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We show that the Ishikawa iteration and the corresponding Mann iteration are equivalent
when applied to y-uniformly pseudocontractive or y-uniformly accretive maps.
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1. Introduction. Let X be a real Banach space, B a nonempty, convex subset of X,
and T a self-map of B, and let xy = uy € B. The Mann iteration (see [2]) is defined by

Upr1 = (1—o)un+ 0, Tu,,, n=0,1,2,.... (1.1)
The Ishikawa iteration is defined (see [1]) by

Xna1 = (1= &) Xn + n T yp,

Yn=1=Bu)xn+BnTxn, n=0,1,2,.... 1.2
The sequences {«x,} C (0,1), {B»} C[0,1) satisfy
%ifga”:,ll%ﬁ”:o' nij'lan:ij- (1.3)
The map J: X — 2X" given by
Jx:={feX (x,f)=Ilxl, Ifl =lxl}, VxeX, (1.4)

is called the normalized duality mapping.

REMARK 1.1. The above J satisfies

(x,j)) < lIxllllxvll, VxeX, Vj(y)eJy). (1.5)
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PROOF. Denote j(y) by f. Since f € X*, we have

e, ) < LAl (1.6)

From (1.4), we know that || f|| = || |l. Hence (1.5) holds. O

Let
¥:={y|y:[0,+0) — [0,+) is a nondecreasing map such that ¢/(0) = 0}. (1.7)

The following definition is from [3].

DEFINITION 1.2. Let X be a real Banach space. Let B be a nonempty subset of X. A
map T : B — B is called y-uniformly pseudocontractive if there exist the map ¢ € ¥
and j(x —y) € J(x—2) such that

(Tx-Ty,jix-y)) <lx-yI*=y(lx-yl), Vx,y€EB. (1.8)

The map S: X — X is called y-uniformly accretive if there exist the map ¢ € ¥ and
Jj(x—2y) € J(x—-y) such that

(Sx-Sy,jix-y)=y(lx-yl), Vx,yeX. (1.9)

Taking @ (a) := y(a) - a, for all a € [0,+x), Y € ¥, we get the usual definitions
of y-strongly pseudocontractivity and y-strongly accretivity. Taking @ (a) := y - a?,
y € (0,1), for all a € [0,+), ¢ € ¥, we get the usual definitions of strong pseudocon-
tractivity and strong accretivity.

Denote by I the identity map.

REMARK 1.3. T is @-uniformly pseudocontractive if and only if S = (I - T) is -
uniformly accretive.

Let F(T) denote the fixed point set with respect to B for the map T.

In [9], the following conjecture was given: “if the Mann iteration converges, then
so does the Ishikawa iteration.” In a series of papers [5, 6, 7, 8, 9, 10], the authors
have given a positive answer to this conjecture, showing the equivalence between Mann
and Ishikawa iterations for several classes of maps. In this paper, we show that the
convergence of Mann iteration is equivalent to the convergence of Ishikawa iteration,
for the most general class of ¢-uniformly pseudocontractive and -uniformly accretive
maps.

LEMMA 1.4 [4]. Let X be a real Banach space and let J : X — 2X* be the duality
mapping. Then the following relation is true:

Ix+ 17 < lIxI?+2(y,j(x+y)), Vx,y€X, Vjlx+y)EJ(Xx+y). (1.10)
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LEMMA 1.5 [3]. Let {0,} be a sequence of nonnegative real numbers, let {A,,} be a
real sequence satisfying

0<Ap=1, > Ap=+o, (1.11)
n=0

and let @ € Y. If there exists a positive integer ng such that
931+1 59,21—?\11(1/(9"+1)+0'n, (]..].2)
for alln = ngy, with o, = 0, for allm € N, and o, = 0(A,,), then lim,, ., 6,, = 0.

2. Main result. We are now able to prove the following result.

THEOREM 2.1. Let X be a real Banach space, let B be a nonempty, convex subset of
X, and let T : B — B be a uniformly continuous and -uniformly pseudocontractive map
with T (B) bounded. If {c¢,}, {Bn} satisfy (1.3), and uy = xo € B, then the following are
equivalent:

(i) the Mann iteration (1.1) converges (to x* € F(T)),
(ii) the Ishikawa iteration (1.2) converges (to the same x* € F(T)).

