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1. Introduction. In this paper, we discuss the convergency of the fuzzy space over
F,}(l) (see [4]). In [4, Section 2], we stated the pseudo-fuzzy vector space SFR over F,},(l)

as follows: for two points P = (xM,x®@ ... x™)and Q = (yV,y@,...,»™) on R",
we have the crisp vector PQ = (YD —xW @ @ 40 _xM)in apseudo-fuzzy
vector space F(1) = {(a,a®,...,a™),V(a",a?,...,a™) e R"}.

There is a one-to-one onto mapping P = (xV,x®@ ..., x™) « P = (x_(}),x@,...,

x™),. Therefore, for the crisp vector PQ, we can define the fuzzy vector PQ = (y1) —
XD y@ 5@ )y = G e P

Let the family of the fuzzy sets on R" satisfying the definitions of convex and normal
be F.. Obviously, F{}(l) C F.. Next, we extend the fuzzy vector 15(3 = (Nz ePto F., and

)N(,}N’ € F., and define the fuzzy vector XY =YoX. Let SFR = {)N(}N’V)?,}N’ € F.}. Then
we have the pseudo-fuzzy vector space over F} (1) (=ai1Va € R). In Section 3, we will
discuss the convergency of the fuzzy vectors in SFR.

2. Preparation. In [4], we discussed the pseudo-fuzzy vector space SFR over F; (1).
In order to discuss the convergence of the fuzzy vectors in SFR, we need to know some
definitions.

DEFINITION 2.1. (1°) The fuzzy set AonR = (—o0,00) is convex if and only if every
ordinary set A(«x) = {x | uz(x) = ¢ Vo € [0,1]} is convex, and hence A(«x) is a closed
interval of R.

(2°) The fuzzy set A on R is normal if and only if Vycgpuz(x) =1.

Next, we extend this definition to R" by saying that the membership function of the
fuzzy set D on R" is pp(x W, x@ L x™) e[0,1] for all (xV,x@),...,x™) eR"

DEFINITION 2.2. The x-cut (0 < « < 1) of the fuzzy set D on R™ is defined by
D(x) = {(xM,x@ x| uy(x®,x@ x> .

DEFINITION 2.3. (1°) The fuzzy set D on R™ is convex if and only if every ordinary
set D(o0) = {(xW,x@, ., xM) | ps(xP,x@, .. x™) > « Vo € [0,1]} is a convex
closed subset of R™.
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xW) =1.
Let the family of the fuzzy sets on R" satisfying Definition 2.3 (1°), (2°) be F..

DEFINITION 2.4 (Pu and Liu [3]). The fuzzy set ay (0 < « < 1) on R is called a level
« fuzzy point on R if its membership function g, (x) is

X, x=a,
Hay (X) = (2.1)
0, x=+a.

Let the family of all level « fuzzy points on R be F,,(,”(O() ={axVaxeR},0=<x<1.

DEFINITION 2.5. The fuzzy set (aV,a®,...,a™)y (0 < « < 1) is called a level «
fuzzy point on R” if its membership function is

«, if (xV,x@ . xM)=(aD a? ... a"), (2.2)

0, elsewhere.

Let the family of all level « fuzzy points on R™ be

F;,”)(O() ={(a®,a?,...,.a") V(aV,a?,...,a™)eR"}, 0<a<l,
2.3
F = | F (. (2.3)
O=<x=<l1

For each ay € F,},((x), regard ay = (a,a,...,a) as a special level x fuzzy point on R"
degenerated from a level « fuzzy point (aV,a?@,...,a™) with a®¥ = a® = ... =
a™ = a. Hence, we have the following expression:

A . «, (xV,x@ . xM)=(a,a,...,a),
I»l(a,a ..... tl)o((x 1x l"'!X ): >
0, (xW,x@ . xM)«(a,a,...,a), (2.4)
= gy (x M, x@ L x M),

DEFINITION 2.6. For D C R", call Dy, 0 < ¢ < 1, alevel & fuzzy domain on R" if its
membership function is

«, if (xW x@ . x™)yeD

1) ,(2) my _ N OO A '
L x = (2.5)

Ko ) 10, if (xW,x@ . xM)¢&D,

Let the family of all the level & fuzzy domains on R" be FD* = {E4VE C R"}, and let
the family of all subsets of R" be ?(R") = {EVE C R"}.
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Then there is a one-to-one mapping n between ?(R") and FD*:

