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The existence of an N-sequence in a continuum is a common obstruction that implies non-
smoothness, noncontractibility, nonselectibility, and nonexistence of any mean. The aim of
the present paper is to investigate if some variants of the concept of an N-sequence also
keep these properties. In particular, mapping properties of bend sets are studied.

2000 Mathematics Subject Classification: 54B20, 54C65, 54E40, 54F15.

All considered spaces are assumed to be metric and all mappings are continuous. The
symbol N stands for the set of all positive integers. Given a space X and its subspaces
A and B with A C B, we denote by clz(A) and bdg(A) the closure and the boundary of
A with respect to B, respectively.

A continuum means a compact connected space. A 1-dimensional continuum is called
a curve. A continuum is said to be hereditarily unicoherent provided that the inter-
section of every two of its subcontinua is connected. A dendroid means an arcwise
connected and hereditarily unicoherent continuum. A ramification point in a dendroid
X means a vertex of a simple triod contained in X. A fan denotes a dendroid having
exactly one ramification point.

A continuum X is said to be uniformly arcwise connected provided that it is arcwise
connected and that for each ¢ > 0 there is a k € N such that every arc in X contains k
points that cut it into subarcs of diameters less than ¢. By [14, Theorem 3.5, page 322]
a dendroid is uniformly arcwise connected if and only if it is a (continuous) image of
the Cantor fan (i.e., the cone over the Cantor middle-thirds set).

Given a continuum X we let C(X) denote the hyperspace of all nonempty subcontinua
of X equipped with the Hausdor{f metric (equivalently, with the Vietoris topology; see,
e.g., [20, (0.1), page 1, and (0.12), page 10] or [12, page 9]).

A dendroid X is said to be smooth at a point p € X provided that for each pointa € X
and for each sequence of points {a, : n € N} in X that converges to a, the sequence
of arcs {pa, : m € N} converges to the arc pa (in the sense of the Hausdorff metric).
A dendroid X is said to be smooth provided that there is a point p € X such that X is
smooth at p. The point p is then called an initial point of X.

Given spaces X and Y, a mapping H: X X [0,1] — Y is called a homotopy. Two map-
pings f,g: X — Y are said to be homotopic provided that there exists a homotopy H
such that H(x,0) = f(x) and H(x,1) = g(x) for each x € X.If every mapping f: X - Y
is homotopic to a constant mapping, then X is said to be contractible with respectto Y. A
space X is said to be contractible provided that there are a homotopy H : X x[0,1] - X
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and a point p € X such that for each point x € X we have H(x,0) = x and H(x,1) = p.
It is known that X is contractible if and only if it is contractible with respect to every
space Y, see [15, Section 54, VI, Theorem 2, page 374].

By a selection for C(X) we mean a mapping o : C(X) — X such that o (A) € A for each
A € C(X). Note that a selection for C(X) is a retraction of C(X) onto X. A continuum
X is said to be selectible provided that there is a selection for C(X).

A selection o : C(X) — X is said to be rigid provided that if A,B € C(X) and o (B) €
A C B, then 0(A) = o(B).

A mean on a space X is a mapping p : X X X — X such that u(x,y) = u(y,x) and
u(x,x) = x for every x,y € X (in other words, it is a symmetric, idempotent, contin-
uous binary operation on X). If also u(x,u(y,z)) = u(u(x,y),z) for every x,v,z € X,
then the mean u is said to be associative.

We start with recalling basic results related to these concepts.

THEOREM 1. The following results are known.

(1.1) Each smooth dendroid is uniformly arcwise connected, [8, Corollary 16, page
318].

(1.2) Each contractible curve is a uniformly arcwise connected dendroid, [3, Proposi-
tions 1, 4, and 5, page 73] and [9, Theorem 3, page 94].

(1.3) A locally connected curve is contractible if and only if it is a dendrite, see, for
example, [5, (0.3), page 561].

