be a nonempty convex subset of X, and let T : C → C be

a given mapping. Then, for arbitrary x1 ∈ C , the Ishikawa iterative scheme {xn} with

errors is defined by

yn = ānxn+ b̄nTxn+ c̄nvn, n≥ 1,

xn+1 = anxn+bnTyn+cnun, n≥ 1,
(16)

where {un}, {vn} are bounded sequences in C and {an}, {bn}, {cn}, {ān}, {b̄n}, {c̄n}
are sequences in [0,1] with an+bn+cn = ān+b̄n+ c̄n = 1. With X, C , {un}, {an}, {bn},
{cn}, and x1 as above, the Mann iterative scheme {xn} with errors is defined by

x1 ∈ C,
xn+1 = anxn+bnTxn+cnun, n≥ 1.

(17)

Based on the iterative scheme with errors introduced by Xu [26], the following itera-

tive schemes have been used and studied by several authors (see [1, 2, 13, 16]).
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Let X be a normed linear space, let C be a nonempty convex subset of X, and let

T : C → C be a given mapping. Then, for arbitrary x1 ∈ C , the modified Ishikawa iteration

scheme {xn} with errors is defined by

yn = ānxn+ b̄nTnxn+ c̄nvn, n≥ 1,

xn+1 = anxn+bnTnyn+cnun, n≥ 1,
(18)

where {un}, {vn} are bounded sequences in C and {an}, {bn}, {cn}, {ān}, {b̄n}, {c̄n}
are sequences in [0,1] with an+bn+cn = ān+b̄n+ c̄n = 1. With X, C , {un}, {an}, {bn},
{cn}, and x1 as above, the modified Mann iteration scheme {xn} with errors is defined

by

x1 ∈ C,
xn+1 = anxn+bnTnxn+cnun, n≥ 1.

(19)

On the other hand, Petryshyn and Williamson [17] in 1973 presented some sufficient

and necessary conditions for the Mann iterative sequence to converge to fixed points

for quasi-nonexpansive mappings as follows.

Theorem 4. LetD be a closed subset of a Banach space X, and T mapD continuously

into X such that

(i) F(T) �= ∅,

(ii) the mapping T is quasi-nonexpansive,

(iii) there exists x0 ∈D such that

xn = Tnx0 ∈D, n≥ 1. (20)

Then the sequence {xn} converges to a point in F(T) if and only if

lim
n→∞d

(
xn,F(T)

)= 0. (21)

Theorem 5. LetD be a closed convex subset of a Banach space X, and T a continuous

mapping from D into X such that

(i) F(T) �= ∅,

(ii) the mapping T is quasi-nonexpansive,

(iii) there exist x0 ∈D and λ∈ (0,1) such that

xn = Tnλ x0 ∈D, n≥ 1. (22)

Then the sequence {xn} converges to a point in F(T) if and only if limn→∞d(xn,F(T))
= 0.

Theorem 6. LetD be a closed subset of a Banach space X, and T mapD continuously

into X such that

(i) F(T) �= ∅,

(ii) the mapping T is quasi-nonexpansive,

(iii) there exists x0 ∈D such that

xn = Tnx0 ∈D, n≥ 1, (23)
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(iv) the mapping T is asymptotically regular at x0, that is,

Tnx0−Tn+1x0 �→ 0 as n �→∞, (24)

(v) if {yn} is a sequence in D for all n≥ 1 and ‖(I−T)yn‖→ 0 as n→∞, where I is

the identity mapping on D,

liminf
n→∞ d

(
yn,F(T)

)= 0. (25)

Then the sequence {xn} converges to a point in F(T).

For further details on Theorems 4, 5, and 6, and their examples, refer to Petryshyn

and Williamson [17].

