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We obtain several results concerning the differential subordination between analytic func-
tions and a linear operator defined for a certain family of analytic functions which are in-
troduced here by means of these linear operators. Also, some special cases are considered.

2000 Mathematics Subject Classification: 30C45, 30C80.

1. Introduction. Let sy be the class of normalized analytic functions f(z) with
f(0) =0 and f'(0) = 1 which are defined in the unit disk A := {z € C:|z| < 1}. Let
A be the class of all analytic functions p(z) with p(0) = 1 which are defined on A. The
class @ of Carathéodory functions consists of functions p(z) € « having positive real
part. For two functions f(z) and g(z) given by

00

fz)=z+ z anz", g(z)=z+ z bpz", (1.1

n=2 n=2
their Hadamard product (or convolution) is defined, as usual, by
(f*9)(2):=2z+ > anbnz" =1 (g% f)(2). (1.2)
n=2

Define the function ¢ (a,c;z) by

Pla,c;z)i= > %z"“ (c#0,-1,-2,...; z€A), (1.3)

n-o (n

where (x),, is the Pochhammer symbol or the shifted factorial defined by

1, n=0,
(X)n={ (1.4)
x(x+1)(x+2)---(x+n-1), neN:={1,2,3,...}.

Corresponding to the function ¢(a,c;z), Carlson and Shaffer [1] introduced a linear
operator L(a,c) on sy by the following convolution:

L(a,c) f(z):= ¢p(a,c;z) x f(z), (1.5)
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or, equivalently, by

0

La,o)f(z)i=z+ > ((if))" Anz"™! (€A, (1.6)
n=1 n
It follows from (1.6) that
z(L(a,0)f(2)) =aL(a+1,c)f(z)—(a-1)L(a,c)f(z). (1.7)

For two functions f and g analytic in A, we say that the function f(z) is subordinate
to g(z) in A, and write

f<g or f(z)<g(z) (z€A), (1.8)
if there exists a Schwarz function w (z), analytic in A with
w(0) =0, |w2)]|<1 (zea), (1.9)
such that
f(@2)=g(w(2)) (ze€A). (1.10)

In particular, if the function g is univalent in A, the above subordination is equivalent
to

f(0)=g(0),  f(A)cg(A). (1.11)

Over the past few decades, several authors have obtained criteria for univalence and
starlikeness depending on bounds of the functionals zf’(z)/f(z) and 1+zf" (z)/ f'(z).
See [4, 5, 7] and the references in [7]. In [2, 6], certain results involving linear operators
were considered. In this paper, we obtain sufficient conditions involving

La+1,c)f(2) La+2,c)f(z)

L(a,c)f(z) ’ L(a+1,¢)f(2) (1.12)
for functions to satisfy the subordination
L(a,c)f(z) La+1,0)f(2)\*
Lariose <19 ((faore ) <a@ @@ea.
Also, we obtain sufficient conditions involving
La+2,c)f(z2) L(a+1,c)f(2)
Lla+1,¢)f(z)’ z (L14)
for functions to satisfy the subordination
L(a,c)f(z)\P z
(72 ) <4q(z), La+Lof@) <q(z) (q(z)ed). (1.15)
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Since L(n+1,1) f(z) = D" f(z), where D" f(z) is the Ruscheweyh derivative of f(z),
our results can be specialized to the Ruscheweyh derivative and we omit these details.
Note that the Ruscheweyh derivative of order ¢ is defined by

z

5 . - _
D°f(z):= 1z * f(z) (fedy d>-1) (1.16)
or, equivalently, by
o (6+k-1
D?f(z) :_z+kzz< il )akzk (f € slo; 6> —1). (1.17)

In our present investigation, we need the following result of Miller and Mocanu [3]
to prove our main results.

THEOREM 1.1 (cf. [3, Theorem 3.4h, page 132]). Letq(z) be univalent in the unit disk
A and let 3 and @ be analytic in a domain D D q(A) with (w) # 0, when w € q(A).
Set

Q(2):=zq (2)p(a(2)), h(z):=9%(q(2))+Q(2). (1.18)
Suppose that
(1) Q is starlike univalent in A;

(2) R(zh'(z)/Q(z)) >0 forz € A.
If p(z) is analytic in A, with p(0) = q(0), p(A) C D, and

S(p2)+zp' 2)p(p(2) <9%(q(2) +zq' (2)p(q(z)), (1.19)
then p(z) < q(z) and q(z) is the best dominant.

