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A new fixed point theorem on cones is applied to obtain the existence of at least two positive
solutions of a higher-order three-point boundary value problem for the differential equation
subject to a class of boundary value conditions. The associated Green’s function is given.
Some results obtained recently are generalized.
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1. Introduction. The multipoint boundary value problems for ordinary differential
equations arise in a variety of different areas of applied mathematics and physics. Linear
and nonlinear second-order multipoint boundary value problems have been studied by
several authors, we refer the reader to[6, 7, 8,9, 10, 11,12, 13, 14, 15] and the references
therein.

Consider the nth-order two-point boundary value problem

YW L f(ty(t) =0, 0<t<1,

y@P0)=0, 0<i<n-2, y"*Yay=o. (-1

Recently, there have been some papers [1, 2, 3, 13, 14] discussing the existence of pos-
itive solutions for the BVP (1.1) by using the Guo-Krasnoselskii fixed-point theorem, that
is, the expansion/compression-type fixed-point theorem on cones. It was proved that
(1.1) has at least one positive solution under certain assumptions (f is sublinear or sup-
linear). Agarwal and O’Regan in [3] established the criteria of the existence of two pos-
itive solutions of BVP (1.1) when f =limy_o f(t,X) /X = foo =limy_ o f(t,X) /X =+ 0.
However, the problem of existence of multiple positive solutions of BVP (1.1) remains
open when either fj =limy .o f(t,x)/x or f, =limy_..« f(t,x)/x does not exist.

On the other hand, to the best of our knowledge, few authors have studied the exis-
tence of multiple positive solutions for higher-order multipoint boundary value prob-
lems. It is an interesting problem and one of the future research directions to discuss
the solvability of the nth-order differential equations

xM(t) = f(x(t)), 0<t<l, (1.2)

satisfying either k-point right focal boundary value conditions or k-point boundary
value conditions [4, 5].
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Motivated by the results [1, 2, 3, 4, 5], we, in this paper, study the existence of multiple
positive solutions for the nth-order three-point boundary value problems consisting of
the differential equation

Yy +f (Y (), Y (),..., "D (1) =0, 0<t<], (1.3)
and following boundary value conditions:
yP0)=0, i=0,1,....,n-2, y"V(A)=ay™V(n). (1.4)

We give the following assumptions:

(Hy) f:[0,11xR? ! —[0,+0c0) is continuous, where R, = [0, +o),
(H) 1>x=0,0<n<1,and n = 2, but fixed.

We will impose growth conditions on f to obtain two positive solutions of BVP (1.3)-
(1.4). The main results in [1, 3, 13, 14] are corollaries of our theorems.

This paper is organized as follows. In Section 2, we first introduce some definitions
and a fixed-point theorem, which is the generalized form of the Leggett-Williams fixed-
point theorem, founded in Avery and Henderson [6], and then we present our main
results. Several corollaries to illustrate the main results are given in Section 3.

2. Main results. For convenience, we first introduce some definitions in Banach
spaces, such as in [6, 9], and a fixed theorem, which is a generalization of the Leggett-
Williams fixed point theorem, see Avery and Henderson [6]. The main results and their
proofs will be presented at the end of this section.

DEFINITION 2.1. Let X be a real Banach space; a nonempty closed convex set P C X
is called a cone of X if it satisfies the following conditions:
(i) x € P, A = 0 implies Ax € P,
(i) x € P, —x € P implies x = 0.

Every cone P C X induces an ordering in X, which is given by x < y if and only if
y—x €P[6]

DEFINITION 2.2. Amap ¢ : P — [0, +) is called a nonnegative, continuous, increas-
ing functional, provided  is nonnegative and continuous and satisfies @ (x) < @ (y)
for all x,y € P with x < y.

DEFINITION 2.3. An operator is called completely continuous if it is continuous and
maps bounded sets into precompact sets. Denote

P(p,d) ={xeP:y(x) <d},

OP(y,d) = {x €P:y(x)=d}, (2.1)
P(y,d)={xeP:yp(x)=<d}.