In 1996, Zhou and Jia [28] gave some sufficient conditions for the Ishikawa itera-

tive sequence to converge to fixed points for quasi-nonexpansive mappings in a real

uniformly convex Banach space. In 1997, Ghosh and Debnath [6] extended Theorems

4, 5, and 6 and proved the sufficient and necessary condition for the Ishikawa it-

erative sequence to converge to fixed points for quasi-nonexpansive mappings. Re-

cently, Liu [12, 13] has extended the above results to the class of asymptotically quasi-

nonexpansive mappings and gave some sufficient and necessary conditions to converge

to fixed points for the modified Ishikawa iterative sequence of asymptotically quasi-

nonexpansive mappings.

Let C be a nonempty subset of a normed linear space X and let T : C → C be a

self-mapping. For any x1 ∈ C , define a sequence {xn} in C by

xn = Tnλ,µx1, Tλ,µ = (1−λ)I+λTTµ, (26)

where λ∈ (0,1), µ ∈ [0,1), and Tµ = (1−µ)I+µT .

In [6], Ghosh and Debnath proved the following result.

Theorem 7. Let C be a nonempty closed convex subset of a Banach space X and let

T : C → C be a continuous mapping such that

(i) F(T) �= ∅,

(ii) T is quasi-nonexpansive, that is, for all x ∈ C and p ∈ F(T),

‖Tx−p‖ ≤ ‖x−p‖. (27)

Then, for any x1 ∈ C , the sequence {xn} with xn = Tnλ,µx1 converges to a fixed point of

T in D if and only if limn→∞d(xn,F(T))= 0.

Remark 8. We noted that in Theorem 7, the only use of continuity assumption im-

posed on T is to ensure the closedness of F(T). Note that F(T) is indeed a closed subset

of D and we see that the continuity assumption imposed on T is unnecessary.

Very recently, Liu [12, 13] extended Theorem 7 as follows.

Theorem 9. Let E be a nonempty closed convex subset of a Banach space X and let

T : E → E be an asymptotically quasi-nonexpansive mapping with the nonempty fixed
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point set F(T). Let {xn} be a sequence defined by

x1 ∈ E,
yn =

(
1−βn

)
xn+βnTnxn, n≥ 1,

xn+1 =
(
1−αn

)
xn+αnTnyn, n≥ 1,

(28)

where {αn} and {βn} are sequences in [0,1] with
∑∞
n=1kn <∞. Then the sequence {xn}

converges to a fixed point of T if and only if

liminf
n→∞ d

(
xn,F(T)

)= 0. (29)

Theorem 10. Let E be a nonempty closed convex subset of a Banach space X and

let T : E→ E be an asymptotically quasi-nonexpansive mapping with the nonempty fixed

point set F(T). Let {xn} be a sequence defined by

x1 ∈ E,
yn = ānxn+ b̄nTnxn+ c̄nvn, n≥ 1,

xn+1 = anxn+bnTnyn+cnun, n≥ 1,

(30)

where {un}, {vn} are bounded sequences in C and {an}, {bn}, {cn}, {ān}, {b̄n}, {c̄n}
are sequences in [0,1] with an+bn+cn = ān+ b̄n+ c̄n = 1,

∑∞
n=1kn <∞,

∑∞
n=1 cn <∞,

and
∑∞
n=1 c̄n <∞. Then the sequence {xn} converges to a fixed point of T if and only if

liminfn→∞d(xn,F(T))= 0.

Remark 11. We note that the proofs of Ghosh and Debnath [6, Theorem 1], and Liu

[12, Theorem 1], [13, Theorem 1] have some common ingredients. This fact enlightens

us to explore the possibility to establish more general results.