(1.4) Each selectible continuum is a uniformly arcwise connected dendroid, [21, Lemma
3, page 370] and [4, Proposition 2, page 110].

(1.5) A locally connected continuum is selectible if and only if it is a dendrite,
[21, Corollary, page 371].

(1.6) A continuum X is a smooth dendroid if and only if there exists a rigid selection
for the hyperspace C(X) of its subcontinua, [25, Theorem 2, page 1043]. Thus
each smooth dendroid is selectible, but not conversely, [21, Theorem 3, pages
372-374] and [4, Propositions 3 and 4, pages 110-111].

(1.7) If a curve admits an associative mean, then it is a smooth (thus uniformly arcwise
connected) dendroid, [7, Theorem 5.21, page 20], so there exists a rigid selection
for the hyperspace C(X) of its subcontinua, by (1.6).

(1.8) A locally connected curve admits a mean if and only if it is a dendrite, see [24,
page 85] and compare |7, Proposition 5.30, page 22].

A dendroid X is said to contain a zigzag provided that there exist in X an arc pq, a
sequence of arcs p,qn, and two sequences of points p,, and q,, situated in these arcs in
such a manner that p,, < gq;, < p;, < qn (Where < denotes the natural order on p,, g, from
Pn to qn) for which the following conditions hold: pq = Limp,qn, p =limp, =limp,,
and g = limg, = limg,, (see [11, page 78]). Examples of fans containing a zigzag are
pictured in [11, Figures 5 and 6, page 92] and in [9, page 95].

A dendroid X is said to be of type N (between points p and q) provided that there
exist in X two sequences of arcs p,p,, and g,q, and points p,, € qnq, \ {an,q,} and
dy € PnPn \{Pn, Py} such that
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(@) pq =Limpy,p, =Limqgnq,,

(b) p =limp, =limp,, =limp,, and q =limg, =limg,, =limgqg,,.
(See [22, page 837].) This concept should not be confused with the one under the same
name, where a continuum of type N is defined by means of some conditions imposed
on the bonding maps in an expansion of the continuum as the inverse limit of an inverse
sequence of arcs, see [2].

It is evident that if a dendroid contains a zigzag, then it is of type N, [23, page 393],
but not conversely, even for fans, [5, Example 2.7, page 563].

THEOREM 2. The following results are known.

(2.1) If a dendroid is of type N, then it is nonsmooth, [18, Theorem 2.4, page 81].

(2.2) If a dendroid is of type N, then it is noncontractible, [22, Corollary 2.2, page 839]
(compare also [23, Theorem 2.1, page 392] and [11, Theorem 2.1, page 81]).

(2.3) If a dendroid is of type N, then it is nonselectible, [19, page 548].

(2.4) If a dendroid is of type N, then it admits no mean, [13, Theorem 2.2, page 99]
and [7, Corollary 5.40, page 23]; compare [1, Theorem 3.5, page 42].

Besides the results mentioned in Theorems 1 and 2 there are many unsolved prob-
lems and open questions concerning various interrelations between the considered
notions. The reader is referred to [6, Sections 3-5] to see a current list of problems
related to the present paper.

The following concept has been introduced in [10, page 121]. Let a dendroid X be of
type N between p and q, with sequences {pn}, (P}, {Pn}, 1an}, {4}, 14, } as in the
definition of type N (so satisfying conditions (a) and (b)), and let a mapping g: X - Y
be a surjection from X onto a dendroid Y. The triade (X, g,Y) is said to have property
() provided that

(© g(p) #9g(a);

(d) g(pnay)ngla,py) =1{g(a;)} foreach n e N;

(e glanp,)Ng(p,a, =19(p,)} for each n € N.

As an application of the introduced notion of a triade having property (x) to con-
tractibility of dendroids the following result is proved (even in a more general formu-

lation) in [10].

THEOREM 3 [10, Theorem, page 121]. Let a surjective mapping g : X — Y between
dendroids X and Y be given such that (X,g,Y) has property (x), and let a mapping
f X =Y be homotopic to g. Then {g(p),g(q)} C f(pq) C f(X). Consequently, X is
noncontractible relative to 'Y, so 'Y is noncontractible.

