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S. B. Bank has shown that there is no uniform growth estimate for meromorphic solutions
of algebraic differential equations with meromorphic coefficients in the unit disk. We give
conditions under which such solutions must have a finite order of growth.
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1. Introduction. Consider the algebraic differential equation

> ax(2)y® ()M (y®)™ =0, (1.1)
el
where [ is a finite set of distinct tuples (o, &1,..., &) for which each «; is anonnegative
integer, and the as are meromorphic functions in D = {z | |z| < 1}. For some index
sets I, we determine conditions on ay, whereby a meromorphic solution f of (1.1) in
D will have finite order of growth as measured by the Ahlfors-Shimizu characteristic
function.

In [1], Bank investigated (1.1) where I consists of 2-tuples and the as are arbitrary
analytic functions of finite order in the unit disk. He observed that such equations could
possess analytic solutions of infinite order in the unit disk, but obtained a uniform
growth estimate for all such solutions. He further noted that for arbitrary meromorphic
solutions in the disk, no such uniform growth estimate is possible.

Recently, Heittokangas [3] showed for certain sets I that each meromorphic solution
of (1.1) has finite order when the a4 are polynomial functions. Further, he and Wulan
[5] studied the equation

"= > ba(2)y* 0y - (y )™, (1.2)
xel
where each by is analytic in D and satisfies sup,.p (1 —|z]|?)4|bg(z)| < o for some
q = 0, and showed that if n is large enough relative to the size of the number g, then
each meromorphic solution of (1.2) has finite order. Our first theorem is similar in
character to the result of Wulan and Heittokangas, while our other theorems take into
account the nature of the zeros or poles of the as coefficient functions.

2. Statement of results

THEOREM 2.1. Let f be a meromorphic function in the unit disk D which satisfies a
differential equation of the form (1.1), where the sum is taken over some finite index set I
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of distinct m-tuples & = (o, X1,-..,0m) for which each «; is a nonnegative integer and
the as are meromorphic functions in D. Suppose that
(i) there exists a B € I, where By = 1 such that ag is not identically zero,
(i) forall x e IN{B}, qa= B1—c1) +2(Bo—x2) + - - - + M(Bm — &) IS a positive
integer,
(iii) forall x e I\ {B} and for allz € D,

a&(z) _ 1

a;(2) _O<(1—|z|)“>' &1
Then

. log To (7, f)

yzl}sup —log(1-71) ’ (2.2)

where Ty denotes the Ahlfors-Shimizu characteristic function.

Our second result concerns the situation where a restriction is placed on the number
of poles each coefficient function can have. We use the usual little n counting function
of Nevanlinna theory and state the following theorem.

THEOREM 2.2. Let f be a meromorphic function in the unit disk D which satisfies a
differential equation of the form (1.1), where the sum is taken over some finite index set I
of distinct m-tuples & = (o, X1,-..,0mn) for which each «; is a nonnegative integer and
the as are meromorphic functions in D. Suppose that

(i) foreach & €1, fol(l —-rnr,ag)dr < oo,
(ii) there exists a B € I, where B1 = 1 such that ag is not identically zero and fol 1-
rin(r,1/ag)dr < o,
(iil) forall x eI\ {f}, q=(B1— 1) +2(B2—0t2) + - - - + M (B — Xy) IS positive,
(iv) forall ® eI\ {B} and for allz € D,

o)

where ax(z) = ha(z)/zl(é‘)PB(z) with Px(z) the Blaschke product for the poles

‘ ha(2)
hg(z)

of ag and az(z) = z”B)PB(z)hB(z) with P;(z) the Blaschke product for the zeros
of ag.
Then

. log To(r, f)

y{l}sup —log(1-7) (2.4)

Our third result allows the coefficient functions a of (1.1) to have more poles than

Theorem 2.2 does. To state it easily, we need to recall some facts and terms concerning
the canonical products in the unit disk introduced by Tsuji [4].
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If f is a meromorphic function of finite order o in the unit disk with {a,} its zero
points for which a,, # 0, then >, (1 —|a,(a)|)? ¢ < « for each & > 0.

