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We study the existence of mild solutions of the nonlinear second-order neutral functional
differential and integrodifferential inclusions with nonlocal conditions in Banach spaces. The
results are obtained by using the theory of strongly continuous cosine families of bounded
linear operators and a fixed point theorem for condensing maps due to Martelli.
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1. Introduction. In the two recent decades, existence problem for differential in-
clusions has attracted much attention. Differential inclusions represent an important
generalization of differential equations. The solution of a differential inclusion is a
reachable set instead of a single trajectory. Ordinary and partial differential equations
as modeling tools are too primitive to describe the behavior of many real dynamical
systems. The differential inclusion is the most appropriate tool in dynamic uncertainty
treatment. So it becomes important to study the qualitative behaviors of differential
and integrodifferential inclusions. In recent years, the existence results for differential
and integrodifferential inclusions have been extensively studied by several authors.

In this work, we prove the existence of mild solutions for second-order neutral func-
tional differential and integrodifferential inclusions in Banach spaces. In Section 3, we
consider the second-order neutral functional differential inclusion

d. , ’ _
E[x (t)—g(t,x)] € Ax(t) +F(t,x;,x'(t)), ae.te]J=[0,T], w1

x(t)+hi(x)=¢(t), teo=[-7r,0], x'(0) =y,

where the state x(-) takes values in a real Banach space X with the norm |- |, ¢ €
C(Jo,X), Yo € X, Ais the infinitesimal generator of a strongly continuous cosine family
{Ct):teR}, g:JxC(Jo,X) - X, hy: C(Jo,X) — X, t € Jy, are given functions, and
F:JxC(Jo,X)xX — 2X is a bounded, closed, convex multivalued map.

For a continuous function x defined on the interval J; = [-7,T] and t € J, we denote
by x; the element of C(Jy,X) defined by

xXt(s)=x(t+s), s€]Jp. (1.2)

Here x;(-) represents the history of the state from time ¢ — 7 up to the present time t.
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We refer the reader to [9, 10, 14] and the references cited therein for motivation
regarding the nonlocal initial conditions. As indicated in the above papers, the nonlocal
condition x(0) + g(x) = x( can be applied in physics with better effect than the classical
Cauchy problem x(0) = x¢. For example, h;(x) may be given by

14
he(x) = > cix(ti+t), te o, (1.3)
i=1

where ¢;, i =1,...,p, are given constants and 0 < t; <tp <--- <, <T.Attime t =0,
we have

P
ho(x) = > cix(t;). (1.4)
i-1

In this case, it allows the measurements at t;, i = 1,...,p, rather than just at t = 0.
In Section 4, we study the existence of mild solutions for second-order neutral func-
tional integrodifferential inclusion

t
i[x'(t) -g(t,xy)] eAx(t)+J K(t,s)F(s,xs,x'(s))ds, ae.te]J=[0,T],
0

dt (1.5)

x(t)+hi(x)=¢(t), teo=[-7r,0], x'(0) =1y,

where A, F, g, h;, and ¢ are as in the problem (1.1) and K:D - R, D = {(t,s) € Jx J:
t>s}.

In many cases, it is advantageous to treat the second-order abstract differential equa-
tions directly rather than to convert them into first-order systems. A useful tool for the
study of abstract second-order equations is the theory of strongly continuous cosine
families. Here we use some of the basic ideas from cosine family theory. We refer to
[30, 31] for a detailed discussion of cosine family theory. Second-order equations which
appear in a variety of physical problems can be found in [4, 17].

For existence results on nonlocal initial value problem (IVP), we refer to the papers of
Byszewski [11], Balachandran and Chandrasekaran [2, 3], Dauer and Balachandran [12],
Lin and Liu [23], and Ntouyas and Tsamatos [25, 26]. Existence results for differential
inclusions on compact intervals are given in the papers of Avgerinos and Papageorgiou
[1] and Papageorgiou [27, 28]. In [6], Benchohra and Ntouyas studied the existence
results for second-order differential inclusions on noncompact intervals.

This paper is motivated by the recent papers of Benchohra and Ntouyas [7] and
Hernandez and Henriquez [19, 20].