LEMMA 2.4 [6]. Let X be a real Banach space, P a cone of X, y and ¢ two nonnegative
increasing continuous maps, 0 a nonnegative continuous map with 0(0) = 0. Suppose
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there are two positive numbers c and M such that
y(x) <0(x) <p(x), lxll<My(x) forxeP(y,c). (2.2)

Again, assume T : P(y,c) — P is completely continuous, and that there are positive num-
bers 0 < a < b < ¢ such that

0(Ax) <A0(x) VAe[0,1], x €0P(0,b) (2.3)

and
(i) y(Tx)>c for x € 0P(y,c),
(i) 6(Tx) <b forx € 0P(0,b),
(iii) p(Tx) > a and P(Pp,a) + @ for x € 0P (P,a).
Then T has at least two fixed points x, and x» € P(y,c) satisfying

a<d(xi), 0(x1)<b, b<0O(x2), y(x2) <ec. (2.4)

The following lemma is similar to Lemma 2.4, whose proof is omitted.

LEMMA 2.5. Let X be a real Banach space, P a cone of X, y and ¢ two nonnegative
increasing continuous maps, 0 a nonnegative continuous map, and 0(0) = 0. Suppose
there are two positive numbers ¢ and M such that

y(x)=<0(x)<d(x), lxll=My(x) forxeP(y,c). (2.5)

Again, assume T : P(y,c) — P is completely continuous, and that there are positive num-
bers 0 < a < b < ¢ such that

0(Ax) <A0(x) VAe[0,1], x €0P(0,b) (2.6)

and
(i) y(Tx) <c forx € 0P(y,c),
(ii) 6(Tx) > b forx € 0P(0,b),
(iii) Pp(Tx) <a and P(Pp,a) + @ for x € 0P (P,a).
Then T has at least two fixed points x| and x> € P(y,c) satisfying

a<dd(x1), 0(x1)<b, b<0(x2), y(x2) <c. (2.7)

To be able to apply Lemmas 2.4 and 2.5, we must define an operator on a cone in a
suitable Banach space. In order to do this, we first observe the Green functions for the
above nth-order three-point boundary value problem.

LEMMA 2.6. Suppose N =1-«# 0. If y € C[0,1], then the problem

u™ () +y(t)=0, 0<t=<l,

, (2.8)
u®0)y=0, i=0,1,....,.n-2, u™ V1) =au"Vn),
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has the unique solution

(t S)n 1 tn—l 1 n
u(t) = J o (s)ds+(n_1)!(1_o()[J0 y(s)ds—(xjo y(s)ds]

(2.9)
= JO G(t,s;n)y(s)ds,
where M = (n—1)(1 — «) and

To(1-o)(t—-s)" 1 —axt™!, O<ss<t<n<lorO0O<s<n<t<l,

- ) el O<t<s<n<l,
tsin) = —
11— (E—s)" 1, O<n<s<tx<l,
tn1, O<n<t<s<lorO<t<ns<s<l.

(2.10)

Furthermore, if v (t) > 0 for t € [0,1], then the unique solution u satisfies u(t) > 0 for
e[0,1].

PROOF. Suppose that

— ft—s)m! n-1
u(t) =- ey y(s)ds+ At (2.11)

is the unique solution of (2.8). One gets

1
—L y(s)ds+An-1) = —chjy(s)dst(n—l)!A (2.12)

and then

1 L |
A=1_O([J0 (n—l)' y(s)ds— aI " 1)' (s)ds}. (2.13)

Substitute A into (2.11). Then the first part of the lemma is complete.
To prove that u(t) > 0 for t € [0, 1], it suffices to prove that G(t,s;n) = 0 for (t,s) €
[0,1]x[0,1]. This is simple and is omitted. O