E € ®(R") — n(E) = Ey € FD*,

(2.6)
n"Y(Ey) =E, «el[0,1].
Since D € F., the x-cut D() (0 < x <1) of D can be mapped to D () «.
Thus, we have the following decomposition principle:
VDeF, D=, o, P(@a (2.7)
From Kaufmann and Gupta [2], we have for D,E Cc R", k € R,
D(+)E = {(xV +yD x@ 4 5@ x4 5m)
V(xP,x@ . xM™)yeD, (yV,y? .. y™)eE], 28
D(=)E = {(x =y x@ 5@ ) _qm)
V(xV,x@  ,xM™)eD, (yV,»?,...,»™)eE} =9
k(-)D = {(kxV kx® .. kx™)V (xP,x? ..., x™) e D} (2.10)
From (2.6), (2.7), (2.8), (2.9), (2.10), and the definition of the «-cut, we have that
(i) the x-cut of D(+)E is D(x) + E(x),
DeF = (D(x) (+)E(X)) s (2.11)
O<x<l1
(i) the a-cut of D(—)E is D(x) —E(x),
DeE= (D () (—)E(X)) (2.12)
O=<x=<l1
(iii) the o-cut of ky o wtD is k(-)D (),
kioD= |J (k(-)D(®),- (2.13)

O=<x<1

In the crisp case on R", we can consider the n-dimensional vector space E™ over R.
LetP = (pW,p@,...,p™),Q =(q",q?,....,q"), A= (aV,a?,...,a™),B = (b,
b@ ..., b™W)eR"; keR.
Define the crisp vectors PQ, AB+PQ, and k- PQ as follows:

p_Q’ = (@ —pW g@ —p@ g™ _pm)=Q(-)P, (2.14)
A_BFHJ_Q’ = (bW +qV —a® —pD) p@ L 4@ _ 7@ _p@)
...,b(")+q(")—a(")—p(”)),

k-PQ = (k™ —kpD,kq® —kp?,....ka™ —kp™). (2.16)

(2.15)
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Let O = (0,0,...,0) € R*, OP = (pV,p@,....p™), 00 = (0,0,...,0), and let E" =
PQ = (qV —pW,q® —p@ ... g™ —-p™)¥YP,Q € R"}. This is an n-dimensional vec-
tor space over R. There is a one-to-one onto mapping between the point (a",a®,

.,a™) on R" and the level 1 fuzzy point (a'¥,a'?,...,a"); on F}}(1):
p:(aV,a?,...,a™) eR" — p(aV,a?,...,a™)
) (2.17)
=(a",a®,...,a™), e F}(1).

Let P = (pW,p@,...,p™);, 0 = (q,q?,...,q™), € FJ}(1). From (2.14) and (2.17),
we have the following definition:

PO = (qV—pn,q? —p@,....q" —p™), = e (2.18)

"UZ

~ ~ o~

Let FE™ = {ﬁQVP,Q S F;‘(l)}. From (2.14) and (2.18), we have the one-to-one onto
mappings
PQ=(qV-pP,q®-p?,....a"-p™)
—p(PQ) =@V -pM,q? -p@,....a" -p™),
= ﬁd € FE",
AB+PQ = (b +qV —a® —pW p@ 4 g@ _ 5@ _p@)

.,b("> + q(n) —am _ pm))

- (b(l) + q(1> —ah_ p(l),b@ n q<2) —a® _ p(2>’ (2.19)
b(n (n) —aqm _p(m)]
=ABe PO,

k-PQ = (kaV —kpD,ka® —kp®,....ka"™ —kp™)
- (k (1) —kp (1) kq(Z) kp(2),...,kq(">—kp(”))1

0.

Therefore, FE™ = {13(§V13,é e F;‘(l)} is a vector space over Fy/(1) in fuzzy sense.

In [4], we further extend FE™ as follows. For )?, Ve F., define XY =YeX and call

XY a fuzzy vector. Let SFR = {)N(EN/V)N(JN/ € F.}. In [4], we proved that the following
properties hold.
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PROPERTY 2.7. For XY,WZ € SFR,

—_—
~

XY =WZ=YocX=Z0W. (2.20)

PROPERTY 2.8. For )?? WZe SFR, k € R,
(1°) XY@WZ AB where A = Xo W,
(2°) kleXY—CD,whereC—klo)N(

Yo
k1o

B=YeoZ
D=ko¥.