PROOF. The implication (ii)=(i) is obvious by setting, in (1.2), 8, =0, for all n € N.
We will prove the implication (i)=(ii). Let x* be the fixed point of T. Suppose that
lim;, . uy = x*. Using

Jim ||xn = unl| = 0, 2.1)
0 = |lx* =xull < [fun —x* ||+ |lxn = unll, (2.2)

we get
%gn Xn =x*. (2.3)

The proof is complete if we prove the relation (2.1).
Set

M := {||x0 —wol[ +sup {ITx - Tyl, x,» € B}} = 0. (2.4)
The condition that T(B) is bounded leads to
0<M < +co. (2.5)

It is clear that [[xp — ugll < M. Supposing that |x, — u,|| < M, we will prove that
[Xnse1 —Uns1ll < M. Indeed, from (1.1) and (1.2), we have

1xn 1 —Unar |l < (1= an)|[xn = wnl| + n || Tyn — Tung||

2.6
< (1-0tp)M+0t,M = M. (2.6



2446 B. E. RHOADES AND S. M. SOLTUZ
That is,
[|xn —unl| <M, Vnen. (2.7)

The real function f : [0,+o) — [0,4+), f(t) = t2, is increasing and convex. For all
Ae[0,1] and t,t, > 0, we have

((1=A)t; +At)% < (1-A)t2+AL2. (2.8)
Set ty :=l[xp —unll, t2:=Tyy—Tuy, A:= &y in (2.8), to obtain

||Xn+1 —unHHZ = ||(1_0‘n)(xn_un) +0‘n(Tyn_Tun)||2
= ((1—O(n)”xn_unH+0(n||Tyn—Tun||)2
) 5 (2.9)
< (1—o)||xn —un||” + cnM

<||%n = unl[* + n M2,

From (1.1), (1.2), (1.5), and (1.10), with
x:=(1-0op) (xn—uy),
¥ =0 (Tyn—Tuy), (2.10)
X+Y =Xn+1 — Un+1,

we get

||Xn+1—7fin+l||2

= [1(1 = &tn) (xn = tn) + X (T = Tuan)||°

<(1 _o‘n)2||xn_un”2 +200{TYn—TuUn, j(Xni1 —Uni1))

= (1= otn) |30 = wnl|® + 200 (T X1 — TUns1,J (Xns1 —Uns1))
+ 200 (Tyn—TXps1,J (Xne1 —Uni1))
+ 20 (TUun+1 — TUn, j(Xns1 —Uns1))

< (1= 0tn) |30 = tn]|* + 200 [xn 41 = w1 I* = 20000 (|01 — e |)
+200 (Tyn —TXni1,J(Xni1—Uns1))

+ 200 (TUp+1 — TUn, j(Xns1 —Un+1))

(2.11)

= (1_O‘n)ZHXn_unHZ+20‘n|\xn+1 _un+1||2 =20 ([|xn41 = unsll)
+ 20 |[Tyn = Txnsa||||xn+1 = Una ]
+ 2060 || Tuns1 — Tun||||xn+1 — tn1]]

= (1—0‘n)2||xn_un”2+20‘n|\xn+l _un+1||2 =20t (i —unal])
+ 200 || Tyn — Txpe1||M + 206, || TUn 11 — Tun||M

= (1*0(n)2||xn*“n|’2*20‘n|\xn+1 *un+1||2 =20t (i1 —unsal])

+ 20y, (by +cp),
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where

by = ||Tyn_Txn+1||M,
(2.12)
cn = ||Tuns1 — Tuy||M.

From (1.2), we have

||xn+l _J’nH = H(Bn_O(n)xn+(anyn_BnTxn||

(2.13)
< (Bn— o) [[xnl| + &ul [Tyl + Bul[ Txn||.

