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We give some properties of the Banach algebra of bounded operators B (I, («)) for 1 < p < oo,
where I (x) = (1/ )Lk lp. Then we deal with the continued fractions and give some prop-
erties of the operator A" for h > 0 or integer greater than or equal to one mapping [, ()
into itself for p > 1 real. These results extend, among other things, those concerning the
Banach algebra Sy and some results on the continued fractions.
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1. Introduction. In this paper, we are interested in the study of operators repre-
sented by infinite matrices. In [10, 15], necessary and sufficient conditions for an oper-
ator to map a set of sequences into another set of sequences are given. In this way, in
[5, 6, 8, 11, 12], some properties of the set F(A") can be found, where h is an integer
or a real, F is one of the sets ¢, cg, S, O 5g, and A is the well-known operator of first
difference. Then some characterizations of operators mapping in these sets have been
given. Bottcher and Silbermann [1] have put together some results on Toeplitz matrices
and have studied some sets of Banach algebras of infinite matrices. In this paper, we
are dealing with a particular class of Banach algebras of bounded operators mapping
Iy () into itself and we are giving some results which extend the previous one.

This paper is organized as follows. In Section 2, we recall some results on the Banach
algebra of bounded operators. In Section 3, we deal with the Banach algebra #(l, («x)),
where 1 < p < o and & = (&, ), With &, > 0 for all n. In Section 4, necessary conditions
for A tobe invertible in the set B(l, («)) are given. In Section 5, we consider applications
to infinite tridiagonal matrices and continued fractions. Finally in Section 6 we deal with
some new properties of the operators Al and A", for h > 0 integer or real, considered
as operators from [, (x) into itself.

2. Preliminary results. A = (anm)n,m=>1 being an infinite matrix, we will consider the
sequence X = (xy,)n=1 as a column vector and define the product

all Alm .- X1 Y1

ax—| : : : o] | ©.1)
Anl . Aum - | | Xm Vn
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whenever the series v, = >, _; AnmXm for n > 1 are convergent. We will denote by s
the set of all sequences. For any given subsets E, F of s, we will say that an operator
represented by the infinite matrix A = (@nm)n,m=1 maps E into F, that is, A € (E,F)
(see [10])) if

(i) for each n > 1 and for all X € E, the series defined by vy, = >, _1 AnmXm IS

convergent;
(ii) AXeF forall X eE.
For any subset E of s, we will write

AE={Y es:Y = AX for some X € E}. (2.2)
If F is a subset of s, we will denote
F(A)=Fy={Xes:Y=AX€eF}. (2.3)

Let E be a Banach space with norm | ||g. We will say that a linear operator A: E — E

is bounded if
IAX| g
sup| ——— | < oo. 2.4
XJS( IXe ) 4

It is well known [1] that the set B (E) of all bounded operators mapping E into itself is a
Banach algebra and we will write

AX
I Allae) = sup ( | ”E> <o (2.5)
x+0 \ I XIEg
A Banach space E of complex sequences with the norm | - || is a BK space if each

projection Py, : X — P, X = xy, is continuous. A BK space E is said to have AK if every
sequence X = (xy)%_, € E has a unique representation X = >.,,_, Xnen, where e, is the
sequence with 1 in the nth position and 0 otherwise. It is well known [9] that if E has
AK, then B(E) = (E,E).

3. Banach algebra ®B(l,(x)) for 1 <p < o

3.1. Case 1 < p < 0. Recall that the set
lP:{XZ(Xn)ypl: 2. |Xn<p<°°} CRY
n=1
is a Banach space normed by

© 1/p
X1l = (Z Ixnl") : (3.2)
n=1

Put now

U™ ={X = (Xn)ps1 ES:xn >0 Vnl. (3.3)
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Using Wilansky’s notations [15], we have, for any given & = (&p)n=1 € U™* and p > 1

real,
1 -1 )
lp((x)—<o(> *1 {Xes z(|xn|) <oo}. (3.4)
-1

If we define by D the diagonal matrix Dy = (X, 0nm)n,m=1 (Where 8y, = 0 foralln = m
and d,m = 1 otherwise), we see from (2.2) that

Dalp = Ly (). (3.5)

It is easy to see that [, («) is a Banach space with the norm

) |x | pql/p
||X||lp<a>—||D1/aX|lln—[Z(")] : (3.6)

n=1 &Xn
If x=(xn)n=1, B=(Bn)n=1 € U™, the condition o;,, = f,,O(1) (n — o) implies that
Ly (o) C L, (B). (3.7)
We also have [, (x) C I, (x) for 1 <p <p’.

