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We give a description of all transmutation operators from the Bessel-Struve operator to the
second-derivative operator. Next we define and characterize the mean-periodic functions on
the space % of entire functions and we characterize the continuous linear mappings from
3¢ into itself which commute with Bessel-Struve operator.
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1. Introduction. Let A and B be two differential operators on a linear space X. We
say that x is a transmutation operator of A into B if x is an isomorphism from X
into itself such that Ax = xB. This notion was introduced by Delsarte in [2] and some
generalization and applications were given in [1, 3, 7, 10].

In the case where A and B are two differential operators having the same order and
without any singularity on the complex plan, acting on the space of entire functions on
C denoted here by %, Delsarte showed in [3] the existence of a transmutation operator
between A and B and gave some applications on the theory of mean-periodic functions
on C.

In this paper, we consider the operator £y, x> —1/2, on C, given by

2f  2x+1[df . df
[—(z Cdz (O)]’

E(Z)Jr z dz

Uof(2) = (1.1)

where f is an entire function on C. We call this operator Bessel-Struve operator on C.

The Bessel-Struve kernel Sy(A-), A € C, which is the unique solution of the ini-
tial value problem £4u(z) = A%2u(z) with the initial conditions #(0) = 1 and u’(0) =
Al (x+1) /T (x+3/2), is given by

Sx(Az) = ju(idz) —ih«(iAz) Vz e(, (1.2)

where j, and h, are the normalized Bessel and Struve functions (see [4]).
Moreover, the Bessel-Struve kernel is a holomorphic function on C x C and it can be
expanded in a power series in the form

_ <& (Az)" YTl (n/2+a+1)
Sa(d2) —EO cn(e)’ Cnl0) = T+ ((n+1)/2) (1.3)
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The Bessel-Struve intertwining operator x is defined from the space % into itself by

xaf(2)= S LS

n=0

(0)

Z‘H.
dzn cn ()

vVfe¥, zeC. (1.4)

The dual intertwining operator ! x of x« is defined on %’ (the dual space of %) by
('XaT,9) = (T.Xag) Vge¥, TH. (1.5)
The Bessel-Struve transform %, is defined on #’ by
Fo(T)(A) =(T,Sx(—iA-)) VAeC. (1.6)

We use the transmutation operator x to define the Bessel-Struve translation operators
T.,z € C, associated with ¥, and the Bessel-Struve convolution on % and ¥’. A function
fin ¥ is said to be mean periodic if the closed subspace Q(f) generated by 1. f,z € C,
satisfies Q(f) = .

The objective of this paper is to characterize every transmutation operator of £, into
the second derivative operator from % into itself. Next, we study the mean-periodic
functions associated with the Bessel-Struve operator and we characterize the continu-
ous linear mappings from ¥ into itself which commute with £.

We point out that the harmonic analysis associated with differential and differential-
difference operators allows many applications as the study of integral representations
(see [9]), Plancherel, and reconstruction formulas and other applications as the use of
wavelets packets in the inversion of transmutation operators for the J. L. Lions operator
and the Dunkl operator (see [5, 6]).

The content of this paper is as follows.

In Section 2, we prove that the Bessel-Struve intertwining operator x is a topological
isomorphism from % into itself satisfying

dZ
Vv fed, eD(X(Xf:XD(Ef:
‘0 (1.7)
Xef (0) = £(0),  (xaf) (0) = fl ((‘X;

Using this operator and its dual, we study the harmonic analysis associated with the
operator £, (Bessel-Struve transform, Bessel-Struve translation operators, and Bessel-
Struve convolution). Next, we determine all transmutation operators W from the Bessel-
Struve operator £ to the second derivative operator d?/dz2.

In Section 3, we study the mean-periodic functions associated with €. Next, we give
the central result of the paper, which characterizes the continuous linear mappings
from % into itself which commute with £4.
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2. Bessel-Struve transmutation operators. In this section, we consider the normal-
ized Bessel and Struve functions which allow to define the Bessel-Struve kernel. Next,
we define the Bessel-Struve intertwining operator x, and its dual ‘x,; after that, we
study the harmonic analysis associated with the operator €. The aim of this section is
to characterize every transmutation operator of £y into d?/dz? from ¥ into itself.