2. Main results. We begin with the following.

THEOREM 2.1. Let«, 3, andy be real numbers, § + 0,and (1+a)By <0.Letq(z) € A
be univalent in A and let it satisfy the following condition for z € /\:

B+(1+a)y l,fB+y(a+1) 50
9&(1+ za (Z)> > B B 2.1)
a(2) 0 ifil”“ﬁ““) <o.
If f(z) € Ao and
L(a,c)f(z) {O(L(a+ 1,¢)f(z) +BL(a+2,c)f(z) N }
L(a+1,c)f(2) L(a,c)f(z) La+1,c)f(2) 2.2)

< —a}rl {ax(a+ D) +aB+[B+yla+1)]q(z)-Bzq (2)},
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then
L(a,c) f(z)
Lia+1,¢)f(2) <a(2) (2:3)
and q(z) is the best dominant.
PROOF. Define the function p(z) by
p(z) = L(a,c)f(z) (2.4)

T L(a+1,0)f(z)°

Then, clearly, p(z) is analytic in A. Also, by a simple computation, we find from (2.4)
that
zp'(2) _ z(L(a,0)f(2))  z(Lla+1,0)f(2)

p(z)  L@aofz  La+Lof@) (2.5)

By making use of the familiar identity (1.7) in (2.5), we get

La+2,c)f(z) 1 (1+ a zp’(z))_ (2.6)

La+1,0)f(z) a+1 p(z) p(z)

By using (2.4) and (2.6), we obtain

[O(L(aJr 1,0)f(z) +BL(a+2,c)f(z) N ] L(a,c)f(z2)
L(a,c)f(z2) L(a+1,c)f(2) La+1,c)f(2)

[« B a_ zp'(z) 57
B [p(z)+a+1<1+p(z) p(z) >+y]p(2) 7

= ﬁ{(ow Da+aB+[B+yla+1)]p(z)-Bzp'(2)}.
In view of (2.7), the subordination (2.2) becomes
[B+y(a+1)]p(z)-Bzp'(z) < [B+y(a+1)]a(z) - Bzq'(2) (2.8)
and this can be written as (1.19), where
$(w):=[B+ya+D]w, @w):=-B. (2.9)

Note that ¢ (w), @ (w) are analytic in C. Since  + 0, we have @ (w) =+ 0. Let the functions
Q(z) and h(z) be defined by

Q2):=zq' (2)p(q(z)) = -Bzq'(2),

2.10
h(z):=9(q(2))+Q(2) = [B+(a+1)yla(z) - Bzq' (2). (210

In light of hypothesis (2.1) stated in Theorem 2.1, we see that Q(z) is starlike and

%{ZSL(ZZ)) )s, _ g{)’(at;) B, <1+ z;’(’fj))} ol o)

The result of Theorem 2.1 now follows by an application of Theorem 1.1. |
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Note that
L(1,1) f(2) = f(2),
L2, 1) f(z)=zf(2), (2.12)
22 f"(2)

L3, 1) f(z)=zf(2) +T.

By taking a = ¢ = 1 in Theorem 2.1 and after a change in the parameters, we have the
following.

COROLLARY 2.2. Let & be a real number, 1+ « > 0, and let q(z) be univalent in A,
and let it satisfy

zq'' (z) -x ifx=<0,
%(1+ 72 ) ><|O if &= 0. (2.13)
If f € Ay and
f(2) _z2f(z) zf"(z) ‘ 3
Zf(2) {(1 ) 2 <1+ 2) )+o<§» <zq' (z2)+xq(z) — «, (2.14)
then
f(z)
Zf(2) <q(z) (2.15)
and q(z) is the best dominant.
If we take
q(z)=1+ z (2.16)

1+«

in Corollary 2.2, we obtain a recent result of Singh [7, Theorem 1(i), page 571].
By using Theorem 1.1, we can show the following.

LEMMA 2.3. Lety, B be real numbers, § +0, and 1 > y/B. Let q(z) € « be univalent
in A and let it satisfy

Yy .y
., & if 5 =0,
%(qu, (Z)) S EE (2.17)
a'(z) 0o ifY=<o
B
If p(z) € A satisfies
yp(z)-Bzp'(z) <yq(z) - Bzq'(2), (2.18)

then p(z) < q(z) and q(z) is the best dominant.

By using Lemma 2.3, or from Theorem 2.1, we have the following.
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COROLLARY 2.4. Let &, 3, y be real numbers, B+ 0, and 1 > y/B. Let q(z) € d be
univalent in A and let it satisfy (2.17). If f(z) € g satisfies

f(2) <[O(Zf’(z) +B(1+Zf”(z>

zf'(2) U f(2) F(2) ) +Y} <a+B-Bzq'(z) +ya(2), (2.19)

then (2.15) holds and q(z) is the best dominant.
By using Theorem 1.1, we obtain the following.