2. Preliminaries. In this section, we collect some basic facts from multivalued anal-
ysis which will be used in this paper.

Let C(J,X) be the Banach space of continuous functions from J into X with the norm

Xl :=sup {|x ()] : t € J}. (2.1)
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Let B(X) denote the Banach space of bounded linear operators from X into X. A mea-
surable function x : J — X is Bochner integrable if and only if | x| is Lebesgue integrable.
(For properties of the Bochner integral see Yosida [32].)

Let L'(J,X) denotes the Banach space of continuous functions x : J — X which are
Bochner integrable, with the norm

T
x|l :JO [x(t)|dt VxeL'(J,X). (2.2)

Let (X,|-]) be a Banach space. A multivalued map G : X — 2% is convex (closed)
valued if G(x) is convex (closed) for all x € X.

G isbounded on bounded sets if G(D) = Jycp G(x) is bounded in X, for any bounded
set D of X, that is,

sug{sup{lyl:yeG(x)}}<oo. (2.3)

A map G is called upper semicontinuous on X if, for each xg € X, the set G(xg) is a
nonempty closed subset of X and if for each open set V of X containing G(xg), there
exists an open neighborhood U of xg such that G(U) c V.

A map G is said to be completely continuous if G(D) is relatively compact for every
bounded subset D c X.

If the multivalued map G is completely continuous with nonempty compact values,
then G is upper semicontinuous if and only if G has a closed graph, that is, for x,, — x4,
Yn — Vs, With v, € Gxy,, we have y, € Gxy.

The map G has a fixed point if there is x € X such that x € Gx.

In the following, BCC(X) denotes the set of all nonempty bounded closed and convex
subsets of X.

A multivalued map G : J — BCC(X) is said to be measurable if for each x € X, the
function Y : J — R defined by

Y(t) =d(x,G(t)) =inf{|x —y|, v € G(t)} (2.4)

belongs to L' (J,R).
Anupper semicontinuous map G : X — 2% is said to be condensing if, for any bounded
subset D < X, with (D) # 0, we have

x(G(D)) < (D), (2.5)

where « denotes the Kuratowski measure of noncompactness. For properties of the
Kuratowski measure, we refer to Banas and Goebel [5]. We remark that a completely
continuous multivalued map is the easiest example of a condensing map. For more
details on multivalued maps, see the books of Deimling [13] and Hu and Papageorgiou
[21].
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Next, we give some basic results regarding the cosine families of bounded linear
operators. We say that the family {C(t) : t € R} of operators in B(E) is a strongly
continuous cosine family if

(i) C(0) =1 is the identity operator in E;
(ii) C(t+s)+C(t—s)=2C(t)C(s) forall s, t € R;

(iii) the map t — C(t)x is strongly continuous for each x € X.

The strongly continuous sine family {S(t) : t € R}, associated to the given strongly
continuous cosine family {C(t) : t € R}, is defined by

t
S(t)x:JO C(s)xds, xeX,teR. (2.6)

Assume the following condition on A.
(H1) A is the infinitesimal generator of a strongly continuous cosine family C(t),
t € R, of bounded linear operators from X into itself and the adjoint operator A* is
densely defined, that is, D(A*) = X* (see [8]).
The infinitesimal generator of a strongly continuous cosine family C(t), t € R, is the
operator A: X — X defined by
d2
Ax = —C(t , e D(A), 2.7
thZ()xtzox (A) (2.7)
where D(A) = {x € X : C(t)x is twice continuously differentiable in ¢}.
Define E = {x € X : C(t)x is once continuously differentiable in t}.
To establish our main theorem, we need the following lemmas.

LEMMA 2.1 (see [30]). Let (H1) hold. Then
(i) there exist constants M > 1 and w > 0 such that |C(t)| < Me®'t! and |S(t) —
St = M| [ e®lds| fort,t* € R;
(i) S(t)X CE and S(t)EC D(A) fort € R;
(iii) (d/dt)C(t)x = AS(t)x forx e E andt € R;
(iv) (d?/dt>)C(t)x = AC(t)x for x € D(A) and t € R.