Since 1, () has AK, we have B(l,(x)) = (I, (x),l,(x)) (see [9]) so A € B(l,(c0)) if
and only if A € (I, (x),l,(x)) and

I Allait, ) = sup (W) (3.8)
The set B (I, (x)) is a Banach algebra with identity; see [1]. So we get
NAX 1, 00 < IAl@a, o) 1 X1, VX € Ly (00). (3.9)
We have 1, =1, (e), where e = (1,...,1,...) and for all A € B(l,(x)),
ID1/aAD o lg 1, = 1A lla, ) - (3.10)
Indeed, writing DX =Y, we get
D1/aADy) X Dy ,xAY
() s (o) Wb 1
So we can write that
AeB(l, () =D1,aADy € B(1,). (3.12)

When « = (¥")y>1, for a given real v > 0, [, () is denoted by 1, (7). When p = o, we
obtain the next results.
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3.2. Case p = . The Banach algebra S,. Let & = (xn)n=1 € U"*. Using Wilansky’s
notation, we have

Lo (00) = (i)%*lm — Dyl (3.13)

We will write sy = lo () = {X €5:x,/xn=0(1)}; see [2, 3, 4,5, 6, 7]. The set sy is a
Banach space with the norm

1 X1lso = sup( [ xn ] ) (3.14)
nx=1 n
The set
Sa = {A = (Anm) pm=1 :sup( Z | @pm | —) < oo} (3.15)
n=1 =1 Kn
is Banach algebra with identity normed by
IAllsy = sup( S |anm | Sm ) (3.16)
n=1 m=1

Putting B(sy) = B(sa) ) (Sa,S«), We can state a first elementary result.

LEMMA 3.1. Letx € U**. Then
B(sx) = Sa = (Sa, Sat) - (3.17)

PROOF. First, for any given infinite matrix A, the condition A € S, is equivalent to
Dy,qADy € S, and since S, = (l«,ls) (see [8, 10]) we conclude that Sy = (S«,Sx). Now
we show that B(sy) = S,. It can be easily seen that B(sy) C (S, S«). Conversely, assume
that A € S,. Then for every X € s4,

1 AnmX
IAX||5, = sup (M> < N Allso 11X s - (3.18)
nx=1 Kn
So A is bounded and belongs to B(sy)- O

As we have seen above when « = (v"),,»1, ¥ > 0, Sy and s are denoted by S, and s,.
Note that for ¥ = 1 we get 51 = l.

4. Inverse of an infinite matrix in %B(l,(«)). In this section, we are interested in
the case when an operator A € (I, (x),l,(x)) is bijective. For this, we need to explicitly
show the set B(l,(x)).

We put
© © O( qa\ p-1q1/p
N,,,am):[z(z (|anm|a—'") ) ] , @

m=1

for 1 <p <o and g = p/(p —1). In order to state the next results recall the following
lemma (see [10]).
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LEMMA 4.1. A € (11,11) if and only if At € S.
We get the following results.

THEOREM 4.2. Letx e Ut*,
(i) (@) Then

B(lL(0) = {A= (@nm)pm1: A" €Syad,  (le(00),le () C S 4.2)
(b) If
By () = {A = (@nm) pme1 : Npa(A) < 0} for1 <p < oo, (4.3)
then
By () CB(Ly(x)). (4.4)

(i) (a) Forevery A€ B(l1(x)),

Al = 1405, = 0 ( 5l 52 @3
(b) whenl < p < oo, for every A € B(l,(x)),
lAllgy1, () < Np,a(A); (4.6)
(c) forevery A e B(lo(x)),
1Alla(10 e0) = 145, = sup <mi1 |anm|‘;‘(—7:). 4.7)
(iii) The identity
AA'X) = (AANX, VXely(x), (4.8)

holds in the following cases:

(@ AA" e B(L(x)) whenp =1;
(b) A,A" € B,(x) when1 < p < oo;
(c) A,A" € Sy when p = .