Let E denote the Banach space C"2[0,1] with the norm
71 =max {l|ylle,.... [y " 2|} (2.14)
We note that, for y € E with y®(0) =0fori=0,1,...,n-2,

ly® ] =[y® -] =[ty" & < [¥ @] =yl

2.15
[y @)=y @)=y O] =1ty" (&) = |y (E)| = 17" - (2.15)

Hence, |Vl < 17"l and || [l < 11" |l. By bootstrapping, one sees that

Wl < 19l < - < [y Dl < -+ - < [y ... (2.16)
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So
Iyl =ly"?||- (2.17)

Define the subset of E by

P={yeE:y?(0)=0,i=0,1,....n-2, y"2(t) > t|| y "2

001

(2.18)
y"=2)(t) is nondecreasing on [0, 1]}.
Define an operator T by
_(fa=smt ' (n-2)
Ix() == | =0 =) F(5,x(5),x"(8),..., x 72 (s))ds
tn—l 1 , (n-2)
+(].—0()(’I’l—]_)!|:,[() f(S,X(S),X (S),...,X (S))dS (219)
n
_O(Jo f(s,x(s),x’(s),...,x("‘”(s))ds]
for x € E. Then
t
(Tx) "2 (t) = —JO (t—s)f(5,x(5),x"(5),...,x"2)(s))ds
e Jlf(s X(8),x"(8),...,x "2 (s))ds
x| Jo , ,
n
—(XJO f(S,x(S),X/(S),...,x”“”(s))ds},
(2.20)

t
(Ta) "D (1) = —JOf(S,x(s),x’(s),...,x”‘*z)(5))d5
1 1 )
1 & [Jo F(5,x(5),x"(8),...,x"2(s))ds

—ajonf(s,x(s),x’(s),...,x<”‘2>(s))ds},

(Tx)M () = —f(t,x(t),x" (£),...,x"2(1)).

Hence, we get the following lemma.

LEMMA 2.7. Assume (H;) and (H»). Then
(i) P is a cone in Banach space E;
(ii) TP Cc P and T is completely continuous;
(i) ifx €P, thenTxY(0)=0,i=0,1,...,n—2;
iv) Tx(t) =0,...,(Tx)™ V() =0, (Tx)™(t) <0 forallt € (0,1);
(V) v is a positive solution of BVP (1.3) and (1.4) if and only if -y is a fixed point of the
operator T in the P.

PROOF. The proofs of (i)-(v) are simple and are omitted. O



2054 Y. LIU AND W. GE

From now on, fix [ such that 0 < n <1 < 1, and define the nonnegative, increasing,
continuous functionals y, 6, and ¢ by

y(u) = mtinlu(”‘”(t) =u"?(n),
n<t<

O(u) = max u™ 2 (t) =u"2(n), (2.21)
0<t<n

P(u) = min um=2 @) =u"=2 ()

<t<l

for every u € P. We see that y(u) = 0(u) < ¢p(u). In addition, for each u € P, y(u) =
u™2(n) = nu"2(1) = nllu™?| .. Hence,

lull = [[lu™2||, < %y(u) Vu€P. (2.22)

We also find that
O0(Au) =A0(u) forAe[0,1], ueP(0,b). (2.23)
Finally, for notational convenience, we denote

_nad-n _1 . nd-n
A=y ATt T,

_la-=n

, Ay “o

(2.24)

We now present our first result of this paper.

THEOREM 2.8. Suppose 0 < a < (A;/&)b < n(A1/E)c, and f satisfies the following
conditions:
(A) f(t,wo,wr,...,wy_2) > c/A for (t,wo, w1,...,wn_2) € [N, 11xR¥ 2 x[c,c/nl;
(B) f(t,wo,w1,...,wn_2) <b/E for (t,wo,w1,...,wn_2) €[0,11XR¥2x[0,b/nl;
Q) f(t,wo,w1,...,wWn_2) >alA; for (t,wo,w1,...,wn—2) € [,L1I1XR¥ 2 x[a,a/l].
Then the BVP (1.3)-(1.4) admits at least two positive solutions u,, u, such that

a<¢(uy) with0(uy) <b, b <0(ux) withy(uz) <c. (2.25)

PROOF. To begin, we define a completely continuous operator T : P — E as above for
every u € P. Obviously, w(t) = Tu(t) >0 for t € [0,1].

