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We consider nonlinear mappings f : X — Y between Banach spaces and study the notion of
restrictive metric regularity of f around some point x, that is, metric regularity of f from X
into the metric space E = f(X). Some sufficient as well as necessary and sufficient conditions
for restrictive metric regularity are obtained, which particularly include an extension of the
classical Lyusternik-Graves theorem in the case when f is strictly differentiable at x but its
strict derivative V f (x) is not surjective. We develop applications of the results obtained and
some other techniques in variational analysis to generalized differential calculus involving
normal cones to nonsmooth and nonconvex sets, coderivatives of set-valued mappings, as
well as first-order and second-order subdifferentials of extended real-valued functions.
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1. Introduction and preliminaries. This paper is devoted to metric regularity and
the generalized differentiation theory in variational analysis which has been well recog-
nized as a fruitful area in mathematics mostly oriented in optimization-related prob-
lems and their applications. On the other hand, variational principles and methods of
variational analysis are widely applied to the study of a broad range of problems that
may not be of a variational nature. We refer the reader to the book by Rockafellar and
Wets [33] for a systematic exposition of the key features of variational analysis in finite
dimensions.

Since nonsmooth objects (sets with nonsmooth boundaries, set-valued mappings,
and extended real-valued functions) appear naturally and frequently in constrained
optimization and related areas, generalized differentiation is one of the major parts
of variational analysis. In this paper, we focus on Fréchet-like generalized differential
constructions and their sequential limits that play an important role in nonsmooth
variational analysis and its applications; see, respectively, [4, 18, 20, 25, 33] with the
references and commentaries therein for developments and applications in finite-
dimensional and infinite-dimensional spaces.

Most of the results previously obtained for the mentioned constructions require that
the Banach spaces in question be Asplund, that is, every separable subspace of them
have a separable dual. This includes all spaces with Fréchet differentiable renorms or
bump functions, in particular, every reflexive Banach space. On the other hand, there
are important Banach spaces that are not Asplund (e.g., the classical functional spaces
L', L*, and C). In what follows, we are not going to impose the Asplund property and
we will consider the general Banach space setting.
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The results obtained in this paper concern first-order and second-order calculus; the
latter deals with chain rules for second-order subdifferentials. An important property of
mappings used in the development of generalized differential calculus is the so-called
metric regularity. Recall that a mapping f : X — Y between Banach spaces is metrically
regular around X if there are y > 0 and neighborhoods U of x and V of v := f(x) such
that

dist(x; £ () <pllf(x)-y|| VxeU, yeV. (1.1)

The celebrated Lyusternik-Graves theorem ensures this property for a mapping f
strictly differentiable at x with the surjective derivative V f(x) : X — Y. Moreover, the
surjectivity of V f(x) is also necessary for the metric regularity of f around x. We re-
fer the reader to the original papers of Lyusternik [17] and Graves [9], as well as to the
recent discussions in [7, 11] and the works therein.

It is valuable for the theory and applications to relax the surjectivity assumption and
to extend a class of mappings for which one can use metric regularity techniques. Since
the surjectivity of V f(x) is necessary for the metric regularity of strict differentiable
mappings, one has to modify the above concept to cover mappings with nonsurjective
derivatives. In what follows, we consider the metric regularity for mappings f from X
into the image space f(X), which is a metric space, but in general is far from being
Banach, and call this notion the restrictive metric regularity (RMR) of f around X.

Section 2 is devoted to the study of RMR for mappings f : X — Y between Banach
spaces X and Y. Although the RMR property concerns in fact the metric regularity
of f: X — E with the metric space E := f(X) C Y and hence can be treated by the
metric space regularity theory (cf. [6, 11]), we take an advantage of using the Banach
space structure on X and Y as well as the strict differentiability of mappings when it
applies. In this way, we establish relationships between RMR of nonlinear (generally
nonsmooth) mappings and their linear approximations, derive necessary and sufficient
conditions for the RMR property via approximations, and obtain efficient criteria for
RMR of strictly differentiable mappings with nonsurjective derivatives that extend the
Lyusternik-Graves theorem to such mappings important for applications.

In Section 3, we give applications of the RMR property and related results to first-
order calculus rules for generalized normals, coderivatives, and subgradients of sets,
set-valued mappings, and extended real-valued functions in Banach spaces. Most of
the calculus rules obtained are new even under surjectivity assumptions, ensuring the
classical metric regularity of mappings involved in compositions. The principal first-
order results concern computing generalized normals to inverse images of sets under
strictly differentiable mappings with possibly nonsurjective derivatives; related chain
rules for coderivatives and subgradients follow from them via a geometric approach.

Section 4 concerns chain rules for two kinds of second-order subdifferentials (“nor-
mal” and “mixed”) generated by the corresponding coderivatives of first-order subgra-
dient mappings. We derive an exact formula for computing mixed second-order subd-
ifferentials and obtain an efficient upper estimate for normal ones, which becomes an
equality under natural assumptions discussed below (in particular, when the domain
space X is reflexive).
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Finally, Section 5 contains applications of RMR and calculus rules developed in
Section 3 to the so-called sequential normal compactness (SNC) properties of sets, set-
valued mappings, and extended real-valued functions in infinite dimensions. The latter
properties are automatic in finite-dimensional spaces while playing a crucial role in
infinite-dimensional variational analysis; see more discussions below. We obtain effi-
cient conditions ensuring the preservation of the SNC properties under some compo-
sitions involving RMR mappings.

Our notation is basically standard; compare [25, 33]. Unless otherwise stated, all the
spaces considered are Banach, with the norm || - || and the canonical dual pairing (-, -);
Bx stands for the closed unit ball in X (we use the simplified notation B and B* for the
dual balls in X and X* if no confusion arises). Given spaces X and Y, %(X,Y) denotes
the collection of all bounded linear operators from X to Y.

Let L C X be a closed subspace of X. A projection from X to L is an operator 1, €
% (X, X) such that the image of X under 17 is L and the restriction of mr; on L is the
identity operator. We will drop the subindex L if there is no confusion. Recall that L
is complemented in X if there is a closed subspace M of X with X = L & M. It is well
known that L is complemented in X if and only if there is a projection from X to L, which
happens, in particular, when L is of finite dimension or finite codimension. Note also
that every closed subspace of X is complemented in X if and only if X is isomorphic
to a Hilbert space.

2. Restrictive metric regularity. Recall that metric regularity is a concept defined
for mappings between metric spaces; see [11] and the references therein. Given two
metric spaces (E1,d;) and (E»,d») and amapping f : E; — E», we say that f is metrically
regular around X if there are neighborhoods U of X and V of f(x) and a constant p > 0
such that

dist (x; £~ (y)) := }nlf( )dl(x,v)sudz(f(x),y) VxeU, yeV. (2.1)
vef-(y

When both spaces E; in (2.1) are Banach (with X := E;, Y := E», and the same notation
I - || for the norms on X and Y), (2.1) obviously reduces to (1.1). If in this case, f: X - Y
is strictly differentiable at x, then the surjectivity of V f(x) : X — Y is necessary and
sufficient for the metric regularity of f around x. What could be said about metric
regularity of f when V f(x) is not surjective? We suggest to consider the following
property concerning metric regularity of the restrictive mapping f : X — f(X).

DEFINITION 2.1. Let f: X — Y be amapping between Banach spaces. f is said to have
the RMR property around X, or f is RMR around this point, if the restrictive mapping
f:X — f(X) between X and the metric space f(X) C Y, whose metric is induced by
the norm on Y, is metrically regular around X in the sense of (2.1).

One can easily see, by the classical open mapping theorem, that for linear mappings
f, the RMR property always holds if the subspace f(X) is closed in Y. However, the
situation is much more complicated for nonlinear mappings when the RMR property
may be violated even in the simplest cases as, for example, for f(x) = x? around x =
0eR.
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Note that, although metric regularity is a local property, the image f (X) is a nonlocal
object in the sense that some points x situated far from X may contribute to the image
of f around f(x). Indeed, consider the mapping f : R?> — R? defined by

Flx) = (x1-1,0) ifx;>1, o)
" | (x1,x2)  otherwise, :

for all (x1,x2) € R2. Then f is not RMR around (0,0), while the localized mapping
f:Brz — f(Bg2) satisfies the metric regularity property (2.1) around this point. Thus it
might be more appropriate to consider the metric regularity of f: U — f(U) for some
neighborhood U of x. However, the latter property is obviously equivalent to RMR of
the modified mapping f : X — Y defined by

f(x):= {f(x) if x e U, 2.3)

b% otherwise,

where ¥ is any fixed point of Y different from f(x). This allows us to confine our
consideration to the RMR property introduced above.