The convergence exponent u > 0 of {|ay|} is defined to be zero if >, (1 —|ay|) < o,
whereas otherwise it is that number for which

SU-lan@ ) =0, > (1 lan@ )T <o (2.5)
k k

for any € > 0. It follows that 0 < u < 0.
The Tsuji canonical product P formed with {a,} is defined by

l-a,z

© _ 2
P(z)=] (1—ﬂ) (2.6)
n=1

when >, (1—|ayl|) < o, while

) : 2 2\ P
1—|an|? 1-lan|® 1({1-]|an|? 1(1-|ay]|
P = | 1-— = Il e 4
(2) n—l( l1-a,z exp l-a,z +2 l1-a,z * +p l1-a,z
2.7)

when >, (1 - |a,|) = « with p a positive integer satisfying >, (1 — |a,|)? = o and
Sn(l=lap)P™ < oo

It follows that p — 1 < u. Further, Tsuji [4, page 227] has shown that when >, (1 —
lan|) = oo, the order of P is equal to p.

THEOREM 2.3. Let f be a meromorphic function in the unit disk D which satisfies a
differential equation of the form (1.1), where the sum is taken over some finite index set I
of distinct m-tuples & = (o, X1,...,0y) for which each «; is a nonnegative integer and
the ag are meromorphic functions in D. Assume that

(i) there exists a B €I, where By > 1 and ag is not identically zero,

(i) forall x e I\{B}, a= (B1—c1) +2(Br—x2) + -+ +M(Bm — ) IS a positive
integer with q > K(f1+vg +6), where vg is the convergence exponent for the zeros
of the zeros of 1/ap, i = maxxer gy Ha With U the convergence exponent for the
zeros of ag, and

K = max (8’”5+1 > (-] z)PE, max (8’”“*1 > (1-|bixl )p“+l>> (2.8)

ia &el\{B} i-1

with pg the smallest positive integer for which 3721 (1 - Ici’[;l)”l§+1 is finite (feiph
is the sequence of zeros of 1/ ag) and p the smallest positive integer for which
S (1= 1b;g)Patl s finite ({b; &} is the sequence of zeros of ax),

(iii) the zeros of ag and the poles of as are all located in the sector Q, where Q =
{zla+e<argz<b-—¢, where0<b—-a<2mand0<e< (2m—(b—-a))/3},



2164 D. BENBOURENANE AND L. R. SONS

(iv) there exists a numbery with0 <y < q—K(fi+vg+6) such that for all z € D with
1/2<|z| <1,

hs(z)
h,;(z)

1
:O<(1—|Z)y> (r — 1) (2.9)

wherea(z) = z“B)PB(z)h[;(z) with P (z) the Tsuji canonical product of the zeros
of ag and ax(z) = hs(2)/z"YPs(z) with Pg(z) the Tsuji canonical product for
the zeros of 1/ag,

(V) thereis a sector A={z/c<argz<d,0<d—-c <2t} with AnQ = @ for which

H 12)<r |f#(2)|2dxdy20<%) (r—1) (2.10)

arg(z)¢A 1

where Q = {z | a <argz <b, a and b as in (iii)}.
Then

. log Ty (7, f)
I —_— 2.11
Tl£rllsup —log(1-7) ( )
The arguments in our proofs proceed by contradiction and involve the use of normal
families.
We will present a proof for Theorem 2.1 in Section 3 and a proof of Theorem 2.3 in
Section 4. The proof for Theorem 2.2 proceeds along similar lines and will be omitted.