From the definition of T and Lemma 2.7, we claim that for each u € P, w = Tu € P
and satisfies (1.4) and w (1) is the maximum value of w on [0,1].

It is well known that each fixed point of T in P is a solution of (1.3)-(1.4). We proceed
to verify that the conditions of Lemma 2.4 are met.

As a result of Lemma 2.7, we conclude that T : P(y,c) — P and T is completely
continuous. We now show that (i), (ii), (iii) of Lemma 2.4 are satisfied.

Firstly, we prove that Lemma 2.4(i) is satisfied. For each u € 0P (y,c),

y(u) = minlu("’Z) t)=u"2(n) =c. (2.26)
n=<t=<
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Then u™=2 (t) = ¢ for n < t < 1. Recalling that

1 1
lul = [[u™ 2|, < =yu) = =c,
I I n n

(2.27)
u®t)y=0 vtel0,1],i=0,1,...,n-2,
we have
c<umAI() < %c forn<t<1. (2.28)
As a consequence of (A),
F(s,u(s),u' (s),..., u"2(s)) > % for t € [n,1]. (2.29)
Therefore,
y(Tu) = (Tw) ™ (n)
= —J:(n—s)f(s,u(s),u'(s),...,u(”‘Z)(s))ds
n ! ’ (n-2)
+—1—0((Jo f(s,u(s),u'(s),...,u (s))ds
n
—aJO f(s,u(s),u’(s),...,um‘z’(s))ds)
- Jnsf(s,u(s),u’(s),...,u(”’Z)(s))ds
0
(2.30)

n_ (' ' (n-2)
+ 1—0<L S(s,us),u'(s),...,u (s))ds

o : o2
= ].—(X,[r]f(s’u(S)'u (S),...,u (S))dS

Secondly, we show that Lemma 2.4(ii) is fulfilled. We choose u € 0P(60,b). Then
0(u) = max w2 () =u"2(n) = b. (2.31)
<t<n
This implies

0<u™?(t)<b, 0<t<n, b=u"2@) <|[u"?|,=u?2Q1) (2.32)
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for t € [n,1]. Moreover,
1 1 1
lull = llulle < —y(u) = -0(u) =b—. (2.33)
n n n
Thus u”(t) =0 forall t €[0,1],i=0,1,...,n—2, and
0<u™2(1) sb%, 0O<t<l. (2.34)
By (B), we have
' (n-2) b
F(s,u(s),u'(s),...,u"2(s)) < e te[0,1], (2.35)

and so

0(Tu) = (Tu) ™2 (n)

- _Ln(r]—s)f(s,u(s),u’(s),...,u("‘Z) (s))ds
n ! ’ (n-2)
+—1—O(<,[o f(s,u(s),u' (s),...,u (s))ds

—Olﬂf(s,u(S),u/(s),...,u(”—Z)(s))ds>
:Jonsf(s,u(s),u’(s),...,u("’Z)(5))d5 (2.36)

n_ (' ' (n-2)
+ 1_O(Jnf(s,u(s),u (8)y..0,u (s))ds

Finally, we verify that Lemma 2.4(iii) is also satisfied. It is easy to show that P(¢,a) +
.

Now, let u € 0P (¢,a), then ¢p(u) = minj<;<1 u™ 2 (t) = u™2 (1) = a. This means
that

, l<t<l. (2.37)

From assumption (C), we have u¥ (¢) =0 forall t € [0,1] and i = 0,1,...,n—2, and

F(s,u(s),u' (s),...,u"2(s) > % for t € [1,1], (2.38)
!