In the remaining part of this section, we establish effective necessary conditions,
sufficient conditions, and characterizations for the RMR property of mappings between
general Banach spaces. We start with an important necessary condition, which is widely
used in what follows.

THEOREM 2.2. Let X and Y be Banach spaces, and let f : X — Y be RMR around X
and Fréchet differentiable at this point. Then V f(x)(X) is closed in Y.

PROOF. Choose § > 0 such that for any x € x + 6B, thereis X € f~1(f(x)) satisfying
IX — x|l < ullf(x)—f(xo)|l for some constant u > 0. Let yy € clA(X) for A:= V f(x).
Then there are y; — o with y; € A(X) and such that ||y, — Ykl < 1/2% for all k €
N:={1,2,...}. To proceed, we build a sequence {xj} C X with the following properties:

3u 1
||Xk+1—Xk||<§’ ||yk—A(Xk)||<2—k, k eN. (2.4)
Define xy iteratively. First let x; be any point with A(x;) = ;. Then having x1,..., Xk

that satisfy (2.4), define xy. as follows. Fix u €1 (yx41) — Xk and choose a small t > 0
such that t||u|| < 6 and

1
2k+2

f(x+th) - f(x)
|
t

—A(h)H < wheneverhemax{”u”,z—‘:}[& (2.5)

This gives, in particular, that

1
2k+27

Hf(fwtut) - f(x) (2.6)

—A(u)H <
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which implies the estimates

e+t - Fol] <t (JlAwl]+ 52 )

1
= t(Ier - A1+ 35
1 (2.7)
st(||ykﬂ—yk||+<|yk A+ 5575 )

1 1 3t
<t ﬁ+ﬁ+2k+2 <§.

Using now the RMR property of f around X, select x’ € X with f(x’) = f(x +tu) and

3ut

[|x"—x|| < BT

(2.8)

Putting v := (x’' —Xx)/t and xy.1 := xx + v, we observe that xy, xx.1 satisfy the first
inequality in (2.4). It remains to show that

1
171 = Al | < - (2.9)

To furnish this, note that

fx+tv) - f(x)
R = (2.10)
by (2.5). Thus one has the estimate
fx+tu) - f(x) H
H—t A(v) 2k+2 (2.11)

due to x+tv =x" and f(x’) = f(X +tu). Combining the latter inequality with that in
(2.6), we arrive at

1

STasE (2.12)

[|[A(w) —AW)|| < 55—
Then the required estimate (2.9) follows from the observation that A(u) —A(vV) = Vi1 —
A(Xk+1), which justifies (2.4).

It is clear from (2.4) that {x}} is a Cauchy sequence in X, and hence it converges to
some point X € X. On the other hand, we have from (2.4) that im A (x;) = limyy = .
Thus A(X) = vy, that is, o € A(X). By the choice of v, we finally conclude that A(X)
is closed in Y, which completes the proof of the theorem. O

REMARK 2.3. It is easy to observe from the proof of Theorem 2.2 that the same
conclusion holds true if the RMR property of f around x is relaxed as follows: there
are a neighborhood V of f(x) and a constant u > 0 such that, given any vy € Vn f(X),
there exists x' € f~Y(y) satisfying ||x' — x|l < ully — f(x)|. Also we do not need to
require the completeness of the normed space Y. Indeed, a slight modification of the
proof allows us to show that A(X) is complete in this case, which is all we need.
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To continue, for the given mapping f : X — Y, we define the Lipschitzian modulus of
f in the ball X + 6By by

Lrxi8) = sup W)=l (2.13)
XerZEf"'a[BX ||X1_X2H
X1FX2

and observe that f is Lipschitz continuous around x if and only if £;(x;0) < c for
some ¢ > 0. Given another mapping g : X — Y, we denote for simplicity £f4(x;0) :=
{f_4(x;6). In this notation, a mapping f : X — Y is strictly differentiable at x if there
is a bounded linear operator Vf(x) : X — Y with €f,vf(5<)(5c;6) —0as 6 ! 0. For con-
venience, we denote 7¢(X;6) := ¢ vsx) (X;6) and call the function r¢(x;-) : (0,00) —
(0, 0] the rate of strict differentiability of f at x.

THEOREM 2.4. Let X and Y be Banach spaces, and let A: X —'Y be a bounded linear
operator such that the space A(X) is closed and complemented in Y. Then there exist
positive constants y and u with the following properties.

Given f : X — Y with ¢ ,(x;0) <y for some 6 > 0, there are neighborhoods U of
X and V of f(x) such that for any x € U and y €V, there is x, € X satisfying the
estimates

|y = f(xy)|| < pdist (¥ — f(xy);AX)),  |lx—xy ]| < pl|f(x) =] (2.14)

To be precise, x,, can be chosen so that the first estimate in (2.14) is replaced with

(y - f(xy)) =0 (2.15)

for any given projection 1t fromY to A(X).

PROOF. Since A(X) is closed and complemented in Y, there is a closed subspace
Y1 C Y such that Y = Y; @ A(X). Picking any y € Y, we uniquely represent it as y =
1+ . with some y; € Yy, y» € A(X) and define projections 1;: Y — Y by m;(y) = v,
i=1,2. It is well known that the norm

Iyl = |Jr )|+ ]| ()] (2.16)

is equivalent to the original one. This gives us a constant p; > 0 with ||y, < u1 ||y | for
all y € Y. Thus

Im ) = llm =2 = [[m =) +]|lm (v -3

3 . N (2.17)
=lly-yh=mly-»yIl Vyey,yeAX).

Applying the classical open mapping theorem to the operator A : X — A(X), we find
uz > 0 such that for any y € A(X), thereis x € A~ (y) with ||x|| < u2]y|l. Now denote

1

= 1= max ,2 (2.18)
Y 20 i + 2112 Hu {n, 2p p0}

and show that these are the constants we are looking for.
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Itis clear that every f satisfying the assumptions of the theorem is Lipschitz contin-
uous around X. Define

v::f(>'<)+( )[Ba, U::f’l(V)m<5c+(g)[B) (2.19)

8uy e

and fix X € U, ¥ € V. Starting with x := X, we find x; € X such that

A(x1—x0) =10 (¥ — f(x0)),
(2.20)
[l2c1 = xol| < pa||102 (7 = f (x0))|| < i pe2| |57 — f ()| <

»-l>~|0'z

which implies x; € X + 6B. Next we iteratively define a sequence {xy} C X as follows.
Given xg, Xk+1, choose x> satisfying

A(Xp2 = Xka1) = AlXrer —xx) =02 (f (xk1) — f(xx)),

k2 =X || < p2l]A (ka1 = x1) =102 (f (1) = f (x1) ] (=21

We proceed to show that xj € X + 6B by induction. Assume xyo,...,Xr+1 € X+ 0B and get

||Xk+2—Xk+1|| = IJ2||A(Xk+1 —xx) =12 (f (Xk11) —f(Xk))H
= pho|| = [f (xxs1) = f (xk) = A(Xps1 —x0) ]+ 100 (f (Xp1) = f (%)) ||
< po(J|f (k) = F (xx) = A(xrsr = xw) ||+ (f (k1) = F (xx))|])

< 2 (€p,a(%50) || xke1 — x|+ 1 || f (Xps1) = f (k) = A(xps1 —x)|])

_ 1
<o (L+ ) a(x;0) || xsn — x| < El\xm —xxll,

(2.22)
which clearly implies that
[Ixk+2 = X1 ]| < 275721 = x0l], (2.23)
k+1 k+1 ) 5
[[xks2 = x0l] = D [Ixie1 —xil| = D 27 |x1 = x0|| < 2[|x1 —x0]| = > (2.24)
i=0 i=0

Hence X2 € X + 0B, and (2.23) holds for all k > 0 by induction. The latter implies that
for any m € N, one has

m-1 m-1
[xkem —xkll = D ||xkwics —xkeil| = D) 278 |x1 —x0|]| — 0 ask — 0. (2.25)
i=0 i=0

Therefore, {xy} is a Cauchy sequence that converges to some point X € X. By (2.24),
we observe that

1% = %1 < 2[|x1 = xo|| < 2ppee| |7~ f )| < wlly = fF R, (2.26)
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which ensures the second estimate in (2.14). It remains to show that y — f(X) € Y}
which gives (2.15) and hence the first estimate in (2.14) by (2.17). It follows from (2.20)
and (2.21) that

A(Xpio —Xke1) = -0 (f (xk+1) =) VkEN. (2.27)

Passing there to the limit as k — oo, we get > (f(X) — 7) = 0 and complete the proof.
O

The proof of Theorem 2.4 is based on a modified iteration procedure that goes back
to the original proofs of Lyusternik and Graves. The above result, in contrast to other
generalizations of the Lyusternik-Graves theorem, does not require the surjectivity as-
sumption on underlying linear operator A, while it requires that A(X) be complemented
in Y. The latter condition is essential for property (2.15). We strongly believe that it can
be relaxed to establish the metric regularity estimates (2.14).