Let &« > —1/2. The normalized Bessel function j is the kernel defined on C by

n 2n
=T(x+1) Z M (2.1)

n'r nm+a+1)’

Jjx(2) —2“1“(0(+1)J°‘( 2)

where J is the Bessel function of order « (see [4, 12]).
The normalized Struve function h is the kernel defined on C by

( ) - (=1)"(z/2)*n*!
— DX _
hal2) = 27T =Ta+1) Z . T(n+3/2)T(n+a+3/2)" (2.2)
where Hy is the Struve function of order « (see [4, 12]).
This function has the following Poisson integral representation:
1
ho(z) = —2Ll&+ D) (1-t2)*Y%gin(zt)dt. (2.3)

JIT(ex+1/2) Jo

The function z — hy(iAz), A,z € C, is the unique solution of the differential equation

Lou(z) = Nu(z),
Al'(x+1) (2.4)

u(0)=0, u (0)=m.

The functions hy and j, are related by the formula

T(x+1)z /2

ha(2) = (& 3/2) Jo

Jar1/2(zsing) sinpde. (2.5)
The Bessel-Struve kernel is the function S, defined on C by

Sa(2) = juliz) —iha(iz). (2.6)

This kernel can be expanded in a power series in the form

= JTNT(n/2+x+1)
Sx(@) =2 2y ) = L D (e D)’ =7
and has the following integral representation:
1
Sa(z) = —2Hlat D) (1-t2)* Y exp(zt)dt. (2.8)

VL (x+1/2) Jo
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The function z — S4(Az), A € C, is the unique solution of the differential equation

Lou(z) = A%u(z),
AT (ax+1) (2.9)

u(0)=1, u (O)ZW

NOTATIONS.
(i) We denote by 9, the space of entire functions on C, with the topology of the
uniform convergence on compact subsets of C. Thus 7 is a Fréchet space.
(ii) We denote by %', the dual space of .

PROPOSITION 2.1. The operator X defined by

f(z)—iodnf(O) " Vfed, zeC (2.10)
Xa 7‘”:0 dz" Cn(o()’ ) ) .

is an isomorphism from ¥ into itself satisfying the transmutation relation

dZ
Vie#, LaXoS =X«

_f,
dz F0) 2.11)
Xaf (0) = £(0), (Xle) (0) = ()

The inverse of X« is given by

2n

X (1) (2) = D () (0) =
n=0

too d(#gf) Z2n+1
(2n)!+cl(a)n§0 7 (0) Vfe¥, zeC.

z 2n+1)!
(2.12)

PROOF. First we prove that the image of the function f in % by x, is an entire
function, and that x« is a continuous linear operator.

Since f is an entire function, from the Cauchy integral formula, we have
arf n! f(w)

om0 = 3 |, e @ (2.13)

VneN,

where Cy is a circle with center 0 and radius R > 0. Hence there exists a positive constant
M such that

arf 1 Y
vnen, o (O)Cn(o() < MR flIx, (2.14)
where
I £l = max |f(z)]. (2.15)

As R is arbitrary, the radius of convergence of the power series in (2.10) is infinite. Thus
X« (f) is an entire function.
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Using (2.14), we obtain

Vfe#, |[xa(Hllg=<2MIfl2xk. (2.16)

Thus x, defines a continuous linear mapping from ¥ into itself. Furthermore, using
the fact that

Vn=2, L£y(z") = Cii?;)z"’z, (2.17)

we get

o gn n n+2 n
Vzel laxaf@ =3 %L 0) Z((x —Zd LT AT

o dzn 2 d2”+2 n((x) dz:2
(2.18)
It is clear that
_ J'(0)
XS (0) = £(0), (Xo(f) (0) = () (2.19)

Suppose now that xf =0 for a certain f € #. Then, according to (2.10), (d" f/dz™)(0) =
0,n € N. Hence f = 0, thus we prove that x, is a one-to-one mapping from ¥ into itself.
Now we consider the operator ¢ on # defined by

T d(#(rxtf) Z2n+1
> i O Gy Vzec (2.20)

wf(z)= Z L3 f(0)

+Cl(0()

(2 )!