Below we give further applications of the notion, namely to smoothness, selectibility,
and to the concept of a mean. To this aim, recall a concept of a bend set that is due to
Mackowiak [19, page 548].

Let a continuum X and its subcontinuum A C X be given. A set B C A is said to be a
bend set of A provided that there are two sequences {A, :n € N} and {A;, : n € N} of
subcontinua of X such that

(f) AynA;, # & for each n e N;

(g) A=LimA, =LimA,;

(h) B=Lim(A,NA}).
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A continuum X is said to have the bend intersection property provided that for each
subcontinuum A of X the intersection of all bend sets of A is nonempty.

The following are applications of the above concept. For the first result quoted below,
see [17, Theorem 5, page 124].

THEOREM 4. A dendroid X is not of type N if and only if for each arc A C X the
intersection of all bend sets of A is nonempty.

An example of a dendroid X is constructed in [17, Example 7, page 126] such that
for each subarc A of X the intersection of all bend sets of A is nonempty, while X does
not have the bend intersection property.

THEOREM 5. Let X be a dendroid. Each of the following conditions implies that X has
the bend intersection property:

(5.1) X is selectible, [19, Corollary, page 548];

(5.2) X is smooth, by (1.6) and (5.1);

(5.3) X is a contractible fan, [16, Theorem 2, page 416];

(5.4) X admits an associative mean, by (1.7) and (5.2).

The bend intersection property for a dendroid X implies neither (5.1) nor (5.2), see
[19, Example 1, page 548], as well as neither part of (5.3), see [7, Example 5.52, page
25]. In connection with (5.3) it is natural to ask whether the assumption that X is a fan
is essential in this result (see [17, Question 8, page 126]).

QUESTION 6. Does every contractible dendroid have the bend intersection property?

A similar question arises concerning (5.4). One may ask if the assumption of asso-
ciativity of the mean is indispensable in this result.

QUESTION 7. Let a dendroid X admit a (nonassociative) mean. Must then the inter-
section of all bend sets of each subcontinuum of X be nonempty?

THEOREM 8. Let a continuum X contain a subcontinuum A C X and two sequences
{An :n e N} and {A;, : n € N} of subcontinua of X such that conditions (f) and (g) are
satisfied, and let B C A be a bend set of A. Let g : X — Y be a surjection. If

(8.1) the sequence {g(An) Ng(A;):n e N} is convergent,
then Lim[g(A,) Ng(A;,)] is a bend set of g(A) that contains g(B).

If, additionally, g | (A, U A})) is one-to-one for sufficiently large n € N, then g(B) =
Lim[g(An) ng(A})].

PROOEF. Indeed, there are two sequences {g(Ay) : n € N} and {g(A;) : n € N} of
subcontinua of Y such that (1) @ # g(A,NA;,) C g(An)ng(A)),(2)g(A) =Limg(A,) =
Limg(A}) by continuity of g, and (3) g(B) = g[Lim(A, N A,)] = Limg(A, N A;,) C
Lim[g(An) ng(A})].

Note that y € Lim[g(A,) N g(A})] implies that there exists a sequence of points
Yn € g(An) Nng(A;) with y =limy,, whence it follows that there are two sequences of
points x, € A, and x;, € A;, such that v, = g(x,) = g(x;,). By compactness of X and
continuity of g we get v € g(A). Thus Lim[g(A») Nng(A;,)] C g(A), whence the first
part of the conclusion follows.
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If g | (A, UA;,) is one-to-one, then (under the same notation) x, = x,, € A, N A}, and
thus y € g(B) as needed, and the equality for g(B) is shown. The proof is complete.
O

COROLLARY 9. Let a continuum X contain a subcontinuum A C X and two sequences
{An :n e N} and {A;, : n € N} of subcontinua of X such that conditions (f) and (g) are
satisfied, and let B C A be a bend set of A. Let a continuum 'Y be hereditarily unicoherent
and let g : X — Y be a surjection. Then Ls[g(A,) Nng(A;)] contains a bend set of g(A)
that contains g (B).