When A is surjective, Theorem 2.4 implies the following well-known result that was
mainly obtained by Ioffe and Tihomirov [12] with a different proof; see also [6] and the
references therein.

COROLLARY 2.5. Let A: X — Y be a surjective bounded linear operator between Ba-
nach spaces. Then there is y > 0 such that every mapping f : X — Y with £y s(x;6) <y
for some &6 > 0 is metrically regular around X and the constant u > 0 in the metric
regularity property can be chosen independent of f.

When A is injective in Theorem 2.4, we have the next corollary ensuring the uniform
RMR property of f around x.

COROLLARY 2.6. Let A: X — Y be an injective bounded linear operator between Ba-
nach spaces. Assume that A(X) is closed and complemented in Y. Then there isy > 0
such that, for every mapping f : X — Y satisfying {¢ 4 (x;8) < y with some number
0 > 0, the localized mapping f : [X + 6B] — f(x + 0B) is metrically regular around x
with a constant u > 0 independent of f.

PrROOF. Consider the mapping f = (mo f): X — A(X), where 1T is a projection
from Y to A(X). Using Corollary 2.5, we conclude that f is open around X. Since the
linear operator A : X — A(X) is surjective and injective, its inverse operator A=l :
A(X) — X is single-valued and bounded. We show that f is injective on X + 6B when
y < Imtl7HA-1 |71, Indeed, if f(x1) = f(x2) for x1,x, € X + 6B with x1 # x>, then

Ilf (x1) = f (52) —A(x1 —x2) |
[l1 = x|
. H"T”AHJZ‘(XI)*JE(XZ)*A(XI*)Q)” (2.28)
N [lx1 = x| '
_ Il A (e = x2) ||

= > |l HAa !
T = xa]] 1Ko [ 1% S |

which contradicts the choice of y. Then we apply Theorem 2.4 to get the conclusion.
O
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For further results, we need to introduce another modulus involving the mapping
f:X — Y and a linear operator A: X — Y between Banach spaces:

Y5a(%;8) 1= sup dist (2 = y1;A(X))

Y1L,Y2€f(X)N(f(X)+6B) |2 =]
y1#¥2

(2.29)

The following useful relationship can be easily derived from the definitions.

PROPOSITION 2.7. Taking a mapping f : X — Y and a linear operator A: X — Y
between Banach spaces, assume that f is RMR around X. Then there are positive numbers
u >0 and &g such that

Yra(x;0) <plpa(x;ud) V6 < 0. (2.30)

The next result shows that, roughly speaking, f : X — f(X) C Y is RMR around x if
and only if f(X) is locally homeomorphic to A(X) for some linear bounded operator
A:X —Y close to f, that is, the modulus ¥y 4 is sufficiently small.

PROPOSITION 2.8. LetA: X — Y be alinear bounded operator between Banach spaces
such that A(X) is closed and complemented in Y, and let Tt be a projection from Y to
A(X). Then the following hold.

(a) There is y > 0 such that, for every mapping f : X — Y satisfying the RMR property
around x and the estimate £ 4(x;5) <y with some & > 0, the projection Tt is a local
homeomorphism between f(X) and A(X) around f(x).

(b) There is y > 0 such that every mapping [ : X — Y satisfying £y (x;8) <y with
some & > 0 is RMR around X provided that the projection 1t is a local homeomorphism
between f(X) and A(X) around f(x).

PROOF. It follows from Theorem 2.4 and Proposition 2.7. |

COROLLARY 2.9. Let f: X — Y be a mapping between Banach spaces that is strictly
differentiable at x. Assume that V f(x)(X) is closed and complemented in Y. Then f is
RMR around x if and only if each projection from Y to V f(x)(X) is a local homeomor-
phism between f(X) and V f(x)(X).

The next result gives necessary and sufficient conditions for RMR of strictly differ-
entiable mappings. In its formulation, we use, beside the modulus 9 from (2.29), the
following construction of the tangent cone to a set Q C X at X € Q:

T(x;Q):={veX|Iv—v,tx! O,xkﬂ» x with xy + tyvy € Q}, (2.31)

where xj £ % means that xr — X with x; € Q as k — co. Note that this tangent cone is
an enlargement of the well-known (Bouligand) contingent cone corresponding to (2.29)
with x; = x for all k € N.
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THEOREM 2.10. Let f: X — Y be a mapping between Banach spaces that is strictly
differentiable at x. Consider the following conditions:
(@) f is RMR around x;
b) Y vr)(%;6) - 0asol0andVf(x)(X) is closed;
(@ T(f(x);f(X))=Vf(x)X).
Then (a)= (b)=(c). Moreover, (b)=(a) if V f (x)(X) is closed and complemented in Y. Also
(c)=(a) when codim V f (x) (X) < .

PROOF. Implication (a)=(b) is straightforward, while (b)=(a) follows from Proposi-
tion 2.8 under the assumptions made. To prove (b)=(c), we first observe that V f(x) (X)
C T(f(x);f(X)) by the strict differentiability of f at x. Now pick u € T(f(x);f(X))
and find by (2.31) sequences uy — u, yx — f(x), and tx ! 0 such that yy + tyux € f(X)
for all k € N. Property (b) ensures the existence of y, € V f(x) (X) with [[ug — Vi /tgll — 0
as k — oo. This gives y/ty — u as k — o and hence u € V f(x)(X), which yields (c).

Finally, we prove (c)=(a) assuming that the space V f(x)(X) is finite codimensional.
Thus there is a finite-dimensional space Y; C Y with Y; @ Vf(x)(X) = Y. By Theorem
2.4, we find neighborhoods U of x and V of f(x) as well as a number u > 0 such that,
for any x € U and y €V, there exists x, € X satisfying

y=flxy)en, lx=xy[[=ullf G-l (2.32)

To justify (a), one needs to show that y = f(x,) provided that y € f(X) and that U
and V are sufficiently small. Assuming the contrary, we find x; — X and y, — f(Xx)
with yx € f(X) such that 0 # v, — f(xx) € Y. Denote ty := || vk — f(xx)| and uy :=
(v — f(xx))/tx. Since Y; is finite dimensional, 1 converges to some 0 # u € Y; along
a subsequence. On the other hand, u € T(f (Xx);f(X)) = Vf(x)(X) by (c) and the con-
struction of uy. Thus u = 0, which is a contradiction. This completes the proof of (c)=(a)
and of the whole theorem. 0

3. First-order calculus. In this section, we give applications of the RMR property to
first-order calculus rules for sequential limiting generalized differential constructions
in arbitrary Banach spaces. Other applications of metric regularity and related proper-
ties to generalized differential calculus can be found in [11, 13, 15], and the references
therein. The results presented below seem to be new even in the case of applications of
the classical (not restrictive) metric regularity property for mappings between general
Banach spaces.

First we define the generalized differential constructions of our study; see [19, 25]
and their bibliographies for the history of these constructions and more discussions.

Given Q € X and x € Q, we define the set of e-normals to Q at X by

.o
Ne(2:0) = 4 x* € x* | limsup XX =X _ Loy (3.1)
Lo lx=xl
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When ¢ = 0, this is a cone called the prenormal cone or the Fréchet normal cone and
denoted by N (x;Q). Then the basic/limiting normal cone to Q) at X is given by

N(x;Q) = {x* € X* |3g 1 0, x}' 27 %, xe 2 % with xi € Ne, (xi;Q)1, (3.2)

where the limits in (3.2) are sequential. When X is Asplund and Q is closed around
X, one can equivalently put & = 0 in (3.2) and the subsequent limiting constructions;
see [25]. However, & cannot be removed from the definitions without loss of crucial
properties in general Banach space settings, as one can see in the arguments and results
below.

A set Q C X is called normally regular at x € Q if N(:‘C;Q) = N(x;Q). This class
includes, in particular, all convex sets, sets with smooth boundaries, and so forth. New
calculus results for normal regularity are obtained in this section being incorporated
in calculus rules for normal cones.