PROPERTY 2.9. For )?17 WZN V € SFR, k,t € R,

(1°) WoWz-Wre 17
(2°) ()??@’WE)@UV XYeo(

e 70T
(3°) XY ®00 = XY, where @ (0,0,...,0)1;
4°) k10 (i@XY_)» (kt); ®XY
(5°) kio (XY eWZ) = (k 0XY) @ (ki 0W2);
(6°) 10 XY = XY.
In SFR, the followmg do not hold . .
(7°) For XY e SFRand XY * OO there exists WZ (+# 00) € SFRsuch that XYe W Z =
00; . . .
8°) (k+t),0XY = (ko XV) e (t; 0 XY).
From Property 2.9, we know that SFR satisfies all the conditions that the vector space
required, except (7°) and (8°). Therefore, in [4], we called SFR a pseudo-fuzzy vector
space over F,(1).

EXAMPLE 2.10 (a moving station carrying a missile on it). This car left from point
P = (2,5) passing through point Q = (4,6), arrived at R = (8,9), and aiming at the
target Z = (100,200). As we can see, the missile usually falls in the vicinity of Z, say VA ,
instead of hitting at Z exactly.

Let the membership function of 7 be

25(25 (xD =100)° = (x® —200)%),

py(x M, x®) = if (x(¥ —100)2 + (x@ —200)?) < 25, (2.21)

0, elsewhere.

Consider the level 1 fuzzy points P = (2,5)1, é = (4,6)1, and R = (8,9),. We have the
fuzzy routes

P—Q—R—7 (2.22)
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—

and hence the fuzzy vectors 13(N2 =(2,1)1, éﬁ = (4,3), RZ = 2eﬁ, andPZ=ZeoP. By

—_—

extension theory, the membership function of RZ = Ze R is

uﬁﬁf(z(l)’z(Z)) — sup uﬁ(u(l),u(Z))/\ug(v(l),v@)
zN=v ) -y j=1,2

=py(zV +8,z? +9)

21—5(25—(z<1) —92)2—(2(2) _191)2), (2.23)
- if (21 -92)° + (2 -191)° < 25,
0, elsewhere.
Similarly,
2—15 (25 — (Z(l) 798)2 o (Z(z) -~ 195)2)’
l‘lﬁ_zé(z(l),Z(Z)) = if (Z<1)798)2+(Z(2)*195)2 SZS, (224)
0, elsewhere.

Let S = (98,202).Itis clear that (98,202) is within the circle of center (100,200) and ra-
dius 5. The crisp vector which starts with the_point P =(2,5)andendsatS = (98,202) is
PS = (96,197). Its grade of membership in PZ from (2.23) is H55(96,197) = (1/25)(25~
22 -22) = 0.68, that is, the grade of membership of the fuzzy vector PZ for the crisp
vector F:S’ is 0.68. Let the aim be T = (100, 200). The crisp vector beginning at P = (2, 5)
and aiming at T = (100,200) is PT = (98,195). Its grade of membership in 132, again
from (2.23), is “Ff(gil%) =(1/25)(25-0%-02) = 1, that is, the grade of membership

of the fuzzy vector PZ for the crisp vector PTis 1.

EXAMPLE 2.11. In a shooting practice, let C((10,30),1+1/m) = {(x,y) | (x -=10)%+
(v —30)%2 < (1+1/m)?}, always shooting at (1,2) and aiming at Z = (10,30). At the
first time, the bullet was falling in C((10,30),2(= 1+ 1)). At the second time, it was
falling in C((10,30),1+1/2). At the mth time, it was falling in C((10,30),1+1/m).In
other words, the bullet was more and more closer to C((10,30),1), that is, more and
more accurate.

Let the fuzzy aim be fm, its membership function is

I S AN 2 a2
(1+1/m)2[<1+m) (x-10)"-(»-30) ]
2
Ham = if (x—=10)2+ (¥ —30)2 < (1+%) , (2.25)
0, elsewhere.