Analogously as for (2.6), we obtain the boundedness of {x,}. Conditions (2.13) and
(1.3) lead to

}}E&Hxnﬂ_yn” =0; (2.14)

the uniform continuity of T leads to

,llill}oHTy"_TX"““:O; (2.15)
thus, we have
ylgn b, =0. (2.16)

The convergence of the Mann iteration {u,} implies lim, . [[U;+1 — Uy || = 0. The uni-
form continuity of T implies limy, .. || TUn+1 — TUy, || =0, that is,

lim ¢,, = 0. (2.17)

Nn—o
Substituting (2.9) in (2.11) and using (2.7), we get
2 2 2
(1-cn) ||xn*un|| Jr20(n||xn+1*un+1||
< (1—cxn)szn—unHZ+20(n<||xn—un||2+0(an)

= [(1—o(n)z+20<n]||xn—um||2+20<31M2

, (2.18)
= (14 02)||xn — unl]* + 202 M?
= |20 = wn|* + &2 |30 — Un|* + 202 M2
< ||xn —un|)* + 302 M2.
Substituting (2.18) into (2.11), we obtain
||Xn+1 _un+l|’2
< (1= 0tn)*[[2en = wnl® + 20| X011 — Unia |
=200 ([|x 41 = Unsl]) + 200 (Dy +cn) (2.19)

< 1% — wn[* + 362 M? — 20t (|| X1 — U1 |]) + 200 (D +Cn)

=150 = unl]* = 2000 (||xXns1 — Uns1]]) + Cn (30 M? +2by +2¢4,).
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Denote

On = ||xn_”n||2s
Ap =200, (2.20)

O = 0 (30, M? +2by, +2¢5).

Condition (1.3) assures the existence of a positive integer ny such that A, = 2, <
1, for all n > ng. Relations (1.3), (2.16), (2.17), (2.19), (2.20), and Lemma 1.5 lead to
limy, .o O = 0; hence limy,— o || X5 — Unll = 0. O

The above result does not completely generalize the main result, stated below, from
[8], because the map T in this result is not uniformly continuous.

THEOREM 2.2 [8]. Let X be a real Banach space with a uniformly convex dual and
B a nonempty, closed, convex, bounded subset of X. Let T : B — B be a continuous and
strongly pseudocontractive operator. Then for u, = x1 € B, the following assertions are
equivalent:

(i) the Mann iteration (1.1) converges to the fixed point of T;
(ii) the Ishikawa iteration (1.2) converges to the fixed point of T.

REMARK 2.3 [8]. (i) If T has a fixed point, then Theorem 2.2 holds without the con-
tinuity of T.
(ii) If B is not bounded, then Theorem 2.2 holds if {x;,} is bounded.

3. The Lipschitzian case. The following result can be found in [6].

COROLLARY 3.1 [6]. Let X be a real Banach space, B a nonempty, convex subset of
X, and T : B — B a Lipschitzian and y-uniformly pseudocontractive map with T (B)
bounded. If {&,}, {Bn} satisfy (1.3), then the following are equivalent:

(i) the Mann iteration (1.1) converges (to x* € F(T)),
(ii) the Ishikawa iteration (1.2) converges (to the same x* € F(T)).

PROOF. If the Lipschitzian constant L € (0,1), then the conclusion holds on basis of
[9, Theorem 3]. If L > 1, then all the assumptions in Theorem 2.1 are satisfied because
a Lipschitzian map is uniformly continuous. O

Corollary 3.1 does not completely generalize the main result, stated below, from [9],
because neither boundedness of B nor that of T(B) is required.