Given a set-valued mapping F : X=Y between Banach spaces, we define its &-
coderivative, normal coderivative, and mixed coderivative at (x,V) € gphF by, respec-
tively,

DIF(x,9)(y*):={x* € X* | (x*,-¥*) € N:((%,7);gphF)}, (3.3)
DiF(x,7)(y*) = {x* e X* | (x*,-»*) e N((Xx,7);gphF)}, (3.4)

Di{F(%,9)(y*) = {x* € X* 3 1 0, (xi, 1) = (X,3), s

* Il ; A
X} == x*, yF — y*, with x} EDQ‘kF(xk,yk)(ylf)},

for all y* € Y*, where (xi, V) Ll (x,¥) means that (xk,vx) — (x,¥) with (x, k) €
gphF. We say that F is N-regular (resp., M-regular) at (x,y) if D¥F(x,7) = DYF(x,y)
(resp., D¥F(%,7) = Di;F(x, 7).

Given an extended real-valued function @ : X — R := [—c0, ] finite at X, we define
its (first-order) e-subdifferential and basic subdifferential by, respectively,

3:@(X) = D}Ey (%, @ (%)) (1), 3@ (X):=D*Ep(x,@(x))(1), (3.6)

where Ey : X — R is the epigraphical multifunction with gphE, = epip and where
D*Eg := DYEy = DyEy, since there is no difference between the normal and mixed
coderivatives for mappings with values in finite-dimensional spaces. A function @ is
said to be lower regular at x if §(p(5c) =0Q(X).

Note that the above subdifferential constructions admit intrinsic analytic representa-
tions not directly involving generalized normals; see [25] and its references. The given
definitions allow us to develop a geometric approach to generalized differential calculus
based just on calculus rules for generalized normals.

First we obtain two-sided uniform estimates of e-normals for inverse images of sets

Q) ={xeX|fix) e} (3.7)

under mappings f : X — Y having the RMR property.
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THEOREM 3.1. Let f: X — Y be a mapping between Banach spaces that is Lipschitz
continuous around some point X, let A: X — Y be a linear bounded operator, and let Q
be a subset of Y with v := f(X) € Q. Then there are positive constants 5 and i, such
that for every e = 0, 5 € (0,8), X € f1(Q) N (X +6B), and y* € N:(f(X); QN f(X)),

A*y* eNe (R f7HQ)) &1 1= e+ |[y*[[€r,a(%;0). (3.8)

If, in addition, f is RMR around X and A(X) is closed in Y, then there is u, > 0 such
that for every x* € No(X; f~1(Q)), X* € x* + (e + po (e + || x* N€r.a(x;6))B* satisfyving
(A*)"1(X*) + @ and

Y* €N, (F(R;QNF(X)) &= poe+ o (||x*|| +]|3*) €4 (%;8) (3.9

whenever y* € (A*)~1(x*).

PROOF. Without loss of generality, we assume that Q C f(X) throughout the proof.
Fix X as in the theorem and put ¥ := f(X), ¥* € N¢(9;Q). Choose § such that £ (x;5) <
co. Then we have

_ * 5
limsup Y X =X) g Y5AK X))
o X=X P PR
X—X X—X
§ e
< tmsup ’ﬁx_)fc{(x» 2 [10r.a(x:8)

Sl
x——X

. (y*,y-9) } _
< limsup max- 0, S — t+||v*|[falx;0)
o { Loty -1 TP

<Ly (x;0)e+||y* ||y a(%;9),

(3.10)
which implies (3.8) with p; := £ (x;5) by definition (3.1).
The proof of (3.9) is more involved. First observe that
[|f (X +tv)—p]| < lpal(x;0) vt (3.11)

for all v € kerA and small t > 0. By the RMR property of f around X, we find x; €
S71(») such that [|x +tv —x¢ || < plya(x;8)llv|t for some constant u > 0 and for each
small £ > 0. Then for any y > 0, one has

(x*,x—X) < (e+y)||lxe —X|| < (e+y) (L +plpa(x;8)) vt (3.12)

when t is close to zero. On the other hand,

(x*,x—X) = (x*tv) +{(x*, xs =X —tv) = t{x*,v) —p||x* ||y a(x;)vVILt.  (3.13)
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Thus we have the estimate
(x*v) <pllx*|[€raxo)lvii+(e+y) 1 +plrax;0)lvi (3.14)
for any y > 0, which implies that
(x*v) < élvll (3.15)
whenever v € ker A, with
Er=c+p(e+||x*|)lra(x;0). (3.16)

The Hahn-Banach theorem allows us to extend x* |ker4 t0o SOme X* € X* with || X*| < &.
Now we let X* := x* — x* and construct a linear functional »* on A(X) by

(¥*,y):=(X*,x) forany y € A(X), x € A~ (y). (3.17)

Since ker A C ker(x*), this functional is well defined. The RMR property of A: X — A(X)
(which is automatic due to the closedness of A(X)) implies that * is bounded. Using
the Hahn-Banach theorem again, we extend y* to some functional ¥* € Y*. One clearly
has X* = A*3*, and hence (A*)~1(X*) £ @.

Take an arbitrary functional y* € (A*)~1(X*). It remains to show that y* € ﬁgz y;
Q), where &, is defined in (3.9) with some p, > u. To proceed, we use the assumed
RMR property of f around x and for any y € Q close to ¥, find x, € f~!(y) such
that ||x, — Xl < filly — »|l with some constant i > 0. Therefore, x, — X when y — .
Furthermore,

ly =3 -Alxy =X)[| < €5a(%;0)|[xy = X]] (3.18)

whenever y is close to ¥. Thus we have the estimates

BN
limsup XY =)
o . lly=¥l
y—y
. (V¥ Alxy =X))  Lra(x;6)|]xy —X|| }
<limsu — + = ~ *
ﬁyp[ ly =¥l ly -yl ]

(x*—%*,x, - X)

<limsup + 0y A (x;0)|| 3|

JRLIPN Iy =l 1o
) (x*,xy=R) ||&*|- Iy —RI|] - )

<1 _ y Y, 5/l
inﬁs.lip[ ly = =3 s (x;0)|ly*||

< lim sup max
Q .
y=—y

< fe+ P+l a(x:0) ||y < e+ p (|Ix [+ [y ) r.a(x;0) = &,

fo b=

R I ETSURa +A§+A£ (32',5) *
e it aolly |

where pip := max{p, fi + fiply 4 (%;8), Ay, i} > p. This completes the proof. O



2666 B. S. MORDUKHOVICH AND B. WANG

REMARK 3.2. (i) When f is strictly differentiable at X, we can take A := V f(x) with
Lr a(x;06) replaced by the rate of strict differentiability #¢(x;5) in Theorem 3.1. Note
that the subspace V f(x)(X) is closed in Y by Theorem 2.2. In this case, necessary and
sufficient conditions for the RMR property of f around x are given in Theorem 2.10. If,
in addition, V f(x) is surjective, then f is metrically regular around x by the Lyusternik-
Graves theorem and (3.9) reduces to

X* € VF(X)*Ne, (f(R); Q) + (e+pa (e + ||x*|)7s (x;1)) B* (3.20)

for any x* € ]clg(fc;f‘1 (Q)), where & 1= o+ 2 [ x*||7(X;6). In particular, when X is
replaced by X, the following holds:

Ne (% £71(Q)) € VA(X)*Nyp,e (f(%);Q) +B* Ve =0. (3.21)

(ii) It is important to put Q N f(X) in (3.9) but not Q. To illustrate this, consider
f:R? - R? and Q ¢ R? defined by

fu,v) = (u,0) V(u,v)eR? Q:={(u,v) € R? with |u| = |v|}. (3.22)

Then (3.9) fails for x = X = 0 if QN f(X) is replaced by Q.

(iii) Note that the uniform estimates in Theorem 3.1 are distinguished from the re-
sults of “fuzzy calculus” type available under other assumptions for such constructions
in Asplund spaces; see, for example, [11, 25] with their references. The main differences
are that we get uniform qualitative estimates of e-normals for all points around the ref-
erence ones, while fuzzy calculus results involve only some of them. These advantages
of Theorem 3.1 are used in what follows.

Theorem 3.1 directly implies the following two calculus rules of equality type for
Fréchet normals to inverse images.

COROLLARY 3.3. Let f: X — Y be a mapping between Banach spaces that is strictly
differentiable at X and such that f (x) € Q. Assume that f is RMR around x. Then

N(%;£71Q)) = VAR *N(f(%):;Q0 f(X)),

N D . ) (3.23)
(VFx)*) T N(x Q) = N(f(x);Qn f(X)).