PROOF. Put, for shortness, I, = g(A,) Nng(A;) and note that since Y is hereditarily
unicoherent, the intersections I,, are continua. Since B is a bend set of A, condition (h)
is satisfied, whence we have

(9.1) D #g(B) =g[Lim(A,NA))]=Limg(A,nA},) CLi[g(A,) ng(A))].

Thus Lil, # &, whence by [15, Section 47, Theorem 6, page 171] it follows that LsI,,
is a continuum. Since the hyperspace C(X) is compact, the sequence I,, contains a
convergent subsequence I,,. Putting C = Limy, I,,, we get, by (9.1),

g(B) cLi[g(An)ng(A;)] cCclsl, C g(A). (1)

Therefore C is a bend set of g(A). O
As a consequence of Theorems 3, 4, 5, and 8 we get the following.

COROLLARY 10. Let a surjective mapping g : X — Y between dendroids X and Y be
given such that (X,g,Y) has property (x). Then the singletons {g(p)} and {g(q)} are
bend sets of g(pq), and therefore Y is nonsmooth, noncontractible, nonselectible, and it
admits no associative mean.

The example below illustrates an application of the concept of a triade having prop-
erty () (see [10, Example, page 123]).

EXAMPLE 11. There exist dendroids X and Y and a mapping g : X — Y such that
(11.1) X is of type N,
(11.2) Y is not of type N,
(11.3) the triade (X,g,Y) has property (x).
Consequently, Y is neither smooth, nor contractible, nor selectible, and it admits no
associative mean.

PROOF. In the Cartesian coordinates in the plane put K = {0} x[-3/2,2],L =[0,1]x
{2} and, for each n € N, let

Ko (B[22 o (e al <=2l o (b33 ))
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Define X = KULUU{K, : n € N}. Thus X is a dendroid and it is of type N between
points p = (0,3/2) and g = (0,—3/2).
Consider an equivalence relation ~ on X defined by

(x1,71)~(x2,72) =

3
either {(x1,y1) = (x2,02)} or {x1 =x2=0, y1 =-y2€[-1,1]}. )

Then the quotient mapping g : X — X/~ = g(X) =Y identifies points (0,y) and
(0,—y) forall y € [-1,1] and it is one-to-one on the rest. Thus the triade (X,g,Y) has
property (x). The obtained space Y is a dendroid that contains no N-sequence. Note
that g(pq) is a simple triod with the centre g((0,1)) = g((0,—1)) and the endpoints
g((0,0)), g(p), and g(q), and that the singletons {g(p)} and {g(q)} are bend sets of
gd(pq). Consequently, Y does not have the bend intersection property. Therefore Y is
not contractible by Theorem 3, it is neither selectible nor smooth by (5.1) and (5.2) of
Theorem 5, respectively, and it does not admit any associative mean according to (5.4)
(or by Corollary 10). |

The following concept generalizes the notion of a triade (X, g,Y’) having property ().
A surjective mapping g : X — Y between dendroids X and Y is said to be admissible
provided that X is of type N between some points p and g and, if sequences {p,},
tpnds ipnd, tand, {ay,}, {g,,} satisfy the conditions of the definition (conditions (a) and
(b), in particular), then
(i) Ls[g(pnay) ng(@,p)1nLslg(@npy) ng(pia,)] = 2.
Put
(G) P=Ls[g(@npy) ng(pyay)] and Q =Ls[g(pnay,) Ng(a,py)]-
Observe that the sets P and Q are continua.
The next theorem is related to [10, Theorem 3]. The leading idea of its proof comes
from Oversteegen’s proof of [22, Theorem 2.1, page 838]; it was used in the proof of
[10, Theorem, page 121].