—_

Thus, we have the mth fuzzy vector &Zm, m=1,2,..., where é =(1,2);. In the next
section, we will discuss the convergency of the fuzzy vectors in SFR and find out the

limit fuzzy vector lim,, . dfm.
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3. The convergency of the vectors in SFR. Before we try to investigate the conver-
gency of the fuzzy vectors in SFR, we first define the following open set in R" and
discuss some properties (Properties 3.4, 3.7, 3.10, 3.11, 3.12, 3.13, 3.14, 3.15, 3.16, and
3.17). Let

O((a™,a1?),..., (a™V,am?))

3.1
= {(xV,x@,..,xM) | all) <xV <ql? j=1,2,... n}. oy
From (2.8), (2.9), and (2.10), we have
o((a™V,ar?),..., (@™, a™))(+)o (b, 1), ..., (b™D p™2))
= {(zW,2? . 20) | 200 = xO) 4y ) gD < xU) < gli2),
b <y < p2 j=1,2... n} 5-2)
=0((a™V +pBD g2 L pL2Y (gD 4 pnl) g (2) 4 p(2))y
o((a™P, a2, ..., (@™ a™)) (=)o ((bHD, b2 ... (b™D pn2)Y)
= (2D, 2?2 | 20 = x D) _ ) gD < () < qU2),
(3.3)

Ul <y < plid | j=1,2,..,n}
=0((atV —pAD g1 _pA2)y (gl) _pD g2 _p;2)))

If k>0,

K()0((@™h,al?), .., (a"),a™))
={(2W,z?,..,zM) | 20 =kxD aVV) <« xD < ql? | j=1,2,...,n} (3.4)

=0((ka™P kar?),..., (ka™" ka™?)).
If k<O,

k(-)O ( 12)) ___,(a(n,l),a(n,Z)))
(1) Z ) ,Z(”)) ‘ ) = kx(j), all) « xU) < a(j,Z)’ j= 1’2,___’71} (3.5)

(a'
={(z
O((ka?,ka™V),..., (ka™?  ka™D)).

Let B = {0((@™D,al?),... (amD), am2y)) valD) < qlid g0 g2 ¢ R, j =
1,2,....m;0 < x<1}.
Let B* be the family of fuzzy sets in % or any arbitrary unions of these fuzzy sets.

REMARK 3.1. Any intersection of two fuzzy sets in % belongs to %, and when two
fuzzy sets in % have no intersection, we call their intersection @.

From (2.3), let F = FJ UF. U%*. In order to consider the problem of convergency, we
first consider the topology for F.
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DEFINITION 3.2. O €F is an open fuzzy setif and only if for each (x),x @, ..., x™)
C Q, there exists O € & such that (xV,x@ ... . x™),cO cQ.

Let Tr be the family of all open fuzzy sets satisfying Definition 3.2. Obviously, #* C
Tk.

DEFINITION 3.3 (Chang [1]). T is a family of fuzzy sets in the space X satisfying the
following:

(1°) 9,XeT,

(2°) A,BeT,then AnBeT,

(3°) ﬁj e T, j €I (any index set), then UJ'E[ANJ' cT.
T is called a fuzzy topology for X and (X, T) is called a fuzzy topological space (abbre-
viated as FTS).

PROPERTY 3.4. Tr is a fuzzy topology for R", (R", Tx) are fuzzy topological sets in
R™ that are restricted in F.

PROOF. (1°)Itis obvious that R" € Tr. Definition 3.3(1°) is fulfilled.

(2°) For D,E € Tr and (x®,x@ ..., x™), c DNE, we have (x®,x@ ... xM), c
D and (x1,x®,... xM™), c E. From Definition 3.2, there exist I,] € % such that
(xM,x@ . xmy cTcDand (xV,x@,...,.xM), c Jc E. Therefore, (x™,x@, ...,
xM), cTnJ. Hence, In] c DnE. Thus, DNE € Tg. Definition 3.3(2°) is fulfilled.

(3°) For ﬁj € Tr, j € I, and each (xM),x@ ... x™M), c Ujejﬁj, there exists m €
I such that (x®,x®@,...,x™), C D,,. By Definition 3.2, there is a J € % such that
(xD,x@ . xM)y, cTcDyc Ujelﬁj C Tr. Thus, Definition 3.3(3°) is fulfilled. O

Hence, from Definition 3.3, T is a fuzzy topology for R" and (R",Tr) is a fuzzy
topological space, that is, if we set X = R", T = T in Definition 3.3, then the definition
holds. Therefore, Definitions 3.5, 3.6 and Property 3.7 can all be applied.