LEMMA 2.2 (see [30]). Let (HI) hold, let v : R — X such that v is continuously differ-
entiable, and let q(t) = f(fS(t—s)v(s)ds. Then
(i) q is twice continuously differentiable and fort € R, q(t) € D(A),
(i) q'(t) = f(f C(t-s)v(s)yds and q” (t) = Aq(t)+v(t).

For more details on strongly continuous cosine and sine families, we refer the reader
to the books of Goldstein [18] and to the papers of Fattorini [15, 16] and of Travis and
Webb [30, 31].

To prove the existence result, we rely on the following fixed point theorem due to
Martelli.

LEMMA 2.3 (see [24]). Let X be a Banach space and N : X — BCC(X) a condensing
map. If the set

Q:={x e X:Ax € Nx for some A > 1} (2.8)

is bounded, then N has a fixed point.
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3. Second-order neutral differential inclusions. To obtain the existence result for
the problem (1.1), we assume the following.

(H2) C(t), t > 0, is compact.

H3) F:JxC(Jo,X)xX = BCC(X); (t,u,v) — F(t,u,v) is measurable with respect to
the first argument and upper semicontinuous with respect to the last two arguments.
Also for each fixed x € C([-7,T1,X)nC (], X), the set

Srx=1f€LY(J,X): f(t) € F(t,x¢,x' (1)) for ae. t € J} (3.1)
is nonempty.
(H4) The function g : J X C(Jo,X) — X is completely continuous and for any bounded

set K in C(J1,X), the set {t — g(t,x;) : x € K} is equicontinuous in C(J,X) and there
exist constants ¢; and ¢» such that

lgt,w)| <cillull+c2, te], ueC(Jo,X). (3.2)
H5) hy : C(Jo, X) — X, t € Jp, and there exists a constant G > 0 such that
llhe(x)|| <G for x € C(Jo,X), t € Jo, (3.3)
and the set
{x(0):x € C(Jo,X), lIx|l <k, x(0) = p(0) —ho(x)} (3.4)
is precompact in X.
(H6) ||F(t,u,v)| :=sup{|lw|:w € F(t,u,v)} <pt)yp(lu|+|v]|) for almostall t € J,

u € C(Jo,X), and v € X, where p € L' (J,R;) and ¢ : R, — (0,) is continuous and
increasing with

T 0 dS
JO m(s)ds < L STYE) < 00, (3.5)

where
M=sup{|C(t)|:teJ}, M*=sup{|AS(t)]|:te ]},
m(t) =max {Mc, +Mc? +M*cy,(M+MT+Mc,T)p(t)},

c=(M+Mcy +M*)(IIpII+G)+ (M+MT+MTcy)[|yo| +c1(lpll+G) +ca]
+ (1 +C1)MTC2 +M*TC2 +Co.

(3.6)

REMARK 3.1. (i) If dimX < oo, then for each v € C(Jo,X), Sr.u = ¢ (see Lasota and
Opial [22]).
(ii) Sr, is nonempty if and only if the function Y : J — R defined by
Y(t):=inf{|v|:v € F(t,u)} (3.7)

belongs to L1 (J,R) (see Papageorgiou [27]).
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In order to define a mild solution for the problem (1.1), we consider the integral
equation

x(t) = C(0)[¢(0) —ho(x)]+S (1) [>0-9g(0,x0)]

t t (3.8)
+J C(t—s)g(s,xs)ds+J S(t—s)f(s)ds, te],
0 0

where
fESrx=1{f €L (J,X): f(t) €F(t,x;,x'(t)) for a.e. t € J}. (3.9)

DEFINITION 3.2. A function x:[-%,T] — X, T > 0, is called a mild solution of the
problem (1.1) if x(t) + hy(x) = ¢(t), t € [-7,0], and there exists a v € L' (J,X) such
that v(t) € F(t,x¢,x’(t)) a.e. on J, and the integral equation (3.8) is satisfied.

We need the following lemma to prove our main theorem.

LEMMA 3.3 (see [22]). LetI be a compact real interval and let X be a Banach space.
Let F be a multivalued map satisfying (H3) and let T be a linear continuous mapping
from L' (I,X) to C(I,X). Then, the operator

ToSp:C(I,X) — BCC(C(I,X)), x — (ToSk)(x) =T(Srx), (3.10)

is a closed graph operator in C(I,X) X C(I,X).
Now, we are able to state and prove our main theorem.