PROOF. Both equalities follow from Theorem 3.1, with A = Vf(x), £ =0, X = x, and
610. O

Note that the first equality implies the second one in Corollary 3.3 when V f(x) is
surjective, that is, when f is metrically regular around x. In general, they are indepen-
dent as can be easily illustrated by simple examples.

Next, we intend to derive exact formulas for computing basic normals (3.2) to inverse
images by passing to the limit from the estimates of Theorem 3.1. To proceed, we
need to introduce first the following weak* extensibility property, which is related but
somewhat different from the Banach extensibility property (see, e.g., [5]) and plays an
essential role in the subsequent results of this paper.
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DEFINITION 3.4. Let L be a closed linear subspace of a Banach space X. L is w*-
*
extensible in X if every sequence {v;} C L*, with v} — 0 as k — , contains a subse-

*
quence {v,fi} such that each v,j,_ can be extended to x} € X* with x} Z.0asj— .

The next proposition shows that the w*-extensibility property always holds for
complemented subspaces of arbitrary Banach spaces and also, unconditionally, in a
broad class of Banach spaces including all Asplund spaces, weakly compactly gener-
ated spaces, spaces admitting smooth renorms of any kind, and so forth.

PROPOSITION 3.5. Let L be a closed linear subspace of a Banach space X. Then L is
w*-extensible in X if one of the following conditions holds:
(a) L is complemented in X;
(b) the closed unit ball of X* is weak* sequentially compact.

PROOF. Let L be complemented in X, and let 77 : X — L be a projection operator.
Putting x| := (v}, (x)) on X, we conclude that x;’ is an extension of v} with x v 0,
that is, L is w*-extensible in X in case (a).

To justify this property in case (b) for every L C X, we take an arbitrary sequence v
from Definition 3.4 and observe that it is bounded in L* due to the weak™ convergence.
By the Hahn-Banach theorem, we extend each v}’ to X}/ € X* such that the sequence
{x} is still bounded in X*. Since By+ is assumed to be weak* sequentially compact,
there are x* € X* and a weak* convergent subsequence fc,j‘j YT, x* as Jj — co. Putting

X} = ic,fj —x*, we complete the proof of the proposition. O

We show that the w*-extensibility property may not hold even in some classical
Banach spaces.

EXAMPLE 3.6. The subspace L = ¢q is not w*-extensible in X = £*.

PROOF. Recall that ¢( is a Banach space of all real sequences convergent to zero
that is endowed with the supremum norm. Let v} := &} € ¢, where & maps every
vector from ¢ to its kth component. Assume that there is an increasing sequence of

kj € N such that v;, can be extended to x7 & (£>)* with x7¥ 2%, 0. Define a closed
linear subspace of £* by

Z:={(0,00,...) €L° | o =0 if k ¢ {ky,ko,...}} (3.24)
and a linear bounded operator A:£* — Z by

Ao, 0,...) = (B1,B2,...) V(x1,00,...) €L, (3.25)
where one has

i ifk=k; jEN,
ﬁk={“’ RETR (3.26)

0  otherwise.
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Taking the above sequence {xj’f}, we denote zj’.‘ = x;‘ |7 and form a linear bounded
operator B: Z — cg by

B(z):= ({z},z),(z},2),...) Eco VzeLZ. (3.27)

Then the operator (Bo A) : £° — ¢y is bounded and its restriction (Bo A)|cg is the
identity operator on c¢g. Therefore, (Bo A) is a projection of £* to c¢g, which means that
co is complemented in £*. It is well known that the latter is not true, and hence we get
a contradiction. This proves that cq is not w *-extensible in £*. |

We show that linear operators with w *-extensible ranges enjoy a certain stability
property, which is crucial for the subsequent applications in this paper.

PROPOSITION 3.7. Let A: X — Y be a linear continuous operator between Banach
spaces. Assume that A(X) is closed and w *-extensible in Y and take x;} € A*(Y*) with
x; W5 %, Then (A%)~1(x*) £ @, and for every y* € (A*)~1(x*), there is a sequence
i e (A*)7LH(x)) that contains a subsequence weak* convergent to y*.

PROOE. Itis well known that the range A* (Y*) of the adjoint operator to A is weak*
closed in X* if L := A(X) is closed in Y. Thus x* € A*(Y*), that is, (A*) 1(x*) £ @.
Take any y* € (A*)~!(x*), arbitrarily choose 7} € (A*)~!(x}), and let v} := ¥ 1.
Then v} W y*|p in L*. Since the space L is closed and w *-extensible in Y, we find an
extension y; of v;’ —y*|, for each k € N such that {7} contains a subsequence that
weak* converges to zero. Now letting y; := y* + ¥, we check that A*(y}) = x{ and
that {y}} contains a subsequence weak* convergent to y*. O

THEOREM 3.8. Let f: X — Y be a mapping between Banach spaces. Assume that f
is strictly differentiable at x and RMR around this point, and that the derivative image
Vf(x)(X) is w*-extensible in Y. Then for any Q C 'Y with f(x) € Q,

N fHQ)) = VAR)*N(f(x);Qn f(X)),

R TP i (3.28)
(VA()*) N LHQ) = N(f(%);Qn f£(X)).

Moreover, £~1(Q) is normally regular at x if and only if QN f(X) has this property at
f(x).

PROOF. Let y:= f(X) and pick any y* € N(¥;Qn f(X)). Then using the definition
of basic normals and the RMR property of f around X, we find sequences & | 0, x; — X,
and y; W, y* such that

xk € fHQ), ¥i €N (f(x1);QNnf(X)), VKkeN, (3.29)

Applying inclusion (3.8) in Theorem 3.1 with A := V f(x), we get

VEE)*VE € Ny (s f7HQ)), &= e+ || [re (%5 ]| xk - %)), (3.30)
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where v (X;[[xx—XI|) — 0 as k — co due to the strict differentiability of f at x. Since the
sequence {y;} is uniformly bounded in Y* by the unform boundedness principle, we
have £ | 0 as k — «. Thus V. f(x)*y* € N(x;f~1(Q)), which justifies the inclusion

VF(ER)EN(f(x);Q0 f(X) CN(x; Q) (3.31)
and hence the one in
(VL)) NG LHQ) O N(F(E):Q0 f(X)) (3.32)

without the w *-extensibility assumption on V f(x)(X). We prove that the opposite
inclusion holds in (3.32) and hence in (3.31) under the latter assumption.

Picking x* € N(x;f~1(Q)), we find sequences & | 0, xx € f~1(Q), and x; € ﬁgk(xk;
S7H(Q)) such that xx — x and x} L By Theorem 3.1, there are &1 | 0 and X} €
x; +&xB* such that X € Vf(x)*(Y*). Since X 2%, x*, we conclude from Proposition
3.7 that x* € V f(x)*(Y*) and that for each y* € (V. f(x)*) ! (x*), there is a sequence
{vE with v € (Vf(x)*)"1(X{) that contains a subsequence w *-convergent to y*.
Using again Theorem 3.1, we find &, | 0 such that ;" € NEZk (f(xx);Qn f(X)). Thus
y* e N(f(x);Qn f(X)), which justifies the opposite inclusions in (3.32) and (3.31).
The regularity statement follows directly from the normal cone formulas obtained in
the theorem and Corollary 3.3. |

COROLLARY 3.9. Let f: X — Y be a mapping between Banach spaces that is strictly
differentiable at X and such that V f(x) is surjective. Then

N fHQ)) = VAR)*N(f(x);Q) (3.33)

for any Q C Y with f(x) €Y.
PROOEF. Follows directly from Theorem 3.8 and the Lyusternik-Graves theorem. O

The next theorem gives chain rules for the above coderivatives (3.3) as € = 0, (3.4),
and (3.5) of mappings between Banach spaces. Given two set-valued mappings F : X=Y
and G : Y=Z, the restriction G|r: Y=Z of G on F is defined by

G if v € F(X),
Glp(y):—{ ) By ) (3.34)

%} otherwise.

THEOREM 3.10. Let f: X — Y and G : Y=Z be mappings between Banach spaces,
and let z € G(f (x)). Assume that f is strictly differentiable at x and RMR around this
point. Then

D*(Go f)(%,2) = VF(X)* o D*Glf(f(X),2),

~ ~ (3.35)
(VF(x)*)  oD*(Go f)(%,2) = D*Gls(f(X),2).
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If, in addition, V f (x) (X) is w*-extensible in Y, then

D*(Go f)(x,2) = Vf(X)" o D*Glf(f(%),2),

N B _ . " L (3.36)

(VL(R)*) " oD*(Go f)(%,2) =D*Gls(f(%),2),
where D* stands for either D} or Dy;. Moreover, the composition G o f is N-regular (resp.,
M-regular) at (x,z) if and only if G|y has the corresponding property at (f(Xx),Z) under
all the assumptions made.