3. Proof of Theorem 2.1. We will use a lemma attributed to Zalcman [6, 7].

LEMMA 3.1. A family 3 of meromorphic functions on the unit disk is not normal if
and only if there exist a number 0 < v < 1, points zy, |zx| < v, functions fy € 3, and
positive real numbers py — 0 such that fy(zx + pxC) converges spherically uniformly on
compact subsets of C to a nonconstant meromorphic function g(C). The function g may
be taken to satisfy the normalization g*(z) < g*(0) =1, z € C.

We proceed with the proof of Theorem 2.1 by assuming there exists a solution f for

our equation with

limsup BT _

r1 —log(1-7) G.1)

This implies that for any A > 0, there exists a sequence 7 — 1 such that log Ty (v, f)/
—log(1—7y) > A for all k > Ny.
We claim that there exists a sequence wy, |wy| = ¢ — 1, such that

(1w ) F# (wi) — oo (3.2)

for all k > Ny.
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Otherwise,
s(t) = %HW |F#(2) |2dx dy
- HLQO((I_';)M)M@
~o((+)")
So,

To(re, f) = L:k S gy - 0(( ! )A),

t I—Tk

a contradiction.
Therefore, for k > N,

1
Vk)A/2+1-

S (wi) > 1

Now, consider the family J = { f%} in the unit disk, where

S = £

Z+ Wy >
1+wiz )’

2165

(3.3)

(3.4)

(3.5)

(3.6)

Note that ¢p(z) = (z+wy) /(1 +Wrz) maps the unit disk D conformally onto itself.

Taking the derivative with respect to z gives

Si(2) =

1-wel? ,(z+wk)
(1+wz)?” \l1+wiz)/)’

and so
£i00) = (1= [we|*) £ (wie).
Hence,

| 4 (0) |
1+ |fk(0)|2

= (1=l |*) £ (wi).

i) =

So,

1

)A/Z'

fH0) >
(1-7¢

Thus, as k — o,

FE0) — +oo.

(3.7)

(3.8)

(3.9

(3.10)

(3.11)
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Hence, 9 is not a normal family by Marty’s criterion. By Lemma 3.1, there exist a
real number 0 < 7 < 1, a sequence of complex numbers {z;} in D, |zx| < 7, such that
zr — 0, a sequence {p} of positive real numbers such that p — 0", and a nonconstant
meromorphic function g in C such that

Si(zx+ pxC) =f(%) =gk (C) — g(0), (3.12)

as k — oo, spherically uniformly on compact subsets of C. gj is defined on the compact
sets |C| < (¥ —|zk|) / px. In the construction of the proof of Lemma 3.1,

1
" m’ (3.13)
gi) > gﬁ(f %)
Therefore, we have
S (z) = 9§ (0) zgﬁ(— %) = fH(wk) = fE(0) > T (3.14)
SO
Px f’?(lzk) <(1-m)"?, (3.15)

and py — 0 as k — oo.
Now, since a; (z) is not identically zero, we can divide both sides of (1.1) through by
aB(z), and write it in the form
ax(z)

f(z)f =— Z ZEL f(z)%0—Po 1 (z)0 f R (zyxe=Ba . M) (Zyem=Bm (3 16)

aen gy 26
We proceed to substitute

- _ (z+pi) +wiec
T =p(zr+pr0) = L0 (zs £ L) (3.17)

for z into the differential equation. We have

o A (zk+ka)+wk>
gk(C) ac <1+Wk(zk+pk§)
2 (3.18)
_ pk(1_|wk| > ,< (2K +prC) +wi )
(1+ﬁk(zk+pk§))2 L+wi(zk +pxC) )
Differentiating with respect to ¢, we obtain
2
1_ 2 2 prr
(1wl *) o2 (0) (3.19)

= (1+wr(zk+pxL))* gi (C) + 2wipr (1 + Wi (2 + prT))* g4 (D),
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and by induction we can show that for j = 1,2,3,...,