Let (X,d) be a metric space, let C be a nonempty subset of X, and let T : C → C be

a given mapping with the nonempty fixed point set F(T). Suppose that the iterative

scheme γ : xn+1 = γ(T ,xn) for all n ≥ 1 is well-defined with respect to the chosen

iterative parameters. The iterative scheme γ or iterative sequence {xn} is said to be

of monotone type (see [27]) if there exist sequences {rn} and {sn} of nonnegative real

numbers such that
∑∞
n=1 rn <∞,

∑∞
n=1 sn <∞, and the following inequality holds:

d
(
xn+1,p

)≤ (1+rn)d(xn,p)+sn, p ∈ F(T), n≥ 1. (31)

Remark 12. Several known results on the convergence theorems have shown that

the iterative schemes of monotone type are rich in examples. In this connection, readers

can refer to Chang et al. [1], Chidume [2], Osilike and Igbokwe [16], and the references

therein.

Recently, in [27], Zhou et al. proved the following theorem.

Theorem 13. Let C be a nonempty subset of a complete metric space (X,d) and let

T : C → C be a mapping with the nonempty closed fixed point set F(T). Suppose that

the iterative scheme γ : xn+1 = γ(T ,xn) is of monotone type. Then the sequence {xn}
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converges strongly to some p ∈ F(T) if and only if

liminf
n→∞ d

(
xn,F(T)

)= 0, (32)

where d(x,F(T))= inf{d(x,p) : p ∈ F(T)}.
Note that

liminf
n→∞ d

(
xn,F(T)

)= 0 (33)

if and only if there exists a subsequence {xnj} of {xn} such that {xnj} converges to a

point p ∈ F(T).
Thus we have the following theorem.

Theorem 14. Let C be a nonempty subset of a complete metric space (X,d) and let

T : C → C be a mapping with the nonempty closed fixed point set F(T). Suppose that the

iterative sequence {xn} is of monotone type. Then the sequence {xn} converges strongly

to some p ∈ F(T) if and only if there exists a subsequence {xnj} of {xn} such that {xnj}
converges to a point p ∈ F(T).

Remark 15. In Banach spaces, Theorems 13 and 14 are also still true. As applica-

tions of Theorems 13 and 14, we can deduce Theorems 7, 9, and 10 from Banach spaces

to abstract metric spaces.

Remark 16. If the completeness of X is replaced by the compactness of subset C ,

then the conclusions of Theorems 13 and 14 still hold. In fact, when C is a compact

convex subset of (X,d), then C is complete.

From Theorem 13, we have the following corollary.

Corollary 17. Let X, C , T , and {xn} be same as in Theorem 13. Suppose, further-

more, that the following conditions hold:

(i) T is asymptotically regular in x0, that is,

liminf
n→∞ d

(
xn,Txn

)= 0; (34)

(ii) liminfn→∞d(xn,Txn)= 0 implies that

liminf
n→∞ d

(
xn,F(T)

)= 0. (35)

Then the sequence {xn} converges strongly to a fixed point of T .

Corollary 18. Let X, C , T , and {xn} be the same as in Theorem 13. Assume that T
is asymptotically regular in x0 and satisfies condition (14), that is, there is an increasing

function f :R+ →R+ with f(0)= 0 and f(r) > 0 for all r > 0 such that

d
(
xn,Txn

)≥ f (d(xn,F(T))) (36)

for all n≥ 1. Then the sequence {xn} converges strongly to a fixed point of T .
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Remark 19. Corollaries 17 and 18 extend and improve Theorems 2 and 3 of Liu [12]

by weakening the asymptotic regular on T and removing some redundant restrictions

on the iterative parameters {αn} and {βn}.
Let (X,d) be a metric space and I=[0,1]. A continuous mapping W : X×X× I → X is

called a convex structure on X if, for all (x,y,α)∈X×X×I and u∈X,

d
(
u,W(x,y,α)

)≤αd(u,x)+(1−α)d(u,y). (37)

A metric space (X,d) together with a convex structure W is called a convex metric

space. A nonempty subset C of a convex metric space (X,d) is said to be convex if

W(x,y,α)∈ C for all x,y ∈ C and α∈ I. Obviously, all normed linear spaces and their

convex subsets are convex metric spaces, but there are many examples of convex metric

spaces which are not embedded in any normed linear spaces (see [22]).