DEFINITION 3.5 (Chang [1, Definition 2.3]). A fuzzy set U in an FTS (X,T) is a
neighborhood of a fuzzy set A if and only if there exists a fuzzy set O € T such that
AcOcU.

DEFINITION 3.6 (Chang [1, Definition 3]). If a sequence of fuzzy sets {ANn, n=1,2,
...} isin an FTS (X, T), then this sequence converges to a fuzzy set A if and only if it

is eventually contained in each neighborhood of A (i.e., if B is any neighborhood of ﬁ,
there is a positive integer m such that whenever n > m, A, C §).

PROPERTY 3.7. {ANn} are increasing fuzzy sets, Kl C 22 c---C ﬁ, and

Tim gz (e, x®, L x M) = pp(x W, x @, x M) (3.6)
for all (x,x@ ... x™) € R™. Then the sequence {A,, n =1,2,...} converges to A,

denoted by lim,;, .« Kn = A.

PROOF. The proof follows from Definition 3.6 easily. |
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DEFINITION 3.8. Une[o,110((a"V (00),a"? (x)),..., (@™ (e0),a™? («))) (€ T) is
aneighborhood of D = Uaero11D () « € F¢ if and only if for each « € [0, 1], there exists
O((aMV(),a™ ()),...,(a™V(x),a™? (x)))x € B such that D(x)x € O((a™V (),
a2 (x)),...,(a™" («),a™? ()«

DEFINITION 3.9. In F,, the sequence of fuzzy sets ﬁk = Unero11Dr()a, k=1,2,...,
converges to D= UaeroD(X) o, k =1,2,... (€ Fy) if and only if for each neighborhood
Uaero,110 (@Y (x),at? (), ...,(a™P (x),a™? ()« Of D, there exists a natural
number m such that whenever k >m, Dk((x)o( co((a"M (), at?(x)),...,(a™V (o),

a2 (x)))«, denoted by limg_. Dy = D.

Since D C R™ and Dy (€ FD*) is a one-to-one onto mapping, from Definition 3.9, we
can get the following property.

PROPERTY 3.10. In F,, the sequence of fuzzy sets ﬁk = Uaepo11 D)o,k =1,2,...,
converges to D = Uwero11D ()« if and only if for each « € [0,1] and every neighbor-
hood O ((atV), a2y, ... (a™V a™m2))), of D(x)«, there exists a natural number m
such that whenever k = m, Dy(o) € O((atV,a?) ... (a™V a™2)) if and only
if for each « € [0,1] and every neighborhood O ((a*V,a®?),..., (a™V, a™2))), of

D (), there exists m such that whenever k > m, Dy () s C O ((atV, a2y ... (a™D),
(n,2)
a ).

The convergency of fuzzy vectors needs the following property.

PROPERTY 3.11. For each x€[0,1], the x-cuts Dy (), Ex(x), k =1,2,...,m, of ﬁk,
Ek in F, satisfy the following:
(1°) (Do) (+)Ex () o« = Dr(00) o ® Ex (00)
(2°) (D (o) (=)Ex () o« = Dr(00) o © Ex (),
(3°) each a-cut of UL, [Dy @ Ey1is UL, [Di () (+) Ex (0],
(3°-1) (UL (Die (o) (+)Ex(00))) o = U1 (Dic(00) (+) Ex (00) o = Upt 1 (D (00) « @ Ex (00) ) =
(Ufile(a)a)@(UZ'Lle(a)rx),
(3°-2) Ut (Dre Ey) = (Ut Dr) @ (U, E),
4°) the a-cut of U", (Dr e Er) is URL, [Di (o) (=) Ex (0],
(4°-1) (UL (Di(e) (=) Ex(0))) o = Uit (Die () (=) Ex(0)) & = Uit 1 (Die () « O Ex () &) =
(Ukt1 Di () o) © (Ut Dr () ),
4°-2) Uity (Dre Er) = (UL Di) © (Ui, Ex).