FO ) = [(1- [wel?) o] Hjlanl @), (3.20)

where H;[gi] is a polynomial function of the derivatives g, ..., g,(j ), which converges

to Hj[g] as k — . Using (3.20) in (3.16), we get

[<1+wk<zk+pkc>> gkmr
]__
< |Wk~ )pk [ 2( B2) ( Bm)] (3.21)
== > (Tk)[(1—|wk|2)l’k] e " Malgk] (©),
senipy & ag(Te)
where
Ma[gr](z) = Hy® [gk](2)HY" (g ] (2)H5? [gi] (2) - - - HX™ [gi] (2). (3.22)

Multiplying both sides of the equality by [(1 — |w|2)px]P1, where B; is assumed to
be a positive integer, we get

[+ wize+m0) g @] =- 3 “’*(Tk)[(1—|wk|2)pk]qM,-x[gk]<c>.

aenpy 28(TE)
(3.23)
The modulus of the right-hand side of (3.23) is less than
; a
K 3 7 (1= lwel *) o] [ Malae] @) (3.24)
aen i { |Tk )

Now, we use the inequality

21— |7|) = 1 |7e|?

 (zktpkl) —wi |
|1+ (zk+ i) |°

_ 1wz o) |- | (et pi2) —wie|?
|1+ (zi+piT) | (5:25)

1+ |wi(zi+ o) |° = |z + ol | = |wi |
4

B (1*|Zk+PkC|2)<1*|Wk|2)
- i .
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So, since |zx + pxC| — 0, as k — oo, there exists an integer N; such that |zx +prC| < 1/3
for all k > N;. Therefore, for such k,

1-|w|?
1 —
|Tk | (3.26)
1-we]*\?
(7’( ) <94,
1— ||
Thus, the right-hand side of (3.23) can be bounded in modulus by
9K > i Mala] (@) (3.27)

acI\{B}

which goes to zero as k — oo.
Butas k — oo, the left-hand side of (3.23) goes to g’ (€)#!. Hence, we obtain (g’ (Z))#! =
0 in contradiction to g being a nonconstant function.

4. Proof of Theorem 2.3. We will use the following lemma which is a modification
of [4, Theorem V.25, page 224].

LEMMA 4.1. Let f be a meromorphic function of finite order in D, and let {a,} be its
zero points for which a,, # 0. Let P be the Tsuji canonical product formed with {a,}, and
let u be the convergence exponent of {|ay|}. Forn = 1,2,3,..., denote by C, the circle
|z—an| = (1—|an|?)**2. If z lies outside of C,, forn =1,2,3,... and1/2 < |z| < 1, then

1 H+4 1 1
log* <1 . gr+l ) 4.1
% TP@)] og( 7o (1—|z|)p+l> % ~lax]) @y

where vy = min|a, | and p is a positive integer such that >, (1 —|ay|)? = o0 and >, (1 —
lan)P*! < co.

To prove Theorem 2.3, we argue by contradiction assuming first that there exists a
solution f to the differential equation with

logTo(7, f)

—log(1-7) (4.2)

lim sup
r—1

Then we claim that for each A > 1 there exists a sequence wy with argwy in S, and
|lwk| = ¥k — 1, such that

(1w )Y FF (wy) — o (4.3)

for k — 0. Otherwise, for 0 <t <1,

1 K
At) = ﬂ et | £#(2) l dxdy < — ﬂ et dedy (4.4)

argzeQ argzeQ
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for some constant K. Hence

A+1
A(t)zO((ll_t) ) (t—1). 4.5)

Combining this estimate with assumption (v), we have

To(r,f)—J(:?—O((%)A) r—1) (4.6)

which contradicts (4.2).
Therefore the sequence {wy} exists and there is an integer Ny such that for k > Nj,

1
f#(qu) > W (47)

As in the proof of Theorem 2.1, we observe that Marty’s criterion shows that the
family 3 = { f¢} defined in the unit disk by

S = £

Z+wg )

1+wyz 4.8)

is not a normal family.