In [22], Takahashi introduced initially the notion of convex metric spaces and studied

fixed point theory for nonexpansive mappings in convex metric spaces. Also, Naimpally

et al. [15], Rhoades et al. [18], and many others have proved fixed point theorems in con-

vex metric spaces. Furthermore, Goebel and Kirk [8] and Kirk [11] used convex metric

spaces as hyperbolic type spaces and studied the iterative sequences for nonexpansive

mappings in hyperbolic type spaces, and Ding [5] dealt with the Ishikawa iterative se-

quence to construct fixed points of quasicontractive, generalized quasicontractive, and

quasi-nonexpansive mappings in convex metric spaces.

Inspired and motivated by the notion of the convex structure, we introduce the fol-

lowing definition for our main theorems in this paper.

Definition 20. Let (X,d) be a metric space, let C be a nonempty convex subset of

X, and let I = [0,1]. A mapping W : C×C×C×I×I×I → C is called a convex structure

on C if, for all x,y,z ∈ C , u∈ C and α,β,γ ∈ I with α+β+γ = 1,

d
(
u,W(x,y,z,α,β,γ)

)≤αd(u,x)+βd(u,y)+γd(u,z). (38)

Note that every metric space with the convex structure W with γ = 0 given in

Definition 20 is a convex metric space in the sense of Takahashi.

In this paper, motivated by Theorems 7, 9, and 10 concerning the convergence condi-

tions of the iterative schemes for quasi-nonexpansive and asymptotically quasi-nonex-

pansive mappings in Banach spaces, by using Theorem 13, we prove some convergence

theorems of the modified Ishikawa iterative sequence with errors for uniformly quasi-

Lipschitzian mappings in metric spaces with the convex structure W . Our results gen-

eralize and improve Theorems 7, 9, and 10, and many others in several ways.

Now, we prove the main results in this paper.

Theorem 21. Let (X,d) be a complete metric space with the convex structureW given

in Definition 20, let C be a nonempty convex closed subset of X and let T : C → C be a

uniformly quasi-Lipschitzian mapping with the Lipschitz constant L≥ 1. For an arbitrary
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initial value x0 ∈ C , let {xn} be a sequence in C defined by

yn =W
(
xn,Tnxn,vn,ān, b̄n, c̄n

)
, n≥ 0,

xn+1 =W
(
xn,Tnyn,un,an,bn,cn

)
, n≥ 0,

(39)

where {un}, {vn} are bounded sequences in C and {an}, {bn}, {cn}, {ān}, {b̄n}, {c̄n} are

sequences in [0,1] with the restrictions an+bn+cn = ān+ b̄n+ c̄n = 1,
∑∞
n=1bn < +∞,∑∞

n=1 cn <+∞, and
∑∞
n=1 c̄n <+∞. Then the sequence {xn} converges strongly to a point

p ∈ F(T) if and only if

liminf
n→∞ d

(
xn,F(T)

)= 0. (40)

Proof. The necessity is obvious and so the proof is omitted. Now, we will prove the

sufficiency. For any p ∈ F(T), set

M =max

{
sup
n≥1

{
d
(
un,p

)}
,sup
n≥1

{
d
(
vn,p

)}}
. (41)

Since the mapping T : C → C is uniformly quasi-Lipschitzian, by using (39), we have

d
(
yn,p

)≤ ānd(xn,p)+ b̄nd(Tnxn,p)+ c̄nd(vn,p)
≤ (ān+ b̄nL)d(xn,p)+ c̄nM
= (1− b̄n− c̄n+ b̄nL)d(xn,p)+Mc̄n
= [1+(L−1)b̄n

]
d
(
xn,p

)+Mc̄n
= Ld(xn,p)+Mc̄n,

d
(
xn+1,p

)≤ and(xn,p)+bnd(Tnyn,p)+cnd(un,p)
≤ (1−bn)d(xn,p)+bnLd(yn,p)+cnM
≤ [1+(L2−1

)
bn
]
d
(
xn,p

)+LM(c̄n+cn),

(42)

which shows that the sequence {xn} is of monotone type by our assumptions {bn},
{cn}, and {c̄n}. On the other hand, F(T) is a closed subset of C since T is uniformly

quasi-Lipschitzian. Therefore, By Theorem 13, the conclusion follows. This completes

the proof.