PROOF. By extension principle (1°)

1 2
UDy (@ aok (@q (21,22, ...,zM)
= SUD  Hpp(aa (XM, x@ ., x™)
20 x4y
j=12,...n
2
AEwe (YD, 2@,y ™)

D
= sup Upy (e (X, xP), L x ™)
(xM x(2)  x()

Ay (aoe (20 = x M, 2@ —x @) ) _ ()
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=« if (xP,x? ... ,x™)eDi(x),
(z“)—x“),z(z)—x<2),...,z(")—x(”)) € Ex (o),

=, if (z1,z?®,...,zM) e Dp(x) (+)Ex (),

= U +E (s (21, 2%,0,2M) v (x® x@ L x™) e R™

(2°) The proof is similar to that of (1°).
(3°) Let §k = ﬁk @Ek; from (2.11), we have

m

U S U U (D) E(@) = U U (Di (00 (+)Ex (00))
k=1

k=1«xe[0,1] «xel0,1]k=1

(3.7)

(3.8)

Therefore, the a-cut of Uy, (Dr @ Ex) = U, Sk is U, Si(ex) = U, (Dg (o) (+) Ex ().
(3°-1) For each & € [0,1], the subset U,’C":lSk((x) of R™ corresponds to the fuzzy set

Ury Sk ()« = UL (Di (&) (+) Ex (0)) - We first prove
( U Sk(a)) = Sk()a
k=1 o k=1
We have

e
Hm  sewa (20,2200,

m
- \/ Us (o (21,29,...,2M)

Z(n))

=, if(z1,z?%...,z"™) e Si(x) for some k € {1,2,...,m},
m

=« if (z1,2?,...,zW) e [ Sk(w),
k=1

- “(U}jilsk(w)a(Z(Dyz(Z)’---,Z(")) V(zW,z® . 2y e R
Therefore, (Upty Sk ()« = Uptq Sk () «. Hence
m m
(U (D (00) (+)Ex(c0) ) U Di(00) (+) Ex (X)) -
k=1 k=1
For each «x € [0,1] and each k, (1°) holds. Therefore,

U (Dr(e) (+)Ex () = | (Dr(0) o ® Ex () ).
k=1 k=1

Finally, we will prove

(@

(Di(e)u ® Ex()a) = | (Dr()a) @ | (Ex()a)
k=1 k=1

k=1

(3.10)

(3.11)

(3.12)

(3.13)
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We have
(1) 5(2) (n)
uUﬂI(Dk(a)aﬂéEk(D()o() (Z y Z yeres Z )
m
D Le
= \/ tppweek e (2M,22,...,2M)
k=1
m
e
=V SUP  Hpp (e (X, x@, ., xM)
ko1 200 —x ) 4y ()
j=12,...,n

/\“Ek(cx)o( (y(l):y(z),:y(n))

m
1 1 2 2
Y A P LN LI L)
k=1(y1) y(2) _ yn)

AE e (Y, v @,y ™)]

1 1 2 2
= \/ [uUﬁle(fX)a(Z( )_y( ),Z( )_y( ),___’Z(n)_y(n))
(yD),p@)  y1))

AUui":]Ek(a)‘x(y(])yy(z),---yy(n))]

1 2 1 2
=u(U;n=1Dk((x)tx)@(U;’L]Ek(o‘)a) (Z( ),Z( ),...,Z(n)) V(Z( ),Z( ),...,Z<"))€[R".

(3.14)
(3°-2) By decomposition theorem and (3°-1), we have
(DreE) = U (Dr(e)(+)Ex(e0)
k=1 k=1e[0,1]
= U (D () (+)E () ex (3.15)
«el0,17k=1
- U (Unkm)a)ea(uﬂk(m,x)].
ael0,1] L \k=1 k=1
Let A = Ui, Dy, B = UL, Ex. From (3.9),
Ao =Dr(@a, B(@a=JE(®)a Vael0,1], (3.16)
k=1 k=1
AeB= |J [A@HB@],= U [A(@«®B()]
«€[0,1] «€[0,1]
(3.17)

= [XGL[J‘H [(ngux)a) ® (QEk(a)a)].
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From (3.15), (3.17), we have

(DreE) = | [( LWJ Dk(O()O() @ ( LWJ Ek((x)a)]

«xel0,1] k=1 k=1

(2)e(0m)

Properties (4°), (4°-1), and (4°-2) can be proved similarly as (3°), (3°-1), and (3°-2). O

(@

kd
Il
[

(3.18)

PROPERTY 3.12. 5k €F.,k=1,2,...,m,and q = 0; then
(1°) the a-cut of Uy, (q1 @ Dy) is Ut (q(-) Dy (),

(2°) Uit (@(@)Dr(0) o = g1 © (Upt D () o),

(39) UL (@10 Dy) = a1 0 (UL, D).