PROOF. Taking the identity operator I on Z, we define (f&I): XxZ — Y X Z by
(fol(x,z):=(f(x),z) forany x € X and z € Z. Then gph(Go f) = (f &)~ (gphG),
and hence the chain rules of the theorem follow from Corollary 3.3 and Theorem 3.8.
The regularity statement is clearly implied by the coderivative calculus rules. |

If V f(x) is surjective, then Theorem 3.10 gives the chain rule
D*(Go f)(x,2) = Vf(X)* e D*G(f(%),2) (3.37)

for all the coderivatives under consideration with no other assumptions. Theorem 3.10
easily implies the subdifferential chain rules for the corresponding constructions de-
fined in (3.6). In what follows, 6o (-) stands for the indicator function of a set Q, that
is, 6(x) =0if x € Q and 6(x;Q) = o otherwise.

COROLLARY 3.11. Let f: X — Y be a mapping between Banach spaces that is strictly
differentiable at x, and let @ : Y — R be finite at f (x). Assume that f is RMR around x.
Then the following equalities hold:

A @of)(X) = VIR P+rx)(f(R),

s N (3.38)
(VF(R)*) o(@of)(x)=0(p+0dsx))(f(x)).
If, in addition, V f (x)(X) is w*-extensible in Y, then
A(@of)(x)=Vf(X)*(@+drx) (f(X)),
(3.39)

(VL)) o (@of)(x) =3(@+65x) (f(X)).

Hence @ o f' is lower regular at x if and only if @ + 6 ¢(x) has this property at f(x).

PROOF. Follows from Theorem 3.10 with G := E,. O

4. Second-order calculus. Let @ : X — R be finite at x, and let y € 0@ (x) for the ba-
sic first-order subdifferential defined in (3.6). In this section, we develop some calculus
results for the second-order constructions defined, as set-valued mappings from X**
to X*, by

5@ (x,¥)(u) := (Do)

)
, X (4.1)
oy (x,7)(u) := (D 09) )
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in terms of the normal and mixed coderivatives (3.4) and (3.5). Constructions (4.1)
are called, respectively, the normal and mixed second-order subdifferentials of @ at x
relative to . We refer the reader to [21, 22] and the works cited therein for the theory
and applications of these constructions in finite-dimensional and infinite-dimensional
(mostly Asplund) spaces. It is clear that 3% @ (X, V) = 05, @ (X, ¥) := 02 (%, ) when X
is finite dimensional, and that, in general, one has

R@(x,7) () = 5@ (%, 7) () = (V2pR)*u}, ueXx*, 4.2)

for functions twice continuously differentiable around Xx.

Our goal is to obtain chain rules for both second-order subdifferentials of (4.1) of
compositions @ o g involving smooth mappings g : X — Z and extended real-valued
functions @ : Z — R in Banach space settings. To proceed, we first establish the fol-
lowing theorem that gives chain rules for coderivatives of special compositions whose
structure as well as imposed assumptions are suitable for applications to second-order
subdifferentials.

THEOREM 4.1. Let G:X=Y and f : X XY — Z be mappings between general Banach
spaces. Consider the composition

(foG)(x):=f(x,G(x)) = J{f(x,») | y € G(x)}, 4.3)

and, given x with G(x) + &, assume that
(@) f(x,-) isabounded linear operator fromY into Z for every x around X. Moreover,
f(x,-) is injective with the closed range in Z;
(b) the mapping x — f(x,-) from X to the operator space B(Y,Z) is strictly differen-
tiable at x.
Take any y € G(x) and denote z := f(x,y). Then

Dii(foG)(x,2)(2*) = Vi f (X, 7)*2* + D;G (%, 3) (f (x,-)*2*), (4.4)
DR (foG)(x,2)(2*) C Vi f (X, ) 2" +DFG(x,7) (f(%,-)*z*), (4.5)

for all z* € Z*. If, in addition, the range of f(x,-) is w*-extensible in Z, then inclusion
(4.5) holds as equality.

PROOF. Consider the mapping h(x) := f(x,-) from X to B(Y,Z) and denote by
A: X — B(Y,Z) its strict derivative at x. Let £ > 0 be a Lipschitz modulus of h around
Xx.For any y € Y, we define a linear operator A, : X — Z by A, (x) := A(x)y and easily
check that it is bounded. Moreover, the operator v — A, from Y to ®B(X,Z) is linear
and bounded as well. By enlarging ¥, if necessary, we assume that the norm of this
operator is less than £. Also, it is clear that Ay =V, f(x,y) forally eY.

Our first step is to prove the inclusions “c” in (4.4) and (4.5) simultaneously. Pro-
ceeding by definitions of these coderivatives, we start with e-normals

(x*,—z*) € Ne((%,2);gph(f o G)), (4.6)
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where Z := f(X,y), (X,¥) € gphG with || X — x| < n for some small n > 0. Using the
definition of e-normals and involving the rate of strict differentiability 73 (x;n) for the
above mapping h at X (see Section 2), we get

(x*—AFz* , x-x) - (f(x,)*z*,y-)

~ ~ <§, 4.7)
lx—=xIl+1y=¥I

limsup
) Z(2.9)

where £ := ce +cllz*||(rp(X;n) + [|X — x|l + | — 7|]) with some constant ¢ > 0. Thus
one has

(x* —A3z*,—f(%,-)*z*) € Ne((X,5);gphG). (4.8)

To justify the inclusions “c” in (4.4) and (4.5) simultaneously, we take x* € D*(f o
G)(x,z)(z*) and find sequences & | 0, xx — X, ¥k € G(xx), and (x,-z{) € N (XK, Z1);

gph(f e G)) with zy := f(xx, k) satisfying zx — Z and x| W x* and such that ||z} —

z*|| - 0 for D* = Dy; and z; W z* for D* = Dfj. Then we obtain the inclusions in
(4.4) and (4.5) by passing to the limit in (4.8) provided that yx — ¥. To prove the latter
convergence, we observe that the open mapping theorem and the injectivity of f(x,-)
ensure the existence of a constant y > 0 with

[|f(x,u)—f(x,v)||=ullu-v|l whenever u,v €Y. (4.9)
Therefore, involving the above Lipschitz modulus ¥, one has

llzi=2[| = [[[.f (%, ) = f (X, ) ]+ [ f (X1, 0% = ) = F (X, 00 = ) ]
+[f (e, ) = f(x, ]| (4.10)
> ||y =PI (= Ll|xx = x[|) = Ll[xx = x| - 1171],

which implies that yx — 7 as k — .

Next, we show that the opposite inclusions hold in (4.4) and (4.5) under the assump-
tions made; in fact, there are no additional assumptions in the case of mixed coderiva-
tives (4.4). To proceed simultaneously in both cases, we take (X,y) as above and pick
arbitrary (x*,z*) satisfying

(x*,—f(x,-)*z*) € Ne((%,3);8PhG). (4.11)
Thus, for any given y > 0, one has

0:=(x*,x-Xx)-(f(x,)"2"y =) < (e+y)(Ix =Xl +ly-I) (4.12)

whenever (x,y) € gphG are sufficiently close to (X, ). We obtain a lower estimate for
0 in (4.12) using the strict differentiability of the above mapping h: X — B(Y,Z) at X
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with the rate 7, (x;n) and elementary transformations. In this way, we get

0= (x*x-X)-(z", f(x,y) - f(x,9))

= (x*+Az", x - %) — (2", A5 (x - %)) — (2%, f(%,7) - f(%,9))

= (X" + ALz, x-X) — (2", Ay (x -X)) = (", f (X, ) - f(X,9))
—Lllz¥|- ly =yl - lIx =l —Ll|z*||- 1x - %l - 1y =PI

> (x*+ ATz, x-X) (2%, f(x,¥) - f(X,))
—rn () ||Z¥]] Iyl - lx =R = (2%, f (R, ) - f(X,9))
—lz*|(ly =1 - Ix =R+ 1R =% - 1y =31)

= (x*+AYz", x-X) = (2%, f(x,¥) - f(X,9))
—mnm|z¥]] - Iyl - llx =X

=lz*[(Ily =yl - lIx =%+ 1x =%l - 1y = 21).