Also, by Lemma 3.1, there are a real number » with 0 < ¥ < 1, a sequence of complex
numbers {z;} in D with |zx| < v such that zy — 0 as k — o, a sequence {pi} of positive
real numbers such that py — 0" as k — o, and a nonconstant function g in C such that

fi(zi+ pil) =f((z"+p"—g)+w")) = g (0) — g(D), 4.9)

1+wy(zx +pxC

as k — oo, spherically uniformly on compact subsets of C. gi is defined on compact sets
{C/1C| < (r —|zx|)/ px}. Further, the proof of Lemma 3.1 gives py = 1/ f*(zx).

Since ag is not identically zero, we can divide (1.1) through by aB(z) and write it in
the form (3.16). Proceeding as in the proof of Theorem 2.1 with the substitution of T
for z in the differential equation, the differentiation with respect to ¢, and the induction
process for the derivatives of f at Ty, we again obtain (3.23). Replacing as and ag by
their representatives in assumption (iv), we get

[(1+ Wk (zx+ pr8)) g1 ()]

2 a
halm)  [(1-Twel?)pe] (4.10)
B z hz(Te) +UO+1B) ) Mg[gx](D).

xengy P Tk Ps(Ti)Pg(Tk)

Assumptions (iii) and (iv) assure that Lemma 4.1 may be used to estimate
1/P&(Tx)Pg(Tk) for which we obtain

K(f+vp+6)
! 1 ) (4.11)

| Pac(T) P (T) | SK<1 [Tk |
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for each pair of & and 8, where K is a constant independent of k. Thus, by assumption
(iv), the modulus of the right-hand side of (4.10) is bounded by

2 a
T e 9 2 WY PGS il
Ko 2. (1—|7e])” L&) +1(B) 1 K(fp+vp+6)? (4.12)
e\ (B} k | Tk | (1= 1[7xl)
where K is a constant.
As in the proof of Theorem 2.1, we have

- Jwe|* <9(1- |1]), (4.13)

so our estimate becomes
K() Z pltz(l_ |Tk~)q7y7K(ﬂ+V[;+6) |M&[gk](C)| (414)

_ H&)+LB) -~
&el\ (B} | Tk |

Hence, as k goes to infinity, the modulus of the right-hand side of (4.10) goes to zero,
and since the left-hand side goes to |g’'(Z)|#!, we have a contradiction.

REMARK 4.2. A more refined theorem of the nature of Theorem 2.3 appears in the
dissertation of Benbourenane [2].

REFERENCES

[1] S. B. Bank, A general theorem concerning the growth of solutions of first-order algebraic
differential equations, Compositio Math. 25 (1972), 61-70.

[2] D. Benbourenane, Value distribution for solutions of complex differential equations in the
unit disk, Dissertation, Northern Illinois University, Illinois, 2001.

[3] J. Heittokangas, On complex differential equations in the unit disc, Ann. Acad. Sci. Fenn.
Math. Diss. (2000), no. 122, 1-54.

[4] M. Tsuji, Potential Theory in Modern Function Theory, Maruzen, Tokyo, 1959.

[5] H. Wulan, On some classes of meromorphic functions, Ann. Acad. Sci. Fenn. Math. Diss.
(1998), no. 116, 1-57.

[6] L.Zalcman, A heuristic principle in complex function theory, Amer. Math. Monthly 82 (1975),
no. 8, 813-817.

[71 |, Normal families: new perspectives, Bull. Amer. Math. Soc. (N.S.) 35 (1998), no. 3,
215-230.

D. Benbourenane: Department of Mathematics and Computer Science, United Arab Emirates
University, P.O. Box 17551, Al-Ain, United Arab Emirates
E-mail address: d.benbourenane@uaeu.ac.ae

L.R. Sons: Department of Mathematical Sciences, Northern Illinois University, DeKalb, IL 60115-
2888, USA
E-mail address: sons@math.niu.edu


mailto:d.benbourenane@uaeu.ac.ae
mailto:sons@math.niu.edu