PROOF. The proof goes on the lines of the proof of Property 3.11. O

PROPERTY 3.13. Dy, Ep,D,E€F.,m=1,2,...,and limy_c Dy = D, limy .o B = E,
then

(1°) limm—c (D ® E) = DO E = limy o (Do) © liMy—. 0 (Epy),

(2°) limp—oo (D ©Em) = DO E =limpm-—co (Do) © liMy oo (Eim),

(3°) liMy_co (k1 © D) = k1 ©D = k1 © (liMp—0o (D)), k # O.

PROOF. (1°) Since limmqmﬁm = 5, limmqum = f, by Property 3.10, for each «x €
[0,1] and every neighborhood O ((a*'V),at?), ... (a™V a™?)) of D(x), there exists
a natural number m such that when k = mV, Dy (x) c O((a™V,at2), ... (a™D,
a ™)), Also, for every neighborhood O ((b"-V,p(1:2)) . (b1 p2))) of E(x), there
exists a natural number m? such that when k > m®?, Ex(x) c O((b1D, b2y
(b(n,l),b(n,Z)))_

Let m = max(mY, m?). Then, for each & € [0,1], when k > m, by (3.2), we have
Dk(O()(+)Ek(O() C O((a(l'” + b(l'l),a(l'z) + b(l,Z)),___’ (a(n,l) + b("'l),a(”'Z) + b(n,Z))) (e
Tr), and O ((atV) + b1V g2 L p12)y (gD 4 pub g(m2) | p(2)y)) jg the neigh-
borhood of D(x)(+)E(x). By decomposition theorem,

ﬁkEBEk: U [Dk(O()"FEk(O()]w
xe[0,1]

DeE= |J [D()+E(x)],
«xe[0,1]

(3.19)

Hence, by Property 3.10, we have limy,; .« ﬁm @Em =DeE.
Properties (2°) and (3°) can be proved the same way as (1°). O

PROPERTY 3.14. 5;(,}?;(,5,]?6&, k=1,2,...,and

rlLiEI}o“Ulrcn:lﬁk (X(l)vx(Z)s---!X(m) = “ﬁ(x(l)!X(Z)!"'!X(n))’

i o (1) 4-(2) (n)
g (66 ) .
=pp(xM,x@ L x™) V(D x@ L x™) e R, .

Hym, By cD, Hyp | B, CE, Vm=1,2,...,
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then
(1°) im0 Upty (Dk @ Ex) = D@ E = (limpy oo ULy Di) @ (im0 Uty Ex),
(2°) limpy o UKLy (Dk © Ex) = DO E = (limym.oo Uil s D) © (limypy oo UL E ),
(3°) when q # 0, limy, .. Uy, (@1 © Dy) = g1 ©D.

PROOF. (1°) Since D, c DyuD,c---cU{ Dy c---<D and

Lim o 5, (W x@ L x™) = ps (x W, x P x ™) (3.21)

for all (xM,x®@ ... x™) e R", hence, by Property 3.7, we have lim, .. Uy, Dy = D.
Similarly, lim,, ... Up“, Ex = E. By Property 3.11(3°-2),

6 (Dx o Ex) = <6ﬁk>@(6 k>. (3.22)
k=1

k=1 k=1

From Property 3.13(1°),

m m m
tim () (BroRe) - ( lim | J (ﬁk))@(hm U (Ek)) _Bel, (23
Mo mee ) mee)
and (2°), (3°) can be proved as (1°). |

Next, we will discuss the convergency of the fuzzy vectors in SFR.

~

PROPERTY 3.15. For Dy, Em,D,E€ Fe,m=1,2,..., liMp—co Dy = D, limy .o By = E,
then the fuzzy vectors Emﬁm, m=1,2,..., converge to the fuzzy vectors ED.