In the same way as for x, and by a simple calculation, we prove that  is a continuous
linear mapping from ¥ into itself and

VIeH, XaWf=wxaf =1 (2.21)

Then x is a topological isomorphism from % into itself. O

REMARKS 2.2. (i) The operator x, which is a transmutation operator from ¥, into
d?/dz? on ¥ will be called the Bessel-Struve intertwining operator on C.

(ii) Formula (2.10) means that the Taylor coefficients of the image of an entire function
by x« are multiplied by the Taylor coefficients of the Bessel-Struve kernel.

COROLLARY 2.3. (i) For A,z € C,
Sa(Az) = xa(eM)(2). (2.22)
(ii) Every function f in % can be expanded in a power series:

(ynf) 22n+1

dz Cons1 ()’

VzeC, f(z)= Z €"f(0)

+c1(e0) Z

2.2
) (2.23)
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DEFINITION 2.4. The dual intertwining operator ! x of x« is defined on %’ by
("Xa(T),9) = (T, Xa(@)) Vg ek (2.24)

REMARK 2.5. From the properties of the operator x, we deduce that the operator
Ix« 18 an isomorphism from % into itself; the inverse operator (!x)~' is given by

("xe) (), 9) = (T, x5! (9)) Vge. (2.25)

NOTATIONS.
(i) We denote by Exp,(C), a > 0, the space of functions of exponential type a. It is
the space of functions f € ¥ such that

Na(f)=sup |f(z)|e ¥ < +oo. (2.26)
zeC

(ii) We denote by Exp(C), the space of functions with exponential type. It is given by

Exp(C) = Uas0Exp(C). (2.27)

The space Exp(C) is endowed with the inductive limit topology.
(iii) We denote by %, the classical Fourier transform defined on #’ by

F(T)(A) = (T,e” ™) vaAeC. (2.28)
(iv) We denote by x*,, the classical convolution product given by
Txof(2)=(Ty,f(w+z)) VT e, fe¥k, zcC. (2.29)
DEFINITION 2.6. The Bessel-Struve transform %, of T € %’ is given by
Fo(T)(A) = (T,Sx(—iA-)) VAeC. (2.30)
REMARK 2.7. From Corollary 2.3(i) and Definition 2.4, we obtain
VT €%, Fu(T)A)=Fu('Xa(T))(A). (2.31)

PROPOSITION 2.8. The Bessel-Struve transform % is a topological isomorphism from
#' into Exp(C).

PROOF. According to [8], the classical Fourier transform % is a topological isomor-
phism from %’ into Exp(C). Then the result follows from (2.25) and (2.31). O
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LEMMA 2.9. Let f€¥. The Cauchy problem

Lo -u(z,w) =lawul(z,w),

0 , (2.32)
u(0,w) = f(w), 3 uOw) =f'(w)
has a unique solution that is an entire function on C x C given by
u(z,w) = XaeXaw[Xa' () (z+w)] Vz,weC (2.33)
PROOF. From Proposition 2.1, (2.32) is equivalent to the Cauchy problem
2 aZ
QU(Z,W)ZWU(Z;WL (2.34)
- 0 d(xa'f) '
_ 1 I \Ax J /]
v(0,w) = Xs () (w) 5,V (0w) =— (W),
where
V(z,W) = XobXahU(z,w). (2.35)
But the solution of (2.34) is given by
viz,w) = x5 (fz+w) Vz,weC. (2.36)
O

DEFINITION 2.10. The Bessel-Struve translation operators 7., z € C, associated with
the operator 4, is defined on ¥ by

T.f(w) = Xe,zXxw [X&l(f)(z“’w)] vVw e C. (2.37)
The operator 7., z € C, satisfies the following properties.