THEOREM 2.5. Let a + —1. Let &, B, y, and 6 be real numbers, x += 0, and 1 +
d(a+1)(x+y)/ o> 0. Let q(z) € A be univalent in /\ and let it satisfy the following
condition for z € A:

_da+D)(x+y) ifé(oH'l)(aﬂ/)sO
9&(1+Zq,—(2)) > & & (2.20)
q'(z) 0 l_fé(a+1)((x+y) 50

(04

If f(z) € Ao and

L(a+2,¢)f(z) z o La+1,0)f(2)\°
{O(L(a+1,c)f(z) B(L(a+1,c)f(2)> +y}< z )

N (2.21)
< 6(a+l)zq (2)+ (x+y)q(z) +B,
then
Lia+1,0)f(2)\°
(f) <q(z2) (2.22)
and q(z) is the best dominant.
PROOF. Define the function p(z) by
5
p(z):= (M) . (2.23)

Then, clearly, p(z) is analytic in A. Also, by a simple computation, we find from (2.23)
that

zp'(z) _sz(La+1,0)f(2))

= 2.24
P2  La+Lof@) 24

By making use of the familiar identity (1.7) in (2.24), we get
Lla+2,0)f(z) 1 zp'(2) Tl (2.25)

La+1,0)f(z)  &(a+1) p(z)
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By using (2.23) and (2.25), we obtain

L(a+2,¢)f(z) z o Lia+1,¢0)f(2)\°
{ L(a+1,c)f(z)+B(L(a+1,c)f(z)) +y}( z )

B 1 zp'(2) B (2.26)
_{(X((S(a+1) p(2) ”)W(z)”}p(z)

zp' (z)+ (x+y)p(z)+B.

.«
CS(a+1)

In view of (2.26), the subordination (2.21) becomes
Sa+)(x+y)p(z)+azp'(z) <da+1)(x+y)q(z) + xzq' (z) (2.27)
and this can be written as (1.19), where
Y(w):=6(a+1)(x+y)w, Q(w) =« (2.28)

Note that @ (w) # 0 and 3(w), @ (w) are analytic in C. Let the functions Q (z) and h(z)
be defined by

Q(2):=2zq9(2)@(q(2)) = xzq'(2),

, (2.29)
h(z):=9(q(2)) +Q(z) =6(a+1)(x+y)a(z) + xzq' (2).
By hypothesis (2.20) stated in Theorem 2.5, we see that Q(z) is starlike and
zh'(2)] _ o(a+1)(x+y) zq" (z)
‘R{ 02) }—‘R{—a +<1+ 7 2) )}>0. (2.30)

Thus, by an application of Theorem 1.1, the proof of Theorem 2.5 is completed.
O

By taking a = ¢ = 1 in Theorem 2.5 and after a suitable change in the parameters, we
have the following.

COROLLARY 2.6. Let &, + 0 berealand1+ x> 0. Let q(z) be univalent in A and let
it satisfy (2.13). If f € Ay and

{BZf”(z)

F12) +0‘<1— [f'(z)]fﬁ)}[f’(z)]ﬁ <zq'(2) +xq(z) - «, (2.31)

then

[f (2] <a(z) (2.32)

and q(z) is the best dominant.
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If we take (2.16) in Corollary 2.6, we obtain a recent result of Singh [7, Theorem 1(ii),
page 571].

THEOREM 2.7. Let a + —1. Let &, B, and y be real numbers and let B,y + 0 and
1+a/y >0.Let q(z) € 4 be univalent in A and let it satisfy the following condition for
zeA:

(2.33)

"(2) y
‘R(l+zq Z)> 0

If f(z) € oy and

Lia+1,0)f(2)\* La+2,0)f(z) Lla+1,c)f(z)
(Flaare ) e (et ore “ Twore el (234)

<yzq' (2) +xq(z),
then

(L(a+1,c)f(z)

B
L@.c)f(2) ) <q(z) (2.35)

and q(z) is the best dominant.

PROOF. Define the function p(z) by

Lia+ l,c)f(z))ﬁ

L(a,c)f(z) (2.36)

p(z):= (

Then, clearly, p(z) is analytic in A. Also, by a simple computation together with the use
of the familiar identity (1.7), we find from (2.36) that
1zp'(z) _ (a+1)L(a+2,c)f(z) _ L(a+1,0)f(z)

B p(2) La+Lofz) Y Laofz & (2.37)

Therefore, it follows from (2.36) and (2.37) that

La+1,0)f(2)\* La+2,c)f(z) La+l,0)f(z)
( L(a,0)f(2) ){BY[(““)uaﬂ,c)f(z) a0 f(z) 1] } (2.38)
=yzp' (2)+ap(z).
In view of (2.38), the subordination (2.34) becomes
yzp' (2) +ap(z) < yzq'(z) + xq(z) (2.39)

and this can be written as (1.19), where

Y (w) := xw, @ (w):=y. (2.40)
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Note that @ (w) # 0 and 3(w), @ (w) are analytic in C. Let the functions Q (z) and h(z)
be defined by