THEOREM 3.4. Assume that Hypotheses (H1)-(H6) are satisfied. Then system (1.1) has
at least one mild solution on J.

PROOF. Consider the space Z = C([-7,T],X)nC(J,X) with the norm
llx[I* = max {llxIly,, Ix"ll;}, (3.11)
where
x|y, =sup{|x(t)|:-r <t <T}, llx'|l; =sup {|x'(t)| :0<t <T}. (3.12)

Now, we transform the problem into a fixed point problem. Consider the multivalued
map N : Z — 2% defined by Nx the set of functions u € Z such that

P (L) —he(x) if t € Jo,
w(t) = C(t)[(0) —ho(x)]+S(t)[vo—9g(0,x0)] (3.13)

t t
+J C(t—s)g(s,xs)d5+J S(t—s)f(s)ds ifte],
0 0

where (3.9) holds. We remark that the fixed points of N are mild solutions to (1.1).
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We will show that N is completely continuous with bounded closed convex values
and it is upper semicontinuous. The proof will be given in several steps.

STEP 1. Nx is convex for each x € Z.

Indeed, if u;, u, belong to Nx, then there exist f, f> € Sr such that, for each t € J,
we have

u(t) = C(t)[p(0) —ho(x)]+S(t)[vo—9(0,x0)]
t t
+J C(t—s)g(s,xs)d5+J S(t—s)f1(s)ds,
0 0 (3.14)
U (t) = C(t)[p(0) —ho(x)]+S () [30—9(0,x0)]

t t
+J C(t—s)g(s,xs)d5+J S(t—s)fo(s)ds.
0 0

Let 0 < @« < 1. Then, for each t € J, we have

t
(g + (1 —o)uz)(t) = C(t)[p(0) —ho(x)]+S(t)[yo—9(0,x0)] +IO C(t-s)g(s,x;s)ds

t
+L Stt—s)[afi(s)+(1—-x) fals)]ds
(3.15)

Since Sr . is convex (because F has convex values), then
o+ (1-—x)up, € Nx. (3.16)

STEP 2. N maps bounded sets into bounded sets in Z.

Indeed, it is enough to show that there exists a positive constant £ such that, for each
ueNx,x €B;={x€Z:|x|* <q}, one has [|[ul|* < ¥{.If u € Nx, then there exists
f € Sgx such that for each t € J, we have

u(t) =Ct)[P(0) —ho(x)]+S(t)[0—-9(0,x0)]

t t (3.17)
+J C(tfs)g(s,xg)ds+J S(t—s)f(s)ds.
0 0
By (H4)-(H6), we have, for each t € J,
lu(t) ]| < |[C(H)[P(0) —ho(x)]| +|S(t)[vo—g(0,x0)]|
U C(t—-5)g(s,xs) ds‘ H S(t- s)f(s)ds‘
(3.18)

<M(llpll+G) +MT[|yo| +ci1||xoll +2c2]

t t
+Mc1J [|xs]|ds +MT sup w(2x)<J p(s)ds)_
0 xe[0,q] 0
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By

u'(t) =AS(t)[p(0) —ho(x) ]+ C(t)[vo—g(0,x0)] +g(t,x¢)

t t
+I AS(t—s)g(s,xS)ds+J C(t—s)f(s)ds,
0 0

we have for each t € J,

|w' ()| < |AS(t)[p(0) —ho(x)]| + |C () [vo—g(0,x0)]| + | g(t,x¢) |

JAS(t $)g(s,x;s ds‘ H C(t— s)f(s)ds‘

sM*(\|¢|l+G)+M[|yo| +c1l|xol| + 2] +er|lxe|| +co + M*Te

t
+M*c ||x5||ds+M sup W(ZX)(JOP(S)dS>.

x€[0,q]

Then for each h € N(By;), we have

lull* < (M+M*)(llpll +G) + ML+ T) (| 0| +cullxol| +c2)

T
+(c1q+¢c2)(1+MT+M*T)+M(1+T) sup ([/(ZX)(L) p(s)ds) = 1.

x€[0,q]

STEP 3. N maps bounded sets into equicontinuous sets of Z.