THEOREM 3.2 [9]. Let B be a closed, convex subset of an arbitrary Banach space X
and let T be a Lipschitzian strongly pseudocontractive self-map of B. Consider the Mann
iteration and the Ishikawa iteration with the same initial point and { &, }, {Bn} satisfying
(1.3). Then the following conditions are equivalent:

(i) the Mann iteration (1.1) converges to x* € F(T),
(ii) the Ishikawa iteration (1.2) converges to x* € F(T).
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4. Application. Let S be a -uniformly accretive map. Suppose the equation Sx = f
has a solution for a given f € X. Remark 1.3 assures that

Tx=x+f-Sx, VxeX, (4.1)

is a -uniformly pseudocontractive map. A fixed point for T is a solution of Sx = f,
and conversely. For the same {o,} C (0,1), {Bx} C[0,1) as in (1.3), the iterations (1.2)
and (1.1) become

Xn+1 = (l_an)xn+0(n(f+(l_5)yn)a
Yn=1-Bn)xn+Bn(f+T-S)xn), n=0,1,2,...,
Uns1 = (1= o) Un + 0 (f+ (T =S)uy), n=0,1,2,.... (4.3)

We are now able to give the following result.

COROLLARY 4.1. Let X be a real Banach space and S : X — X a uniformly continuous
and y-uniformly accretive map with (I —S)(X) bounded. If {xy}, {Bn} satisfy (1.3) and
Uy = Xo € B, then the following are equivalent:

(i) the Mann iteration (4.3) converges to a solution of Sx = f,
(ii) the Ishikawa iteration (4.2) converges to a solution of Sx = f.

PROOF. Set Tx := f+ (I—S)x.If S is uniformly continuous, then T is also uniformly
continuous. The boundedness of (I —S)(X) assures the boundedness of {||y, + f —
Synll} and {||x, + f —Sxy|}. Hence Theorem 2.1 gives our conclusion. O

From Corollary 3.1, we obtain, (see [6]) the following result.

COROLLARY 4.2 [6]. Let X be a real Banach space and S : X — X a Lipschitzian and
Y -uniformly accretive map with (I1-S)(X) bounded. If {x,,}, {Bn} satisfy (1.3), then the
following are equivalent:

(i) the Mann iteration (4.3) converges to a solution of Sx = f,
(ii) the Ishikawa iteration (4.2) converges to a solution of Sx = f.

PROOF. Set, in Corollary 3.1, Tx := (I - S)x and use Remark 1.3. O

5. The equivalence between T-stabilities of Mann and Ishikawa iterations. All the
arguments for the equivalence between T-stabilities of Mann and Ishikawa iterations
are similar to those from [5]. The following nonnegative sequences are well defined for
allneN:

En::||Xn+1_(1_‘xn)xn_(anynHy (5.1)

S = |[uns1 — (1= &) Un — 0t Ty || (5.2)

DEFINITION 5.1. Iflim,,_. &, = 0 (resp., lim,, .. 6,, = 0) implies that lim,, ., x,, = x*
(resp., lim,, .o U, = x*), then (1.2) (resp., (1.1)) is said to be T-stable.

REMARK 5.2 [5]. Let X be a normed space, B a nonempty, convex, closed subset of
X, and T : B — B a continuous map. If the Mann (resp., Ishikawa) iteration converges,
then lim,, .« 6,, = 0 (resp., lim,, .« &, = 0).
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THEOREM 5.3. Let X be a real Banach space, B a nonempty, convex subset of X, and
T : B — B a uniformly continuous and -uniformly pseudocontractive map with T (B)
bounded. If {c,}, {Bn} satisfy (1.3) and uoy = xo € B, then the following are equivalent:

(i) the Mann iteration (1.1) is T -stable,
(ii) the Ishikawa iteration (1.2) is T-stable.

PROOF. The equivalence (i)< (ii) means that lim,_. &, = 0 < lim;,_« 6, = 0. The
implication lim,, .« €, = 0 = lim,, . 6,, = 0 is obvious by setting 8, = 0, forall n € N, in
(1.2) and using (5.2). Conversely, we suppose that (1.1) is T-stable. Using Definition 5.1,
we get

lim §,, = 0 = lim u, = x*. (5.3)
n—o0o Nn—oo
Theorem 2.1 assures that lim,, .. 1, = x* leads us to lim,, .« x,, = x*. Using Remark 5.2,
we have lim,, . &, = 0. Thus, we get lim;, . 6, = 0= lim;,_.« &, = 0. O

Set Tx = f+ (I —S)x in Theorem 5.3. Corollary 3.1 leads to the following result.