(i) For all z € C, the operator T is linear continuous from 7 into itself.
(ii) Forall f € ¥ and z,w € C,

T.f(w) = Tw f(2), Tof (W) = f(w),

Tz(wa) = Tw(Tzf), go("rzf — ngo(f. (2.38)
(iii) The following product formula holds:
Vz,w €C, T:(Sa(A+))(w) = Sa(Aw) Sy (AZ). (2.39)

COROLLARY 2.11. Let f € ¥ and z € C. Then the function w — T, f(w) can be ex-
panded in the Taylor series:

too ("f) wan+l
Fer(e) z dz Con+1(X)”

VweC, T.f(w)= z #ﬂf(z) (2.40)

)
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PROOF. For z,w € C, we have
Tof (W) = XazXaow [Xa' () (z+w)]. (2.41)
Applying Corollary 2.3(ii) to the function w — 7, f(w), we obtain

S dllrf)) o w

T.f(w) = HZO# [T2f] (0 ( )+C1(0‘)1§0 dz (0)62n+1(0()
(2.42)
oo . © (egf) w2n+1
g _[6nf] (o) - )+C1((X)nZOTz|: iz ](O)szl(o‘)’
which proves the result. =

DEFINITION 2.12. (i) The convolution product of two elements T and K in ¥’ is
defined by

(T*K,f)=(Tz,(Kuw,Tzf (W))) VfeEH (2.43)

(ii) Let T € %’ and f € %. The convolution product of T and f is the function in %
defined by

T* f(z) =(Ty,T.f(w)) VzeC. (2.44)

The convolution * satisfies the following properties.
(i) Let T, K€%’ and let f€%. Then

Tx(Kx*f)=(T*K)* f. (2.45)
(ii) Let T, Ke¥'. Then
Fo(T*K) =F(T)F(K). (2.46)
PROPOSITION 2.13. Let T € %’ and let f € ¥. Then

("Xe) (T) % Xa () = X (T 50 ),

, . o (2.47)
Xe(T) %o Xo (f) = Xo (T [),
where x, is the classical convolution product given by (2.29).
PROOF. From Definition 2.12, we have
vzel, (‘Xa) (1) *Xalf)(2)
(2.48)

= ("X T (MaT=(Xa(H)) (B)) = (Te, Xo 1 T2 (Xa () (B)).

But from Definition 2.10, we obtain

VEEC, XurTz(Xa())(E) = Xaz(f)(E-2). (2.49)
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Thus
("xe) (T % xa(F)(2) 50
= (Te, Xz () (E=2)) = Xz ({Te, f(E=2))) = X (T %0 f) (2), '
which proves the first relation.
For the second relation, we have
VzeC, 'XalT)*o('Xa)" (F)(2)
¢ 1 . (2.51)
= (Xa(De, Xa' (NE-2)) = (Te, Xt X (f)(E~2)).
But
VZ,E€C, XarXa' ()E-2) =Xt (T2f) (E). (2.52)
So
Vzel, 'XalT)*(Xa) " (F)(2) = Xal(Te T2 f (B)) =X (T* f)(2),  (2.53)
which finishes the proof. |

Now we are in position to derive the main result of this section.

NOTATIONS.
(i) We denote D =d/dz.
(i) We denote by 9j2, the group of isomorphisms Y from # into itself such that

YD? = D?Y. (2.54)

THEOREM 2.14. Every transmutation operator W of £« into D? from ¥ into itself is
of the form

WF(2) = (xe)  Toxxa() @)+ (xa) ' TikXa(f)(~2) ¥z EC, (2.55)

where Ty, T, € ¥'.

PROOF. It is clear that every transmutation operator W of £y into D? from % into
itself is of the form W = x,Y, where Y € %p2. Then according to [3], every element Y
of 6p2 has the form

Yf(z) =To*o f(2)+T1 %0 f(-2), (2.56)
where Ty, T; € #’. Thus, we can write
VzeC, Wf(2)=Xxx(To*of)(2)+Xa(T1 %0 f)(—2). (2.57)

Hence the result follows from Proposition 2.13. O
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3. Mean-periodic functions and commutators of £
3.1. Mean-periodic functions

DEFINITION 3.1. A function f in ¥ is said to be mean periodic if the closed subspace
Q(f) generated by 7. f, z € C, satisfies

Q(f) + . (3.1)

From Hahn-Banach theorem, this definition is equivalent to the following.