(3.19)

(3.20)

(3.21)

Letty, tr € J,0<t; <tp,andletB; = {x € Z: || x[|* < q} be abounded set of C(J1,X).
For each x € B; and u € Nx;, there exists f € Sr such thatfort € J, (3.17) holds. Thus,

|u(ty) —u(t2) | < [[C(t1) = C(t2)][(0) —ho () ]| + [ [S(t1) = S(t2)][v0 — g (0,x0)] |

+U0“ [C(t1—5)—C(t2—5)]g(5,xs)ds‘+

t

+

0

Jtl [S(t1-35) 7S(tzfs)]f(s)d5‘ + ’ J‘:jS(tz*S)f(S)dS'

t2
C(t2=5)g(s,x.)ds|

< |C(t1) =C(t2) [ (1Pl +G) + [S(t1) =S (t2) [ [| 0| +cal|x0l| + 2]

+It1 |C(ty—s) = C(ta—s)|[c1|xs]| +c2]ds
0

+Lt2 |C(t2—s) | [ca][xs]| + c2]ds

3]
+J 1S(tr—5) =S (ta—s ||f(5)|ds+J I1S(ta—s) | | f(s) | ds,
0

(3.22)
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and similarly,

[u'(t) —u'(t2) | < [A[S(t1) =S(t2)][(0) —ho(x)]|
+[[C(t1) = C(t2) 1[0 —g(0,x0) ]| + | g (t1,x1,) — g (ta,x1,) |

ty ’

| ], AlS(tr=5)=S(t2=s)]g(s,xc)ds

%]

+ AS(tz—s)g(s,xs)ds’ + ’ J; [C(t1—5) - C(to— )£ (s)ds

+ ’ Ltz C(to —s)f(s)ds‘
< |A[S(t1) =S(t2)] [ (Il +G)
+|S(t1) =S(t) [[[>o] +erllxoll +c2] + [g(tr1,xe,) =g (L2, xt,) |

+J: |A[S(t1—5) = S(t2—35)]|[c1]|xs|| +c2]ds

tp
+L |AS (2 — ) | [e1]|xs]| + 2 ]dss
t1 t2
+J |C(t1—s)—C(t2—s)||f(s)\d5+J' 1C(ta—s)||.f(s)|ds.
0 ty
(3.23)

The right-hand side of the above inequalities tend to zero as t, —t; — 0, since C(t),
S(t) are uniformly continuous for t € J and the compactness of C(t), S(t) for t > 0
imply the continuity in the uniform operator topology. The compactness of S(t) follows
from that of C(t) (see [29]).

The equicontinuity for the cases t; < t, <0 and t; < 0 < t, is obvious. As a conse-
quence of Steps 2 and 3, (H2), (H4), and (H5) together with the Ascoli-Arzela theorem,
we can conclude that N : Z — 27 is a completely continuous multivalued map, and
therefore, a condensing map.

STEP 4. N has a closed graph.

Let x, — X, Un € NXxy, and uy — us. We will prove that u,. € Nx.. Clearly, x;, — x,
u, € Nx,, and u;,, - u,. up € Nx, means that there exists f, € Sg, such that for
tel,

t
Up(t) =C(t)[Pp(0) —ho(xn)]+S(t)[vo—9g(0,xn0)] +J0 C(t—5)g(s,xns)ds

t (3.24)
+J S(t—s)fu(s)ds.
0
We must prove that there exists fi € Srx, such that for t € J,
t
U (1) = C(£)[P(0) —ho(x4) | +S()[vo—g(0,xx0)] +J C(t—5)g(s,Xxs)ds
0 (3.25)

t
+J S(t—s)f«(s)ds.
0
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Clearly, we have that, as n — oo,
| (s~ CO (GO~ o en)) -5 D) (31~ 9 0, 300)) ~ || €Ut =), x05)as)
- (w0 —C(t)(¢(0)—ho(X*))—S(t)(yo—Q(O,x*o))—J:C(t—S)g(SaX*s)dS) —o0,
(s 1A () (B(0) o) ~C (1) 0 (0, x00)~  x)~ | AS(E=911(5,x05) )
— (w4 (0= AS (O (6(0) ~ ho (x.)) = C(0) (0~ 9 (0,%40)

t
—g(t,x) —J AS(t—s)g(s,x*S)ds)‘ — 0.
’ (3.26)