COROLLARY 5.4. Let X be a real Banach space and S : X — X a uniformly continuous
and y-uniformly accretive map with (I —S)(X) bounded. If {c,}, {Bn} satisfy (1.3) and
U = Xo € B, then the following are equivalent:

(i) the Mann iteration (4.3) is T -stable,
(ii) the Ishikawa iteration (4.2) is T -stable.

Analogously, we obtain the following corollary.

COROLLARY 5.5 [5]. Let X be a real Banach space and S : X — X a Lipschitzian and
Y -uniformly accretive map with (I1-S)(X) bounded. If { .}, {Bn} satisfy (1.3), then the
following are equivalent:

(i) the Mann iteration (4.3) is T -stable,
(ii) the Ishikawa iteration (4.2) is T-stable.

If the map T is multivalued, then the definition of a -uniformly pseudocontractive
map has the following form.

DEFINITION 5.6. Let X be a real Banach space. Let B be a nonempty subset. A map
T :B — 2B is called y-uniformly pseudocontractive if there exist ¢ € ¥ and j(x —y) €
J(x —) such that

(E-0,j(x=») <lx=yIP-w(lx-xl), (5.4)
forallx,y€B, E€Tx, 0 Ty.
Let S: X — 2X. The map S is called y-uniformly accretive if there exist ¢ € ¥ and

j(x—-v) € J(x—y) such that

(E-0,j(x-3)) =yw(lx-xl), (5.5)

forall x,y e X,EeSx,0Sy.
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We remark that all the results from this paper hold in the multivalued case, provided
that these multivalued maps admit an appropriate selection.

ACKNOWLEDGMENT. The authors are indebted to the referee for carefully reading
the paper and for making useful suggestions.

REFERENCES

[1]  S.Ishikawa, Fixed points by a new iteration method, Proc. Amer. Math. Soc. 44 (1974), 147-
150.

[2]  W.R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953), 506-510.

[3] C.Moore and B. V. C. Nnoli, Iterative solution of nonlinear equations involving set-valued
uniformly accretive operators, Comput. Math. Appl. 42 (2001), no. 1-2, 131-140.

[4] C.H. Morales and J. S. Jung, Convergence of paths for pseudocontractive mappings in Ba-
nach spaces, Proc. Amer. Math. Soc. 128 (2000), no. 11, 3411-3419.

[5] B.E.Rhoades and S. M. Soltuz, The equivalence between T -stabilities of Mann and Ishikawa
iterations, submitted to Math. Commun.

[6] ____, The equivalence of Mann and Ishikawa iteration for a Lipschitzian psi-uniformly
pseudocontractive and psi-uniformly accretive map, to appear in Tamkang J. Math.

[7] _____, The equivalence between the convergences of Ishikawa and Mann iterations for an
asymptotically pseudocontractive map, J. Math. Anal. Appl. 283 (2003), no. 2, 681-
688.

[8]

, The equivalence of Mann iteration and Ishikawa iteration for non-Lipschitzian op-
erators, Int. J. Math. Math. Sci. 2003 (2003), no. 42, 2645-2651.

[9] ____, On the equivalence of Mann and Ishikawa iteration methods, Int. J. Math. Math. Sci.
2003 (2003), no. 7, 451-459.
[10] _____, The equivalence between the convergences of Ishikawa and Mann iterations for

an asymptotically nonexpansive in the intermediate sense and strongly successively
pseudocontractive maps, J. Math. Anal. Appl. 289 (2004), no. 1, 266-278.

B. E. Rhoades: Department of Mathematics, Indiana University, Bloomington, IN 47405-7106,
USA
E-mail address: rhoades@indiana.edu

Stefan M. Soltuz: “Tiberiu Popoviciu” Institute of Numerical Analysis, P.O. Box 68-1, 400110
Cluj-Napoca, Romania
E-mail address: soltuzul@yahoo.com


mailto:rhoades@indiana.edu
mailto:soltuzul@yahoo.com