PROOF. Since Emﬁm = 5m efm, ED=D ef, then, by Property 3.13(2°),

lim Eyy Dy = Do E = ED. (3.24)

O

PROPERTY 3.16. Dy, Ex, D,E€F,, k=1,2...;let Qmm = U™, Dy, S = U, Ey, and let
iMoo pig3,, (xW,x@, L xM) = puy(xD,x@ .., x™) and 1immawu§m(x(“,x(2>,...,
xM) = up(xW,x@ ., x™) for all (xM,x@,...,x™) e R"*, and QOmc D, Sy, cE.

Then the sequence of fuzzy vectors SN’m&m, m=1,2,..., converges to the fuzzy vector
ED.

PROOF. Similar to Property 3.14, limy,_. Uy, Dy = D and lim, .. U{", Ex = E. By
Property 3.13(2°), limy,— m = (limy, .o UL, D) © (limyy, oo UYL Ex) = Do E = g—ﬁ

For convenience, we denote (g'" ofl—ﬁ;) ®(q? o]?z—ﬁ;) o --ao(q\” ofr—ﬁ;) by >, @
@V o D). o

PROPERTY 3.17. ﬁm,k,fm,k,ﬁk,fk eF.,m=12,...,k=1,2,...,r, and for each k €
{1,2,...,7r}, limmﬁmﬁk,m = ﬁk, limmﬁwﬁk,m = ﬁk, g* # 0. The sequence of the fuzzy
vectors St 10(@\PoEuxDmi), m=1,2,..., converges to the fuzzy vector >r_, & (q\X ©
ExDy).
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PROOE. Since 3i_, &(q\F 0 EmiDmi) = Sh_10(@X © (D ©Emx)), m =1,2,...,
for each k, by Property 3.13(2°), limy,—« Dk © Emk = Dk © Ex. By Property 3.13(1°),
(3°), we have

k=1
roo i po (3.25)
=> o(a) o (Dyoky)) = > e(a o ExDy)
k=1 k=1 O

EXAMPLE 3.18. Consider the fuzzy vectors limy,; .« Qfm in Example 2.11. Let

1-(x-10)2—(y-30)2, if (x-10)2+(y-30)2<1,
Hy(x,¥) =<| Y Y (3.26)
0, elsewhere.

We will prove limy, e Zm = Z. Since C((10,30),1+1/m) c C((10,30),1+1/(m—1))
and for any (x,y) € R?, the following holds:

iz | (1) —0m 1002
, (3.27)

S0t/ m-1) [(“ml_l)z‘(x—w)Z—(y—BO)Z],

therefore, Hz,, (x,y) < NZ,,H(XJ’) for all (x,y) € R?, and hence Zl ) Zz D DZNm )

-5 Z, and obviously, limm .« Hz,, (x,) = uz(x,y) for all (x,y) € R%. Let Z, 7
be the complement fuzzy sets of Z,,, Z, respectively. We have limmamuf;n (x,y) =
Uy (x,y) for all (x,y) € R? and f{ C fé c---C f;n c...c2Z. By Property 3.7,
lim_m?oo Z+m' =2". Thus, lim,, . « fm = fﬂlerefore, from Property 3.15, lim,;;, . @
= (EZN . Thus, the membership function of Qf is

33X, Y) = Hze5 (X, )

1 2 1 2
= sup py(xMxP) Apg (v, y®)
x=x(D_5 M
y=x(2 5,2

(3.28)
=uy(x+1,y+2)

JI-(x=9%-(»y-28)% if (x-9)%-(¥y-28)* =<1,
- 0, elsewhere.

In the crisp case, starting from Q = (1,2), aiming at Z = (10,30), we could have the
vector QZ = (9,28). The grade of membership of Q Z which belongs to the fuzzy vector

Q? is “(5“2(9’ 28) =1, that is, the grade of membership function of the fuzzy vector Pz

for the crisp vector PSis 1, and the point R = (9.5,29.5) is in the circle of center (9,28)
and radius 1. The crisp vector of Q to R is QR = (8.5,27.5). The grade of membership
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function of (sz is ué—Z(S.S, 27.5) = 0.5, that is, the grade of membership function of the

fuzzy vector PZ for the crisp vector aé is 0.5.
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