Consider the linear and continuous operator I': L1 (J, X) — C(J,X) defined as

t
F—T(H) @) =IOS(t—s)f(s)d5. (3.27)

From Lemma 3.3, it follows that I' o S is a closed graph operator. Moreover, we have
that

t
U (t) = C(t)[P(0) —ho(x)]-St)[yo—9(0,x0)] —JO C(t—5)g(s,xns)ds €T(Srx,)-
(3.28)

Since x, — X4, it follows from Lemma 3.3 that

T
U (t) = C()[P(0)—ho(x)] =S ) [vo—g(0,x0)] —L C(t—5)g(s,xxs)ds
(3.29)

t
- josu—s)f* (s)ds

for some fi € Srx,. Therefore, N is a completely continuous multivalued map, upper
semicontinuous with convex closed values.
STEP 5. The set

Q:={xeZ:Ax € Nx, for some A > 1} (3.30)

is bounded.
Let x € Q. Then Ax € Nx for some A > 1. Thus, there exists f € Sgx such that

x(t) =A"1C(t)[P(0) —ho(x)] +A71S () [vo —g(0,x0)]

t t (3.31)
+)\‘1J C(t—s)g(s,xs)dsw\‘lj S(t—s)f(s)ds, tel].
0 0
This implies by (H5)-(H6) that for each t € J, we have
[x(@) | <M(lpll+G) +MT[|yo| +ci|lxol| +2¢2]
(3.32)

t t
+Mclj0 ||xs;|ds+MTj0 p()w(||xc|+ X ()] )ds.
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We consider the function
ut) =sup{|x(s)|:-r=<s<t}, tel].

Let t* € [—v,t] be such that u(t) = [x(t*)|. If t* € Jo, then u(t) < |||l +G.
If t* € J, we have for t € J,

t*
) <M(lpll+G)+MT[|yo| +c1(lpll+G) +2¢c2] + Mcy . u(s)ds

t*
+MT . pS)Y(p(s)+|x'(s)])ds
t
=M(llpll+G)+MT[|yo| +c1(llpll+G) +2c2] +Mcy Jou(s)ds

t
+MTJ0 () (u(s) + | %' (5)])ds.

Denoting by g (t) the right-hand side of the above inequality, we have

a(0) =M (llpll+G) +MT[|yo| +c1(llpll +G) +2c2],
u(t) <q(t), te],
a'(t) =Mciut)+MTp )y (ut) + |x'(t)]), tel.

By
X' (t) = ATTAS (D) [(0) —ho(x) ]+ AL C (1) [0 - g(0,x0) ] + A g (t,x¢)
+2\’1J;AS(th)g(S,xs)ds+A’lL:C(tfs)f(s)ds, tel],
we obtain
[x" ()| = M* (Il +G) +M[[vo| +cllxol|+c2] +M*coT + x| + 2
e [ Ihllds <M [ pow (el [ 5))ds.
Let

y(t)=sup{|x'(s)|:0<s<t}, te].
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(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

Let t* € [0,t] be such that y(t) = |x’(t*)|. By the previous inequality, we have for t € J,

y(t) < M*(lpll+G) +M[|vo| +c1 (1Pl +G) +co] + M*coT +cyl|xe+ || + c2

t* t*
eMe [ llds M [ peyw |+ yis)ds
0 0
<M*(Ipll+G)+M[|yo| +c1 (Pl +G) +c2] +M*c2 T +c1q(t) +c2

t t
+M*c; JO q(s)ds+MJ0 pS)w(qs)+y(s))ds.

(3.39)
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Denoting by 7 (t) the right-hand side of the above inequality, we have

r(0) =M*(lpl+G)+M[|yo| +c1(lPpll+G) +c2] + M* 2T +¢14(0) +c2,
y()<r(), tel], (3.40)
r'(t)=M*ciq(t) +c1q' () +Mp ) w(at) +y(t)), tel].