THEOREM 12. Let there be given an admissible mapping g : X — Y between continua
X and Y, and let continua P and Q be defined by (j). Then, for each mapping f : X — Y
homotopic to g, f(A) NP #+ & # f(A) nQ. Consequently, X is not contractible with
respectto Y, so 'Y is noncontractible.

PROOEF. Since the mapping g : X — Y is admissible, the domain continuum X is of
type N. So, fix an arc A with endpoints p and g, two sequences of arcs {A, }, {B,} (Where
n € N) with endpoints py, p,, and qu, q,,, respectively, and points p,, € By \ {qn,q;,} and
a, € An\{pn,p,} such that conditions (a) and (b) are satisfied.

Let H: X x[0,1] — Y be a homotopy such that H(x,0) = g(x) and H(x,1) = f(x)
for each x € X.

To make notation shorter, put

T =ana, x[0,11,  Z=({an,a,}*x1[0,11) U(qna, x{1}), @
S=TnH ' (g(anpy)ng(pna,)), W=SuZz

and note that all these four sets are compact.
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For each n € N, let C,, be the component of the set S that contains the point (p,,,0).

i

Note that H(p,,,0) = g(p,) € g(@np,) Ng(p,ay,), so Cn is well defined.
CamMm 1. Cy,nZ + @.

Suppose, on the contrary, that C,, n Z = &. We will show that

(12.1) there is no component J of W such that JnC, # @ # J N Z.
Indeed, if there were such J, then C,, would be a proper subcontinuum of J satisfying
Cp C J\ Z.Taking an order arc from C,, to J (see [12, Theorem 14.6, page 112]) we would
obtain a subcontinuum E of J such that C, is a proper subset of E and E Cc J\Z C S.
Since C, is a component of S, we would have E = C,,, a contradiction. Thus (12.1) is
shown.

Therefore, by [26, Theorem 9.3, page 15] applied to the space W and its disjoint
closed subsets C,, and Z, we obtain two disjoint closed subsets F and G of W such that

W=FuG, C, CF, Z CG. (5)

Let U and V be disjoint open subsets of the 2-cell T such that F c U and G C V.
Denote by K the component of T\ U containing Z, and let L be the component of T\ K
containing C,. Thus L is open as a component of an open set T\ K in a locally connected
continuum T (see [15, Section 49, II, Theorem 4, page 230]). The set T'\ L is the union of
the continuum K and of all components of T\ K different from L. Since each of these
components is not separated from K by [15, Section 47, III, Theorem 1, page 172], T\ L
is connected according to [15, Section 46, II, Theorem 2, page 132]. Therefore, since T
is unicoherent, bdr (L) = cly(L) ncly (T \ L) is a continuum. Further, using again local
connectedness of T and [15, Section 49, III, Theorem 3, page 238], we have

bdr(L) cbdr(T\K) =bdr(K) Cbdr(T\U) =bdr(U). (6)

"o

Notice that Z c K ¢ T\ L and C, C L, so each one of the arcs g, p,, X {0} and p,, g, X
{0} is a connected subset of T that meets both L and T \ L. Thus there exist points
a € qnp, and b € p, q;, such that (a,0),(b,0) € bdy(L). Then the set H(bdy (L)) is a
subcontinuum of Y that contains the points g(a) and g(b). Since g(a),g(b) € g(anay,)
and g(gqnq,) is an arcwise connected subset of Y, there exists an arc in Y joining
g(a) and g(b). By the hereditary unicoherence of Y, such an arc is unique, so we can
denote it by g(a)g(b). Using again the hereditary unicoherence of Y we see that the
arc g(a)g(b) is contained in both continua g(gq,p,,) Yg(p, a,) and H(bdr(L)). Since
the sets g(qnp,,) and g(p,,q,,) are closed and each one of them meets g(a)g(b), there
exists a point ¥ € g(a)g(b) ng(qnp,) Ng(p,ay)- So, ¥ € H(bdr(L)). Then there is a
point x € bdr(L) such that H(x) =y € g(qup,) Ng(p,,a,). Thus

x €Snbdr(L) CSnbdr(U) CSN(T\(FUG))=Sn(T\W)CSN(T\S)=@. (7)

This contradiction completes the proof of Claim 1.