(4.13)

Now we are going to give an upper estimate of the number on the right-hand side
of (4.12). To proceed, we first observe that, by the open mapping theorem and the
injectivity of f(x,-), there is u > 0 such that

plyll <||lf(x, )] Vyey. (4.14)
Then taking any T € B(Y, Z), we get

1Tyl =[I(f(x,)=T)y = f&| = |[f |- [(f(x,) - T)¥|

4.15
> (U= |If &) =TI - 17 (4.15)

This implies the existence of a constant y; > 0 with the uniform estimate p || v < [Ty ||
for all y € Y and all T sufficiently close to f(x,-). It gives therefore that

If e, )= fF &M =|fx,») - FR, )+ f(R,y -
= ||f X,y =D =Ilf(x,») = F &) (4.16)
= lly-=yI-Lix—xI-lyl

for (x,y) € gphG close to (X,y) while (X,7) is close to (x,¥). Thus we obtain the
estimate

1y =21 = p2(llx =X +[[f () = f (X, 9)]]) (4.17)

for all such (x,y) and (X,%), with some constant u, > 0. Putting these estimates to-
gether, one has the inclusion

(x*+A3z*,-z%) e N:((%,2);8ph(f - G)), (4.18)

where Z:= f(X,¥) and £ is defined as above with a different constant ¢ > 0.
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To prove the opposite inclusions in (4.4) and (4.5), we need to pass to the limit
in (4.18) as (X,y) — (x,¥) along some sequence. Pick arbitrary (x*,z*) with x* €
D*G(x,y)(f(x,-)*z*), where D* stands for either mixed or normal coderivative. Then

there are sequences & | 0, (xk, ¥x) — (X,¥) with (xx, k) € gphG, and x;’ € D;‘kG(xk,

¥i) (vF) such that x; 2%, x*, and either lyg = f(x,-)*z*|| — 0 when D* = Dj; or
e wr, f(x,-)*z* when D* = Dj;. Note that & ! 0 for the corresponding & in (4.18).
To complete the proof of the theorem, it is sufficient to show that there are z; € Z*
such that f(x,-)*z} = y¢ for all k € N, and that either |z} —z*|| — 0 for D* = Dy;
or zjf L% 2% for D* = Dy along a subsequence. We consider the cases of mixed and
normal coderivatives separately.

(i) Let D* = Dj;. Since f(x,-) is injective with the closed range, it is easy to see that
the adjoint operator f(x,-)* is surjective and hence metrically regular. This ensures
the existence of y > 0 and Z{ € (f(x,-)*) " (v - f(x,)*z*) satisfying

ZE]] < ullyg = f(x, )%z (4.19)

Putting z{ := Z;f + z*, we get f(X,)*z{ =y and llz{ —z*|| - 0 as k — co.
(ii) Let D* = D};. In this case, the subspace f(x,Y) is assumed to be w *-extensible
in Z. Then the existence of the desired sequence {z;} follows from Proposition 3.7.
O

Now we are ready to derive second-order subdifferential chain rules for both con-
structions in (4.1) in general Banach space settings.

THEOREM 4.2. Let X and Z be Banach spaces, and let y € 0(pog)(x) withg: X — Z
and @ : Z — R. Assume that g is continuously differentiable around x with the surjective
derivative Vg (x) : X — Z and that the mappingV g : X — B(X, Z) is strictly differentiable
at x. Let v € Z* be a unique functional satisfying the relations

y=Vg(x)*v, veop(z), withz:=g(x). (4.20)
Then for all u € X**,

i (@og)(x,¥)(u) = VH(1,9)(X)*u+Vg(x)*o5e(2,7)(Vg(x)**u), o)
0% (pog)(x,7)(u) C VX(D,g)(X)*u+Vg(x)*o5@(2,0)(Vg(x)* *u). '

Moreover, the latter inclusion becomes an equality if the range of Vg(x)* is w*-
extensible in X*. This is true under one of the following conditions:
(a) the range of Vg(x)* is complemented in X*, which holds, in particular, when the
kernel of Vg (x) is complemented in X;
(b) the closed unit ball of X** is weak* sequentially compact, which holds, in partic-
ular, when either X is reflexive or X* is separable.
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PROOF. Using the first-order subdifferential sum rule from Corollary 3.11, we have
0(@og)(x)=Vgag(x) op(g(x)) = (foG)(x) (4.22)

for all x around X, where the mappings f: X X Z* — X* and G: X=Z* are defined by
f(x,v):=Vg(x)*v, G(x):=0p(g(x)). (4.23)

Thus we represent 0(@ o g) as composition (4.3) and apply Theorem 4.1 to this com-
position. We check that its assumptions hold under the assumptions made in the the-
orem. Actually the only assumption we need to check is the injectivity of Vg(x)* :
Z* — X*, which is implied by the surjectivity of Vg(x). The sufficient conditions
for the w*-extensibility property of Vg(x)* in X* listed in the theorem follow from
Proposition 3.5. O

5. Applications to sequential normal compactness. The primary goal of this sec-
tion is to develop applications of the results obtained in Sections 2 and 4 to the so-called
normal compactness properties of sets, functions, and set-valued mappings that play
a principal role in infinite-dimensional variational analysis and its applications; see, in
particular, 2, 3, 4, 10, 11, 14, 16, 20, 24, 25, 26, 27, 28, 29, 30, 31] and the references
therein. Being automatic in finite dimensions, such properties are crucial for performing
limiting procedures that involve weak* convergence in dual spaces and allow one to ar-
rive at nontrivial point-based conclusions in generalized differential calculus, necessary
optimality conditions, criteria for stability and metric regularity properties in general
nonsmooth settings, and so forth. The reader may find more details and discussions in
the works cited above.

In this section, we focus on SNC properties in the vein of those formulated in [24]. De-
veloping a geometric approach and aiming to cover set-valued mappings and extended
real-valued functions via sets, we primarily consider the following modified versions of
partial SNC properties for subsets of Banach spaces endowed with a product structure;
see [26, 27] for more discussions.

Given Q C X7 X X», we say that Q is partially sequentially normally compact (PSNC)
at x € Q with respect to X; if for any sequences

& V0, xx £, x, (xf,x3) € ﬁgk (x;Q), keEN, (5.1)

with x7, W 0 and [|x3, Il — 0, one has [ x{} || — 0 as k — co. The set Q is strongly PSNC
at x with respect to X if for any sequences (&g, xx, X7}, X3;) satisfying (5.1), one has

(X X3) 2= (0,0)] = ||xfil| — 0 ask — o. (5.2)

When X, = {0}, that is, there is no product structure on X; = X, both definitions above
reduce to the SNC property of Q C X at x. The latter property is closely related to
(being generally weaker than) the compactly epi-Lipschitzian (CEL) property introduced
by Borwein and Stréjwas [3] as a generalization of the epi-Lipschitzian property by
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Rockafellar [32]. We refer the reader to [10] for characterizations of the CEL property
in terms of topological (i.e., net) convergences of generalized normals and to [8] for
a detailed comparison between the CEL and SNC properties in Banach and Asplund
spaces.

SNC properties of set-valued mappings and extended real-valued functions are natu-
rally introduced through the corresponding properties of their graphical and epigraph-
ical sets. Given F : X=Y, we say that it is SNC at (x,¥y) € gphF if its graph is SNC
at (x,y) in the sense of the above definition. The mapping F is PSNC at (x,y) if its
graph is PSNC at this point with respect to X. It follows from [23, Theorem 5.8] that
a set-valued mapping F between general Banach spaces is PSNC at (x,y) if is satisfies
the Aubin “pseudo-Lipschitzian” property [1] around this point. Finally, an extended
real-valued function @ : X — R finite at x is sequentially normally epi-compact (SNEC)
at this point if its epigraph is SNC at (X, (Xx)). It happens, in particular, when @ is
directionally Lipschitzian at X in the sense of Rockafellar [32].

To apply the SNC properties to specific problems, one needs to develop an SNC calcu-
lus, that is, to derive efficient conditions ensuring the preservation of these properties
under various operations on sets and mappings. We have recently developed in [29] a
fairly rich SNC calculus in the framework of Asplund spaces. We now present some re-
sults on the preservation of the SNC properties under inverse images of sets in general
Banach spaces. Recall that, given two mappings f; : X; — Y;, i = 1,2, between Banach
spaces, f1 @ f> denotes a mapping from X; ® X to Y; @ Y, with (f; @ f2)(x1,x2) :=
(f1(x1), f2(x2)) for all x| € X3, x2 € Xo.