Let w(t) =q(t)+r(t),t € J. Then w(0) =c and for t € J,

w'(t) =q'(t) +7'(t)
<(1+c1)[Mcig(t) +MTp(H)p(q(t) +7(t))]
+M*c1q(t) + Mp () (a(t) +7(t)) (3.41)
< (Mcy+M*ci +Mc?)w(t) + (M+MT+MTcy)p(t)pw(t)
<m(t)w(t)+y(w(t)).

This implies that for each t € J,

w® g T o ds
< d J . 3.42
Iw(O) s+y(s) = Jo mis)ds < w(©) S+ Y(s) ( )

This inequality implies that there exists a constant L such that w(t) <L, t € J. Then

|x(@)] <p(t) <q(t) <L, te,

X' <y <rt)<L, te], (3:43)

and hence
lxII* =max {lIx|l,, Ix"ll;} <L, (3.44)

where L depends only on T and on the function p and . This shows that Q) is bounded.
As a consequence of Lemma 2.3, we deduce that N has a fixed point which is a mild
solution of the system (1.1). O

4. Second-order neutral integrodifferential inclusions. In this section, we study the
existence problem (1.5). We need the following assumptions.
(H7) For each t € J,K(t,s) is measurable on [0,t] and

H(t) =esssup{|K(t,s)|, 0<s<t} 4.1)

is bounded on J.

(H8) The map t — K; is continuous from J to L*(J,R); here K;(s) = K(t,s).

(H9) [|[F(t,u,v)| :=sup{|lw|:w e F(t,u,v)} <pt)p(lull+|v]|) for almostall t € J,
u € C(Jo,X), and v € X, where p € L' (J,R,) and ¢ : R, — (0, ) is continuous and
increasing with

T 0 dS
JO m(s)ds < L STUE) < 00, 4.2)
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where

m* (t) = max {Mcl +Mc?+M*ci,(MT+MT? +MT?c;) supH(t)p(t)}. 4.3)
te]
We define the mild solution for the problem (1.5) by the integral equation

t
x(t) =C(t)[p(0)—ho(x)]+S(t)[10—g(0,x0)] +JO C(t—-s)g(s,xs)ds
4.4)
t K
+J S(t—s)J K(s,u)f(u)duds, te],
0 0

where f € S = {f € LY(J,X) : f(t) € F(t,x;,x'(t)) for a.e. t € J}.

DEFINITION 4.1. A function x:[-7,T] — X, T > 0, is called a mild solution of the
problem (1.5) if x(t) + h;(x) = ¢(t), t € [-7,0], and there exists a v € L' (J,X) such
that v(t) € F(t,x:,x’'(t)) a.e. on J, and the integral equation (4.4) is satisfied.

THEOREM 4.2. Assume that hypotheses (H1)-(H5), (H7)-(H9) are satisfied. Then sys-
tem (1.5) has at least one mild solution on J.

PROOF. Consider the multivalued map Q : Z — 24 defined by Qx, the set of functions
u € Z such that

p(t) —he(x) if t € Jo,
t
u(t) = C(t)[qS(O)—ho(x)]+S(t)[yo—g(0,xo)]+J0C(t—s)g(s,x5)d5
t s
+J S(tfs)J K(s,T)f(T)dTds ifte],
0 0 “4s)

where (3.9) holds. We remark that the fixed points of Q are mild solutions to (1.5).