Corollary 22. Let (X,d) be a complete metric space, let C be a nonempty convex

closed subset of X, and let T : C → C be a uniformly quasi-Lipschitzian mapping with the

Lipschitz constant L ≥ 1. Let W be the convex structure defined by W(x,y,z,α,β,γ) =
αx+βy+γz for all x,y,z ∈ C and α,β,γ ∈ I with α+β+γ = 1. Let {xn} be a sequence

in C defined by (18) for x1 ∈ C , where {un}, {vn} are bounded sequences in C and {an},
{bn}, {cn}, {ān}, {b̄n}, {c̄n} are sequences in [0,1] with an+bn+cn = ān+b̄n+ c̄n = 1,∑∞
n=1bn < +∞,

∑∞
n=1 cn < +∞, and

∑∞
n=1 c̄n < +∞. Then the sequence {xn} converges

strongly to a point p ∈ F(T) if and only if

liminf
n→∞ d

(
xn,F(T)

)= 0. (43)
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Proof. The proof follows from Theorem 21.

As immediate consequences of Corollary 22, we have the following corollary.

Corollary 23. Let X be a Banach space, let C be a nonempty convex closed subset

of X, and let T : C → C be a uniformly quasi-Lipschitzian mapping. Let {xn} be the

same sequence as in Corollary 22. Then the sequence {xn} converges strongly to a point

p ∈ F(T) if and only if

liminf
n→∞ d

(
xn,F(T)

)= 0. (44)

Proof. The conclusion follows from Corollary 22 with the metric d(x,y)= ‖x−y‖
and the convex structureW defined byW(x,y,z,α,β,γ)=αx+βy+γz for all x,y,z ∈
C and α,β,γ ∈ I with α+β+γ = 1.

Corollary 24. Let X be a Banach space, let C be a nonempty convex closed subset

of X, and let T : C → C be an asymptotically quasi-nonexpansive mapping. Let {xn} be

the same sequence as in Corollary 22. Then the sequence {xn} converges strongly to a

point p ∈ F(T) if and only if

liminf
n→∞ d

(
xn,F(T)

)= 0. (45)

Proof. Since T : C → C is asymptotically quasi-nonexpansive, we have

∥∥Tn−p∥∥≤ (1+kn)‖x−p‖ (46)

for all x ∈ C , p ∈ F(T), and n ≥ 1, where kn ≥ 0 and kn → 0 as n → ∞. Setting L =
1+sup{kn :n≥ 1}, then we have

∥∥Tnx−p∥∥≤ L‖x−p‖ (47)

for all x ∈ C , p ∈ F(T), and n≥ 1, which shows that T is uniformly quasi-Lipschitzian.

Therefore, Corollary 24 follows from Corollary 23. This completes the proof.

Remark 25. Theorem 21 gives an actual example for our early general convergence

principle (see, [27, Theorem 2.1]). Corollaries 22, 23, and 24 generalize and improve

Theorems 7, 9, and 10, and many others.

Theorem 26. Let X be a Banach space, let C be a nonempty convex closed subset of

X, and {xn} be a sequence in C defined by (18) for x1 ∈ C , where {un}, {vn} are bounded

sequences in C and {an}, {bn}, {cn}, {ān}, {b̄n}, {c̄n} are sequences in [0,1] with an+
bn + cn = ān + b̄n + c̄n = 1. Let T : C → C be an asymptotically quasi-nonexpansive

mapping with F(T) �= ∅ and a sequence {kn} in [0,∞) satisfying
∑∞
n=1bn(k2

n−1) <+∞.