TWIN POSITIVE SOLUTIONS FOR THREE-POINT BOUNDARY ... 2057

and so
b (Tu) = (Tu) "2 (1)
!
:_J (L=s)f(s,u(s), 1 (s),...,u™2(s))ds
0
+L J]f(s u(s),u’ (s) n=2)(5))ds
T\, ' (8),...u
n
—(xJ f(s,u(s),u’(s),...,u(”2)(5))ds>
0
:j:sf(s,u(s),u’(s),...,u("’Z)(s))ds
!
+L (ﬁfl+s)f(s,u(s),u’(s),...,u("’Z)(s))ds (2.39)

1
+ ﬁ L F(s,u(s),u'(s),...,u"2(s))ds

l
>
1-«

al( 1 (!
>/\<1—0(L ds)

(o
-§{42)

=a

1
L F(s,u(s),u' (s),...,um2(s))ds

Therefore, BVP (1.3)-(1.4) has at least two positive solutions u; and u, in P(y,c) such
that

a<d¢(uy) with 0(u;) <b, b < 0(up) with y(u;) <c. (2.40)

This completes the proof of Theorem 2.8. O

Now we deal with the following boundary value problem:

(=D)™u™ + f(t,u®),u' (t),..., u™2(@) =0, 0<t<l,

, (2.41)
ud@1y=0, i=0,1,....n-2, u™ V) =aumV(n),

where & > 0,0 < n < 1, but fixed, 1 - > 0, f:[0,1]xR"* ! — R is continuous and
satisfies

(=" f(t,uo,u1,...,Un_2) =0 for (£,ug,...,un_2) €[0,1]xR*L. (2.42)
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If x is a solution of BVP (2.41), then

n-1
x(t) = J (s— t)l)' F(s5,x(5),x7(5),...,x"2(s))ds

a-pn!

— n72)
1-x)(n—-1)! [J f(s,x(5),x"(s),. ())ds (2.43)

1
- aj f(s,x(s),x’(s),...,x("”(s))ds].
n

It is easy to see that
1
(—1)"2x"=2(¢) :—J (s=t)f(s,x(5),x'(s),...,x"2(s))ds
t
1=t Jlf(s x(8),x"(8),...,x""2(s))ds
s B ACE ,
1
—O(J f(s,x(s),x’(s),...,xm”(s))ds},
n
1
(—D" XD (r) =—J F(5,5(5), X ()00, X2 (5)) s (2.44)
t
L Jlf(s x(8),x"(s),...,x""2(s))ds
| ), ,

—(XJ:f(S,X(S),X’(S),...,X("2)(5))d5:|,
(=1)"x ™ (t) == f(t,x(t),x"(£),...,x "2 (t)).
Let E denote the Banach space C"2[0,1] with the norm
21 = max {13 lles, - [[»" 2] }. (2.45)
It is easy to see that ||y] = |y ™ 2| for all ¥ € E. Define the cone P C E by

p= {u cE:u1)=0,i=0,1,...,n-2, (=1)" 202 (1)
(2.46)
is nondecreasing,(—1)"2u""2) (1) = t||lu™?||, for t € [0, 1]}.

The method is just similar to what we have done above. We choose a fixed number [ €
(0,n), and define the nonnegative, increasing functionals y, 0, and ¢ on P, respectively,
as

y(u) = lmtin(—l)"*zu(”*z)(t) = (=" 2u"2(n),
< <n

0(u) = max (~1)" 2um=2 (1) = (=) 2u2(p), (2.47)

n<t<1

b(w) = min (-1)" w2 (1) = (~1)" a2 (1),
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Define the operator T : P — X by

Ls—t)yn!
Tx() :_L (n-1)!

N (1_t)n—1
1-x)(n=1)!