As in Theorem 4.2, with appropriate modifications we can easily show that Q is a
completely continuous multivalued map, upper semicontinuous with convex closed
values. Here we repeat only Step 5. That is, we prove that the set

Q:={x € Z:Ax € Qx, for some A > 1} (4.6)

is bounded.
Let x € Q. Then Ax € Qx for some A > 1. Thus, there exists f € Sr, such that

t
x(£) =A71C () [P(0) —ho(x) ] +A7LS (1) [0 —g(0,x0)] + A~ JO C(t—s)g(s,x;)ds

t K
+/\’1J S(t—s)J K(s,T)f(T)dtds, te].
0 0 @7
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This implies by (H4)-(H9) that for each t € J, we have

|x ()| <M(ll$pll+G)+MT[|yo| +cillxol| +2c2]

t t (4.8)
+Mclj [|xs]|ds +MT? supH(t)J pS(|lxs||+ | x"(s)])ds.
0 teJ 0

We consider the function (3.33). Let t* € [—v,t] be such that u(t) = |[x(t*)].If t* € Jo,
then u(t) < ||pll +G.
If t* € J, by the previous inequality we have for t € J,

pt) <M(llpll+G) +MT[|yo| +c1(lpll+G) +2c2]
t*

t*
+MC1J ||xs||ds +MT? stu})H(t)Jo S @ (||xs||+ [x"(s)|)ds

0

4.9
< M(|$l|+G) + MT[| 0] +c1 (Il] + G) + 2¢2] 9

t t
+Mclj p(s)ds+MT? supH(t)J pS)w(u(s)+|x'(s)])ds.
0 teJ 0

We denote the right-hand side of the above inequality as g; (t). Then, we have
a1(0) =M (llpll +G) +MT[ || +cr (bl +G) +2¢c2],

p(t) <ai(t), tej, (4.10)
Qi(t):Mclu(t)+MTzstu})H(t)P(t)ll/(u(t)+|X'(t)|)! tel.

By
x' (1) =ATTAS () [P (0) —ho () ]+ A C() [0 —g(0,x0) ] + A g (£, x;)
t t s
+A’1J AS(t—s)g(s,xS)ds+2\’1J C(t—s)J K(s,T)f(T)dTds, te],
0 0 0 11

we have

[x"(t) | < M*(llpll+G) + M[ | vo| +c1l|xol| +ca] +cr||xe|| +co+ M*Tco

t t ) (4.12)
+M*cy JO IIxSIIdHMTstu}JH(t) JO P ([|xsll+ [x"(s)])ds.

Let (3.38) holds.
Let t* € [0,t] be such that y(t) = |x(t*)|. By the previous inequality, we have for
t € ]y

y() <M*(llpll+G) +M[|vo| +c1 (Il +G) +c2] +crl|xes || +co+M*Tey
t* t*
+M*C1JO ||xs||ds+MTsupH(t)J0 pY(||xs||+ [x"(s)|)ds
< . (4.13)
<M([lpIl+G)+MT[|yo| +c1(l|p]|+G) +ca]l +cr1g1(t) +co +M* Ty

t t
+M*clj m(s)deTsupH(t)j ()W (a1 (s) +y(s))ds.
0 teJ 0
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We denote the right-hand side of the above inequality as 7 (t). Then, we have

r1(0) = M* (Pl +G) +M[ | yo| +c1 (Pl +G) +c2] + €191 (0) +c2 + M* T,
y(t)=n(), te], (4.14)

V{(t)=M*CIQI(U+Clq,1(t)+MTStu})H(t)p(t)W(QI(t)+Y(t)); tel.
€
Let wq(t) =q1(t)+11(t),t € J. Then w,(0) =c and for t € J,
w1 (t) = q; (L) +7(t)
< (L+cr) [ Merar(t) + MT? SupH(L)p () (a1 (1) #nm)]
€
+M*CIQI(t)+MTS;USJH(t)p(t)W(q1(t)+7’1(t))

€

< (Mci+M*ci+Mc?)w i (£) + (MT+MT? +MT?c;) supH (L) p (1) pwi(t)

teJ
=m*(Hwi () +y(wi(t)).
(4.15)
This implies that for each t € J,
w1 (t) ds T ) ds
— < m*sd5<J _ 4.16
le(m S+y(s) Jo (s) c S+Y(s) ( )

This inequality implies that there exists a constant L such that w;(t) <L,t € J. Then

x| <pu) <a(t) <L, te],

(4.17)

[x" ()| <yt)<n(t)<L, te],

and hence (3.44) holds, where L depends only on T and on the function p and . This
shows that Q is bounded.

As a consequence of Lemma 2.3, we deduce that Q has a fixed point and thus system

(1.1) has at least one mild solution on J;. |
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