THEOREM 5.1. Let f;: X; — Y;, i = 1,2, be mappings between Banach spaces, let Q
be a subset of Y1 X Y2 with (f1(x1),f2(X2)) € Q for some (X1,X2) € X1 X Xo, and let
f = fi® f>. Assume that each f; is strictly differentiable at x; and RMR around this
point. Then the following hold.

@) If QN f(X1 X X») is PSNC at f(x,X») with respect to Y, then f~1(Q) is PSNC
at (xy,X») with respect to X;. If, in addition, V f>(x2)(X2) is w*-extensible in Y», then
the strong PSNC property of QN f (X1 X X») at f(x1,X2) with respect to Y, implies that
FH(Q) is strongly PSNC at (x,X>) with respect to X;.

(ii) Assume that V f1(x1) (X1) is of finite codimension in Y,. Then conversely the PSNC
(resp., strong PSNC) property of f~1(Q) at (xi1,X2) with respect to X; implies that QN
f (X1 xX3) is PSNC (resp., strongly PSNC) at f (x1,X») with respect to Y.

PROOF. First we prove (i) assuming that QN f(X; x X») is PSNC at (y1,y2) := f (X1,
X») with respect to Y;. Since f; is RMR around X1, the linear subspace L := V f1 (X1) (X;)
is closed in Y; by Theorem 2.2. Let L+ C Y{* be the annihilator of L, that is, the set of
all linear continuous functionals on Y; that vanish on L. It is well known that L+ is
isometric to the dual space of the quotient space Y;/L. We show that L is of finite
codimension. Assume the contrary, that is, dim(Y; /L) = c. Then by the fundamental
Josefson-Nissenzweig theorem (see., e.g., [5]), there is a sequence {y;} c (Y;/L)* that
w*-converges to zero with ||y || = 1 for all k € N. Using the above isomorphism, we

can treat each ;" as an element in L*. Thus ;' ** 0in Y, with [l || = 1. Employing
the implication (a)=(b) in Theorem 2.10 and the definition of Fréchet normals, we check
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that

(7¢,0) € N((71,572); 20 f (X1 X X2)). (5.3)

Then the assumed PSNC property of Qn f(X; x X») at (¥1,¥2) with respect to Y7 gives
Iyl = 0, which is a contradiction. Thus L is finite codimensional and hence w*-
extensible in Y; by Proposition 3.5(a). Now take arbitrary sequences

& 10, (X1, x2) € f7H(Q),

& (5.4)
(xfiox3) € Nep ((xar,x21) f71H(Q))

with (X1x, X0k) = (X1,X%2), X7 v 0, and [|x3 |l — 0 as k — co. By Theorem 3.1, there
exist sequences X, L1 o with xh + X5 € Vfi(x)*(Y[) for i = 1,2. Using the w*-
extensibility property mentioned above and applying Proposition 3.7, we find a se-
quence {y;;} that contains a subsequence weak* convergent to 0 € Y;* and such that
V(X)) * vy = xi% + X% To justify the desired PSNC property, it is sufficient to show
that {x{}} contains a subsequence norm-convergent to zero; so we do not restrict the
generality assuming that ) wr 0 as k — oco. On the other hand, take an arbitrary
sequence of

Vi e (Vo (%)) xd +%5), keN, (5.5)

and observe that V f>(x2)(X>) is closed in Y> by Theorem 2.2, since f> is RMR around
X». Applying the classical open mapping theorem to the linear operator V f>(x>2) : Xo —
V fo(%2)(X>), we find p > 0 such that for any y € V f>(x2)(X2), there is x, € X, with
Ixy || < pllyll. Denoting 33y := ¥l v (x2)(x,), We have ¥ € V f2(X2) (X2)* and

{35 | = (T30 V2 (%2) (o)) | = [V fa(%2) " F0x0) | (5.6)
= [ (x5 + 230 x) | < x5+ 251 - [lxy || < pllxgi + 250 - 1]
for all ¥ € Vfo(x2)(Xz); thus [|Y5 Il < pllxy, + X5, |l. The Hahn-Banach theorem al-
lows us to extend each 3 to 5, € Y, preserving the norm. By construction, one has
I3l — 0as k — oo and V f>(X2)* 3, = x5 +X5,. Employing now Theorem 3.1, we find
&, 1 0 such that

(Vo i) € Neg ((F (x1k), f2 (x2k) ;@0 f (X1 X X2)). (5.7)

It follows from the assumed PSNC property of QN f(X; x X») at (y1,¥2) with respect
to Y, that ||l — 0, which implies [|x7, + X3/l = 0 and hence [|x;;|l — 0 as k — oo.
This justifies the PSNC property of f~1(Q) at (x;,X») with respect to Xj.

The proof of the strong PSNC assertion in (i) can be conducted by similar arguments.
The only difference is that now we use the w*-extensibility property of V f>(x2)(X>)

to build a sequence {y;} with yJ; 2% 0as k — oo.
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Finally, we prove part (ii) of the theorem focusing on the case of the PSNC property.
Consider arbitrary sequences

& 10, (V1K 2k) € Q0 f(X1 X X2),

g (5.8)
(V1o Vox) € Ne (16, v2x); @0 f (X1 X X2))

with (y1x, V2k) = (1,52), Yix 7.0, and |yl = 0. Employing the RMR property for
both f; and formula (3.8), we find

& 10, (X1k,x2k) € 71 (V1k0 V2k),

~ (5.9)
(xfiox3) € Ne ((xirox2); f7H(Q))

such that (xix,x21) — (X1,X2) and x};, = V fi(x;)* ¥/}, for i = 1,2. By construction, one
has x7; W 0 and ||x3, Il — 0 as k — . Since f~1(Q) is assumed to be PSNC at (x1,X2)
with respect to X;, we conclude that ||x;; |l — 0 as k — co.

It follows from above that the linear mapping V f; (x;) : X; — L is metrically regular,
where L = V f1(x1)(X;). This implies that ||y} /L]l — 0 as k — co. Remember that L
is assumed to be of finite codimension; hence it is complemented in Y; by a finite-
dimensional subspace L; C Y. Since »; 270, we get that ||y} I, || = 0. Thus ||y —
0 as k — oo, which justifies the PSNC property of Qn f(X; X X») at (31, y2) with respect
to Y;. The proof of the strong PSNC assertion in (ii) is similar. O

REMARK 5.2. Since the SNC property of Q C X is a special case of the PSNC definition,
Theorem 5.1 contains the relationships between the SNC property of sets and their
inverse images under strictly differentiable mappings. Furthermore, as it follows from
the proof of the above assertion (i) based on the Josefson-Nissenzweig theorem, the
SNC property of any Q C X at some point x € Q implies that the closed affine hull of Q
is finite codimensional in X. If Q is convex with nonempty relative interior, then one can
directly check that the converse implication is also true, that is, the latter two properties
are equivalent. Taking into account characterizations of the CEL property for closed
convex sets obtained in [2], we now conclude that the SNC and CEL properties agree
in Banach spaces for any closed convex sets having closed affine hulls and nonempty
relative interiors. Note that the latter assumption is essential even in the framework of
Asplund spaces; see [8].

Finally, we present three corollaries of Theorem 5.1 that easily follow from the the-
orem and the above definitions.

COROLLARY 5.3. Let fi: X; — Y;, i = 1,2, be mappings between Banach spaces that
are strictly differentiable at some points X; and such that V f;(x) are surjective, and let
Q be a subset of Y1 X Y> with (f1(X1), f2(X2)) € Q. Then Q is PSNC (resp., strongly PSNC)
at (f1(x1), f2(x2)) with respect to Y if and only if f~1(Q) is PSNC (resp., strongly PSNC)
at (x1,x») with respect to X, for f = f1 o fo.

COROLLARY 5.4. Letf:X — Y andG : Y =Z be mappings between Banach spaces, and
let (f(x),z) € gphG. Assume that f is strictly differentiable at X and RMR around this
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point. Then the PSNC (resp., SNC) property of G| at (f (%), Zz) implies the corresponding
property of the composition of Go f at (x,Z). The opposite implications are also true fif,
in addition, V f (x)(X) is assumed to be finite codimensional in Y.

COROLLARY 5.5. Let f: X — Y be a mapping between Banach spaces that is strictly
differentiable at x and RMR around this point, and let @ : Y — R be lower semicontinuous
around the point f(x) where it is finite. Then the SNEC property of @ + 0y x) at f(x)
implies this property for the composition @ o f at x. The opposite implication holds if the
space V f (x)(X) is of finite codimension in Y.
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