F(5,x(5),x7(5),...,x"2(s))ds
1
UOf(s,x(s),x’(s),...,xm2’(s))ds (2.48)

1
—O(J f(s,x(s),x’(s),...,x("m(s))ds]
n

Let

— - (11
n(l '7)’ E=%(1—n)2+%, Al:%- (2.49)

By a method similar to that of Theorem 2.8, we have the following theorem and its
proof is omitted.

THEOREM 2.9. Suppose 0 < a < (A/&)b < n(A,/E)c and f satisfies the following
conditions:
D) (=D"f(t,wo,w1,...,wn2) > c/A for (t,wo,wy,...,wy2) € [n,1] X RT"2 x

[c,c/nl;

(E) (-1)"f(t,wo,wy,...,wy_2) < b/E for (t,wo,wr,...,wy_2) € [0,1] Xx R"2 x
[0,b/n];

(F) (=1D)"f(t,wo,W1,...,wWn_2) > a/A; for (t,wo,wi,...,wy_2) € [I,1] x R*2 x
la,a/l].

Then the BVP (2.41) has at least two positive solutions w1, u, such that

a<d¢(uy) with0(uy) <b, b < 0(uz) withy(uz) <c. (2.50)

We now denote A’, &', and A; by

A= %n2+7”(11_0:7), = 7”(11_0:'), A= %zh"‘ll(l_a”) +l(11_of). 2.51)
THEOREM 2.10. Suppose 0 < a < lb < (A/§)lc, and f satisfies the following condi-
tions:
(A") f(t,wo,w1,...,wn-2) <c/X for (t,wo,w1,...,Wn-2) € [0,11XR* 2 x[0,c/nl;
(B) f(t,wo,W1,...,Wn_2) >b/E for (t,wo,Ww1,...,Wn_2) €[N, 11xXR*2x[b,b/n];
(C) f(t,wo,wi,...,wn_2) <a/A; for (t,wo,wy,...,wy_2) € [0, 11X R¥2x[0,a/l].
Then the BVP (1.3)-(1.4) admits at least two positive solutions w,, u, such that

a<d¢(uy) with0(uy) <b, b <0(ux) withy(uz) <c. (2.52)
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We denote A’, &', and A; by

1o 2 o nd-n)
S
r_n-n)
g =10 (2.53)
p_lp W=D (11 _ na-m-1t
A=l rr e (fo ) =D+ =D -m) 5.

THEOREM 2.11. Suppose 0 < a < lb < (§'/A")lc, and f satisfies the following condi-
tions:
(D) (-D"f(t,wo,w1,...,wn—2) < ¢/ for (t,wo,w1,...,wp_2) € [0,1] x R?¥2 x

[0,c/nl;

() (-1)"f(t,wo,w1,...,wn—2) > bJE" for (t,wo,w1,...,wy_2) € [0,n] X RT2 X
[b,b/n];

(F) (=D™f(t,wo,w1,...,wn-2) < a/A] for (t,wo,w1,...,wn_2) € [0,1] x R¥2 x
[0,a/l].

Then the BVP (2.41) admits at least two positive solutions 11, u, such that
a<¢(uy) with0(uy) <b, b <0(ux) withy(uz) <c. (2.54)

3. Applications. In this section, we present the theorems which may be considered
as the corollaries of Theorems 2.8, 2.9, 2.10, and 2.11, respectively.

THEOREM 3.1. Suppose that
@) fo = limy, ,—o(f(t,Xx0,....,Xn-2)/Xn=2) = +0, fo = limy, ,—+0(f(t, xo,...,
Xn_2)/Xn_2)=+o0 are uniformint,xg,...,Xn_2;
(ii) thereis0<n<l1l<1 and x> 0 such that

F(t,x0,.0.,Xn_2) < Do for (t,x0,...,Xn_2) € [0,11xR*2x[0,x0], (3.1)

g

where A, €, and A; are given in Theorem 2.8.
Then BVP (1.3)-(1.4) has at least two positive solutions.