DEFINITION 3.2. A function f in % is said to be mean periodic if there exists T €
7'\ {0} such that

VzeC, Tx*f(z)=0. (3.2)

DEFINITION 3.3. Let A € C and ¥ € N. The function Sy (A, -) is defined by

Swt(A,z) = d sauz)\ L VzZeC (3.3)

LEMMA 3.4. Let A € C and { € N. Then the function Sy ¢(A, ) is mean periodic and
VzeC, Syu(Az)=xa(E exp(-idE))(2). (3.4)

PROOF. Let A € C and ¥ € N. According to Proposition 2.8, there exists T € %'\ {0}
such that

J
Vji=0,...¢ —.(%X(T))(u)‘u:A:O. (3.5)

Then from the properties of the Bessel-Struve translation for every z € C, we can write

0

(T 000 @) = (T, o (ru Saw)@)],__,)

{’
- (Tw), L Satun)Satuw)) |, )
(3.6)

! d"* d
ZO( ) gy Satu2 |, Ad—,u‘*“(T)(“)‘u=A

j=
0.

Thus we prove that S, ¢(A, ) is a mean-periodic function. The result follows from (1.3)
and (2.10). O

Let fe¥. The following proposition characterizes the functions which belong to

Q.
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PROPOSITION 3.5. Let fe9, £ € N, and A € C. The function Sy ;(A,-), 0 < j < ¢,
belongs to Q(f) if and only if for all T in ¥’ satisfying

VzeC, Txf(z)=0, (3.7)

then

dJ
g T |, =0, 0<j<t. (3.8)

PROOF. If Sy j(A,-),0<j< £, belongs to Q(f), then for all T€¥ satisfying (3.7) we
have

(T,Sxj(A,-)) =0. (3.9)
Then
a’
(T, Suj (A, ) = d—<T Salu)| >
di (3.10)
= Tl
The converse follows from the Hahn-Banach theorem. O

DEFINITION 3.6. Let f€3 be a mean-periodic function. The spectrum Sp(f) of f is
the set

Sp(f) = {(AD,AeC, LeN, Sa;(A) €Q(f), 0<j<¥}. (3.11)
REMARKS 3.7. (i) From Proposition 3.5, we have

J
A (T () |, 2= 0.0 =018 T e ()

Sp(f) = {(2\,#), AeC, LeN, A0
(3.12)

(ii) If Sp(f) #= @, we say that Q(f) admits a spectral analysis associated with .

PROPOSITION 3.8. Let f € ¥. Denote by $(f) the closed subspace of ¥ generated by
{Dkﬂng}neN;kzo,l. Then Q(f) = $(f)

PROOF. According to Corollary 2.11, we have, for every g € %,

.1
Dg:BI_%E[ng_g]’ (3.13)
i C2(0) -
lug = lim w2 [Twg-g-wDg], (3.14)
Dilag = lim — %) [T —g-wg—-Y g ] (3.15)
o«d = w3 e1 () w? wd — g g 2 () Y .

in the sense of the convergence in .
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Suppose that g € Q(f). Then, for every w € C, T,g € Q(f). Hence we conclude
that for k = 0,1, D¥£yg € Q(f). By induction, we can prove that, for every n € N and
k=0,1, DX{"g € Q(f). In particular, for every n € N and k = 0,1, D¥£%f € Q(f). Thus
we conclude that $(f) c Q(f).

Let now g € $(f). Using once more Corollary 2.11, we prove that, for every w € C,
Twg € $(f). In particular, for every w € C, T, f € $(f). Hence, Q(f) = $(f). O

COROLLARY 3.9. Let f € 9. Then f is a mean periodic if and only if $(f) + %.

COROLLARY 3.10. Let f € ¥. Then f is a mean-periodic function if and only if x3' (f)
is a classical mean-periodic function.

THEOREM 3.11. Let f € ¥. Then f is a mean-periodic function if and only if f is a limit
of finite linear combination of the functions S,j(A,-), 0 < j <€, such that (A,€) € Sp(f).

PROOF. To see this property, we can use Lemma 3.4 and a celebrated result about
classical mean-periodic functions established in [11, page 926]. O

COROLLARY 3.12. Every mean-periodic function such that Sp(f) = @ is zero.
3.2. The commutator of ¥,
NOTATIONS.
(i) We denote by %, the group of isomorphisms Y of % into itself such that
Yy =4,Y; (3.16)
(ii) We denote by $,(f) (resp., 352 (f)), the closed subspaces of ¥ generated by Y f,
Y € 94y, (resp., Gp2).
PROPOSITION 3.13. (i) The group % is isomorphic to §p2.
(ii)
VfE#, Fa(f)=XaOp2(xa" (). (3.17)
PROPOSITION 3.14. The set of functions f in ¥ satisfying

Fa(f) =3 (3.18)

with the set of mean-periodic functions is identified.