Q(2):=zq' (2)p(a(2)) =yzq' (2),

241
h(z):=9(q(2))+Q(z) = xq(z) +yzq'(z). ( )

In light of hypothesis (2.33) stated in Theorem 2.7, we see that Q(z) is starlike and

%{ZS(;)} :%{%+(1+ZZ;;S))} > 0. (2.42)

Since ¢ and @ satisfy the conditions of Theorem 1.1, the result follows by an application
of Theorem 1.1. O

By taking a = ¢ = 1 in Theorem 2.7 and after a suitable change in the parameters, we
have the following.

COROLLARY 2.8. Let &, + 0 and y be real with 1+ «/y > 0. Let q(z) be univalent in
A and let it satisfy (2.33).

If f € Ao and
zf'(2)\* 2f"(2) zf'(2) ,
( f(2) ) {B [“ f@  f@) ]*"‘}qu @) +aa(z), (243
then
(zf'(z) b
f(2) ) <a(z) (2.44)

and q(z) is the best dominant.

If we take (2.16) and y = 1 in Corollary 2.8, we obtain a recent result of Singh [7,
Theorem 1(iii), page 571] and, by setting

T1-aze
q(z) = o mdt (245)

and « = 1 in Corollary 2.8, we obtain another recent result of Singh [7, Theorem 3, page
573].

THEOREM 2.9. Let x + 0 and y be real numbers, (a+ 1)xy < 0. Let q(z) € d be
univalent in A\ and let it satisfy the following condition for z € A:

x+y(a+1) l,f(x+y(a+1) -0
zq”(z)) . 1o 1o -
q'(z) x+yla+l) _

— =

%(1+ (2.46)

0 if 0.
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If f(z) € o and

L(a,c)f(z) (L(a+2,6)f(2)) L(a,c)f(z)
La+l,o)fz)\La+1,0fz)) YL@a+1,0)f(2)

t , . (2.47)
s R e RR L e )
then
L(a,c)f(z) <q(2) (2.48)

L(a+1,c)f(2)
and q(z) is the best dominant.

The proof of this theorem is similar to that of Theorem 2.1 and hence it is omitted.
By taking a = ¢ = 1 in Theorem 2.9 and after a suitable change in the parameters, we
have the following.

COROLLARY 2.10. Let0 <« <1 and q(z) be univalent in A and let them satisfy

2q"(2)\ _ |& ifa=0
1 2.4
R(1+ a2) >>{o if o <0. (249

Iff € Ap and

f(2) zf"(2)\ _ ( f(z2) 3 o

zf’(z)<1+ 2 ) (X(zf’(z) 1) <(I+ax)-xq(z)-zq (z), (2.50)
then (2.15) holds and q(z) is the best dominant.

Let
Az (! £«

After a change of variable in (2.51), we get

A z nnx
01<Z>=1+Z—af0 dn. 2.52)
By differentiating (2.52), we have
2q'(2) = 22 _xq(z) + o (2.53)
1 T k+z 1 ’
or
, Az
x—aq(z)—zq (z) = iz (2.54)
Since the bilinear transform
wo -2 (2.55)
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maps A onto the disk

A
1-k?

[Alk
T k-1’

(2.56)

w

from Corollary 2.10 for the function q(z) given by (2.51), we obtain a recent result of
Singh [7, Theorem 2(i), page 572].

THEOREM 2.11. Let « + 0 and y be real numbers, (a+1)xy < 0. Let q(z) € A be
univalent in A and let it satisfy (2.46) for z € A.
If f(z) € Ao and

L(a+2,¢)f(2) z .«
Z[L(a+1,c)f(z)]2+yL(a+1,c)f(z) < (aty)a(z) a+1

zq'(2), (2.57)

then

z

L—(a+ 1.0/ <q(z) (2.58)

and q(z) is the best dominant.

The proof of this theorem is similar to that of Theorem 2.1 and therefore it is omitted.
By taking a = ¢ = 1 in Theorem 2.11 and after a suitable change in the parameters,
we have the following.

COROLLARY 2.12. Let0 < & < 1 and q(z) be univalent in A and let them satisfy (2.49).
If f € Ao, f(2)f(2)/z # 0, and

zf"(z) 1
F(2) (X(f’(z)

1) <ax-wuq(z)—zq'(z), (2.59)

then

J% <q(z) (2.60)

and q(z) is the best dominant.

On setting (2.51) in Corollary 2.12, we obtain a recent result of Singh [7, Theorem
2(ii), page 572].
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