If

liminf
n→∞ d

(
xn,F(T)

)= 0, (48)

then the sequence {xn} converges strongly to a point p ∈ F(T).
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Proof. For any p ∈ F(T), set

M =max

{
sup
n≥1

{∥∥un−p∥∥},sup
n≥1

{∥∥vn−p∥∥}
}
. (49)

Then, by using (18), we have

∥∥yn−p∥∥≤ ān∥∥xn−p∥∥+ b̄nkn∥∥xn−p∥∥+ c̄n∥∥vn−p∥∥
≤ (1− b̄n+ b̄nkn)∥∥xn−p∥∥+ c̄nM
= [1+ b̄n(kn−1

)]∥∥xn−p∥∥+Mc̄n
≤ kn

∥∥xn−p∥∥+Mc̄n,
(50)

and so ∥∥xn+1−p
∥∥≤ an∥∥xn−p∥∥+bnkn∥∥yn−p∥∥+cn∥∥un−p∥∥
≤ (1−bn+bnk2

n
)∥∥xn−p∥∥+ c̄nbnknM+cnM

≤ [1+bn(k2
n−1

)]∥∥xn−p∥∥+(c̄n+cn)M.
(51)

Therefore, by our assumptions, we know that the sequence {xn} is of monotone type

and so the conclusion follows from Theorem 13. This completes the proof.

Remark 27. Theorem 26 improves [3, Theorem 3.2] in several ways.

Corollary 28. Let C be a closed convex subset of a complete convex metric space

X with the convex structure W in the sense of Takahashi and let T : C → C be a uni-

formly quasi-Lipschitzian mapping. Suppose that, for an arbitrary initial value x0 ∈ C ,

the iterative sequence {xn} is defined by

xn+1 =W
(
Tnyn,xn,αn

)
, n≥ 0,

yn =W
(
Tnxn,xn,βn

)
, n≥ 0,

(52)

where {αn} and {βn} are sequences in (0,1) satisfying
∑∞
n=1αn < +∞. Then the se-

quence {xn} converges strongly to a point p ∈ F(T) if and only if liminfn→∞d(xn,F(T))
= 0.

Proof. The proof follows from Theorem 21 with bn =αn, b̄n = βn, cn = c̄n = 0, and

un = vn = 0 for all n≥ 0.

Remark 29. If L = 1, then the condition
∑∞
n=1αn < +∞ in Corollary 28 can be re-

moved.

From Corollary 28, we have the following corollary.

Corollary 30. Let X be a Banach space, let C be a nonempty convex closed sub-

set of X, and let T : C → C be a uniformly quasi-Lipschitzian mapping. Let {xn} be the

sequence defined by (14) for x1 ∈ C, where {αn} and {βn} are sequences in [0,1] satis-

fying
∑∞
n=1αn <+∞. Then the sequence {xn} converges strongly to a point p ∈ F(T) if

and only if liminfn→∞d(xn,F(T))= 0.
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Proof. Define a metric function d(x,y) = ‖x−y‖ for all x,y ∈ C and a convex

structure W by

W(x,y,α)=αx+(1−α)y (53)

for all x,y ∈ C and α ∈ I. Then (X,d) is a complete metric space with the convex

structure W . Therefore, by Corollary 28, we have the conclusion of Corollary 30. This

completes the proof.

Corollary 31. Let X be a Banach space, let C be a nonempty convex closed subset

of X, and let T : C → C be an asymptotically quasi-nonexpansive mapping. Let {xn} be

the same sequence as in Corollary 30. Then the sequence {xn} converges strongly to a

point p ∈ F(T) if and only if liminfn→∞d(xn,F(T))= 0.

Proof. Every asymptotically quasi-nonexpansive mapping is uniformly quasi-Lip-

schitzian and so, from Corollary 30, the conclusion follows.
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