PROOF. Firstly, by (ii), choosing b = xon, one gets
1
f(t,wo,...,wn_2) < Eh for 0 <wy,_» <xo, (t,Wo,...,wy_3) €[0,1]1xR*3. (3.2)

Secondly, choose K sufficiently large such that

KA:K(%) > 1. (3.3)

Since fj = + oo, there is Ry > 0 sufficiently small such that

f(t,x0,0..,xn2) =2Kxy 2 for0<x, o <Ri, (£,X0,...,Xn_3) €[0,1]1xR" 3. (3.4
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Without loss of generality, suppose R; < (A,/&)(1/n)b. Choose a > 0 so that a < LR,
and a < (A, /l)b. For a <w,_» < (1/l)a, we have w,,_» < Ry. Thus

f(t,wo,...,wy_2) 2Kwy,_»>Ka > %

1 (3.5)
fora <wy_» < Ea, (t,X0,.-,Xn_3) € [0,11xXR?2.
Thirdly, choose K; sufficiently large such that
1(1-1
K@:Kl(%) S 1. (3.6)
Since f. = oo, there is R, > 0 sufficiently large such that
f(t,X(), Pen ,Xn,z) = len,g for Xn-—2 = Rz, (t,Xo, cee ,Xn,3) c [0, 1] XR:_l_S. (37)
Without loss of generality, suppose R> > (1/n)b. Choose ¢ > R,. Then
f(t,wo,...,wn2) =Kiwy 2 = Kic > A£
. ! ' (3.8)
forc <wyu_» < 76 (t,x0,...,Xn_3) € [0,1]xR"3,
Hence, it follows from the definition of a, b, and ¢ that
A A
O<a<—lb<n—lc, 3.9)

g g

and conditions in Theorem 2.8 are satisfied. By Theorem 2.8, BVP (1.3)-(1.4) has at least
two positive solutions. The proof is complete. ]

THEOREM 3.2. Suppose that
1) fo =limy,_,-o(f(£,X0,...,Xn-2)/Xn-2) = 0, foo =liMy,_»— 10 (f(t,X0,...,Xn-2)/
Xp_2) = o0 are uniformint,xo,...,Xn_2;
(ii) there are 0 <l <n <1 and x¢ > 0 such that

f(txolfnx"”) < gxo for (t,X0, -, Xn_2) € [0,11x R™3 x [0, o], (3.10)

where A, €, and A; are given in Theorem 2.9.
Then BVP (2.41) has at least two positive solutions.



2062 Y. LIU AND W. GE

PROOF. The proof is similar to that of Theorem 3.1 and is omitted. a

THEOREM 3.3. Suppose that
W) fo = limy, ,~o(f(t,X0,...,Xn-2)/Xn-2) = 0, fo = limy, ,-+e(f(t,Xo,...,
Xn_2)/Xn_2) =0 are uniform in t,xg,...,Xn_2;
(ii) there are 0 <n <1< 1 and xo > 0 such that

S, X0, Xn_2) > ixo for (£,x0,...,Xn_2) € [N, 11xR*3x[0,x0], (3.11)

§/
where &' is given in Theorem 2.10.
Then BVP (1.3)-(1.4) has at least two positive solutions.

THEOREM 3.4. Suppose that
@ fo = limy, ,~o(f(£,X0,...,Xn-2)/Xn-2) = 0, fo = limy, ,..e(f(t,x0,...,
Xn-2)/Xn_2) =0 are uniform in t,xop,...,Xn_2;
(ii) thereare 0 <1l <n<1 and x> 0 such that

f(t,Xol%n,anz) > gxo for (t,xo,...,Xn_2) € [0,n] xR 3x[0,x0], (3.12)

where &' is given in Theorem 2.11.
Then BVP (2.41) has at least two positive solutions.

PROOF. The proofs of Theorems 3.3 and 3.4 are similar to that of Theorem 3.1 and
are omitted. O
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