2934 J. J. CHARATONIK AND A. ILLANES

Put

T =pupnx[0,11,  Z' = ({pn, Py} x[0,11) U (pnp, x {1}),

4 4 _ rr rr 4 4 4 4 (8)
S'=T'nH ' (g(pnay)nglanpy)), W =SuZ,

and again note that all these four sets are compact.

For each n € N, let D, be the component of the set S’ that contains the point (qg,,,0).
Note that H(q,,,0) = g(a,)) € g(pnaq;,) Ng(a,Pn), s0 Dy, is well defined.

By the symmetry of assumptions (or in a similar way as for Claim 1) we obtain the
following.

CLAIM 2. D,NnZ + Q.

For each n € N, fix points ¢, € C,nZ and d,, € D, n Z'. For k € N, take subse-
quences {Cy, }, {Dn, }, {cn, }, and {dy, } of the sequences {Cy}, {Dy}, {cn}, and {dy},
correspondingly, which converge to the respective limits C, D, ¢, and d. Then (p,0) € C,
(q,0) € D, and

(12.2) ce Cnl({g} x[0,1) U(Ax{1N], de Dn[({p} x[0,1]) U(AX{1})].

Since C, is a component of the set S, it follows that C,, C T and H(Cy) C g(qnp,) N
gdwnay). Thus C c Ax[0,1] and H(C) c P. Similarly, D c Ax[0,1] and H(D) C Q.

Now we are ready to prove the theorem. Suppose that the conclusion of the theorem
is false. Without loss of generality we may assume that f(A) N Q = @ (the case when
f(A)NP = @ is similar).

By (12.2) we have two possibilities.

If d e Ax {1}, thend = (a,1) for some a € A. Thus f(a) = H(a,1) = H(d) € Q. So
f(a) € f(A)nQ # @. This is a contradiction that shows that d ¢ Ax {1}.

Therefore, by (12.2),d € {p} x[0,1]. Then D is a subcontinuum of the disk Ax[0,1]
that contains the point (g,0) and intersects {p} x [0,1]. Since C is a subcontinuum of
the disk Ax[0,1] that contains the point (p,0) and intersects ({q} x[0,1]) U(Ax{1})
according to (12.2), it follows that Cn D # @. Thus there is a point ¢ € C n D. Then
H(e) e H(CND) CH(C)nH(D) c PnQ. This contradicts (i) and finishes the proof.

O

The next result is a consequence of Theorem 12. It extends Theorem 3.

THEOREM 13. Let an admissible mapping g : X — Y between dendroids X and Y be
given. Then X is not contractible with respect to Y and, consequently, Y is not contractible.

THEOREM 14. Let an admissible mapping g : X — Y between dendroids X and Y be
given, and let points p and q and sequences {pn}, {Pn}, {Pn}, {an}, 1y}, 14} be as
in the definition of type N. Then Ls[g(pndy) Ng(aypy)] and Ls[g(anpy) N 9(prdy)]
contain (disjoint) bend sets of g(pq).

PROOF. To see that Ls[g(pna,) ng(a, p,)] contains a bend set of g(pq) (the ar-

gument for Ls[g(gnp,,) Ng(p, a;,)] is the same) it is enough to apply Corollary 9 with

Ap = pna, and A} = q, p,. Now condition (i) guarantees that the two bend sets of
J(pq) are disjoint. -
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Theorems 13 and 14 imply, according to parts (5.1), (5.2), and (5.4) of Theorem 5, the
following corollary.

COROLLARY 15. Let an admissible mapping g : X — Y between dendroids X and Y
be given. Then Y is neither smooth, nor contractible, nor selectible, and it admits no
associative mean.
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