PROOF. From Proposition 3.13, f € ¥ satisfies (3.18) if and only if x5'(f) satisfies
Ipe Xt (f) = K. (3.19)

But these functions are classical mean-periodic functions. The result follows from
Proposition 3.13. O

Now we are able to state the main result of this paper.
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THEOREM 3.15. Let L be a continuous linear mapping from %€ into itself. The following
statements are equivalent.

(i) L commutes with Bessel-Struve translation operators 7, z € C, on ¥, that is, T.L =
LT;,z€C, on .

(ii) L commutes with the Bessel-Struve operator £ on ¥, that is, {4L = L€y on .

(iii) There exists a unique element T in 3¢’ such that Lf =T x f, f € ¥.

(iv) There exists a complex Borel regular measure y having compact support on C, for
which for all f € %,

L(f)(z) =LC (T.f)(w)dy(w) VzeC. (3.20)

(V) There exists V,® € Exp(C) such that for all f € ¥, Lf =Y (Ly)f+D® (L) f, where
YUy f and D® (L) f are given by

[Y(la)f](2) = Zazntmf(z) Vz e,
" (3.21)

[D®(£a) f1(2) = c1(x) Z Aol — 2 dt “f)

n=0

(z), Vzed(,

where ¥ (z) = 315 anz" and ®(z) = ¢ () X150 Aons12™.

PROOF. (i)=(ii). From (3.13) and (3.14), we have

1 1
D(Lg) = lim —"[TwLg~Lg~wDLg] _L(}}%E[ng_g]) =L(Dg),

. () . ()
lua(Lg) = lim = 5= [Twlg —g ~wDLg] = L(}Ulrg}) 2 LTwd fgwag]> =L({xg).
(3.22)
Hence (i) implies (ii).
(ii)=(i). We decide the results from Corollary 2.11.
(i)=(iii). Assume that (i) holds. We define the functional T on ¥ as follows:
(T,f)=L(f)(0), feit. (3.23)

Itis clear that Tisin 3¢ and Lf =T x f, f € %.
(iii)=(iv). It follows immediately from Hahn-Banach and Riesz representation theo-
rems.
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(iv)=(v). Suppose that for all f € 3, we have
VzeC, L(f)(2) =L(T2f)<w>dy(w), (3.24)

where y is a complex Borel regular measure with compact support.
According to Corollary 2.11, we obtain for all z € C,

+o . +o (ggf) w2n+1
LHE =3 0 f(z)j dy<w>+c1<¢x)nzo i@ | sy,

(3.25)

Hence
Lf=Y({ly)f+D®(Ly)f, (3.26)

where
Y(z)= > amz", ®(2)=c1(x) D dmaz", (3.27)

= n=0
with, for every n € N,
wn

an = L () dy(w). (3.28)

Since y has compact support on C, for certain a and C, we have

a‘}’L
vneN, |an|<C : (3.29)
cn ()
Then we have
|Z|a) Izla
VzeC, |Y(2)] <CZ = CSy(|z]a) < Ce'?a, (3.30)
cn ()
Similarly we have
VzeC, |®(2)]<c(o)Cel?a, (3.31)
Thus we have proved that (v) is true.
(v)=(i). Suppose now that, for every f € % and z € C,
+ o0 + o0 d yn
(LF)(2) = D am({iaf)(2) +c1(e) D donn (af) (2), (3.32)

dz

n=0 n=0

for a certain ay € C, k € N, where the series converges in #.
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Hence, if f € %, since 1,4y f = xT.f, z € C, using (2.38) and the fact that T, is a
continuous linear mapping from % into itself, we obtain for every z,w € C,

Tw(Lf)(2) = z AonTw (L f) (2) +c1(x) Z azn+1rw< )(2)
n=0
= w 3.33
Z Ao R (Tw f)(2) +c1(X) D Aop — d(la(ruf)) (T f)) (3:33)
n=0
:L(wa)(z).
Hence (v) implies (). |
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