PROOF. (i)(a) Since [; () has AK, then ®B(l;(x)) = (l1 (x),l; (x)). So A € B(l1(x))
if and only if D;,oAD« € (l1,11). From the characterization of (I;,1;), the condition
D1,0ADy € (I1,11) is equivalent to (D1,oADy)! = DyAlDy,« € S1, thatis, AL € Sy,4, and
we have shown that B(l; (x)) = @(a). The identity (lo(x),lo(x)) = Sy comes from
Lemma 3.1.
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(i)(b) Take any X € [,,. We have

14 00 00 14
||AX|| H( Z anmxm> = Z Z AnmXm
A oo nx=1 l; n=11m=1 (4.9)
= Z ( z |anmxm|)
n=1 -1
and from Holder’s inequality, we get, for every n,
0 0 1/q © 1/p
Z |‘1nmx7n|5(z |anm’q) (Z |Xm|p>
m=1 m=1 m=1 (4-10)

o 1/q
= ( Z |anm~q) HX”lr,;
m=1

with g = p/(p —1). We deduce

00 ) 1/q 14 ) ) vla
IAXI7, < > [( |anm|‘1) |X||zp} => ( > |anm<“) IXI7s  (4.11)
m=1 m=1

n=1

and since p/q = p — 1, we have

00 ) p-191/p
IAXIl, < [ > ( > !anml”’> } I1X1lz,, (4.12)
n=1 \m=1
IAX s S e
lAllga,) = sup( e ”) < [ > ( > |anm|q> : (4.13)
x+0 \ X1, ==

We have proved that if A € @p(e), then A € B(l,). Soif A e ﬁap((x), then D;,oADy €
973,,(42), so from the equivalence given by (3.12), D1,«AD« € %(l,) and A belongs to
B(ly (). This concludes the proof.

(ii)(a) Now take A € QA&(O(). For any fixed X € [; («) and for any integers N; and N, > 1,
we have

m=1 n=1 1 Cn
N> Ny Cm |Xm|
=< | nm| ——
m=1 \n=1 &n  &m (4.14)
N» {x | Ny o
s( m )sup(2|anm|—m)
m-1 &m m=1\p_1

< IXl1y (@ |[DxA D1alls, -
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Letting N7 and N, — o, we obtain
o0 0 1
DD [anmxm| = | <.
m=1 \n=1 Xn

Then the series > 1 ((1/0ty) | X on—1 AnmXm|) is also convergent and

00

ad 1
Z ( Z anmxm’) = ”AX”ll(zx) < ||At||51/u”X”ll(o<)-
n=1 &n

m=1

So A is bounded and

lAllpa, ) < 1A s,

is a direct consequence of (i).
(ii)(b) comes from inequality (4.13) and equivalence (3.12).
(ii)(c) comes from the preliminary results.
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(4.15)

(4.16)

(4.17)

(iil) is an immediate consequence of the fact that ®B(l;(x)), B(l,(x)), and Sy are
Banach algebras of operators represented by infinite matrices and QAS,,((X) CRB(p(x)).

|

We deduce the following corollary, in which we put a = (ann)n=1 and |a| =

(lannDn=1-

COROLLARY 4.3. The operator represented by A is bijective from l, (x) into 1, (x|al)

in each of the following cases:

@ forp=1,
S la «
I-A'D =su TR <L
H 1/(1”51/0( mZI:l) nzz:l Ann | Cn
n+m
(ii) for1 <p < oo,
p-1
[ee] (o] q
NP o(I=Dyjea) = > | > (’anm O‘ﬂ) <1
n=1\ m=1 Ann | On
m+n
(iii) for p = oo,
- Anm | Xm
I1-D;,A =su — | < 1.
| 1/aAlls, nZIIJ mZ=1 ann | o
m+n

PROOF. (i) First, from Theorem 4.2(ii)(a), we have

HI—Dl/aAH%(zl(a» = ||I_AtDl/aH51 L <L
/

(4.18)

(4.19)

(4.20)

(4.21)
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For any given B such that D,,,B € [, (), consider the solutions of the equation AX = B
belonging to [; («). The previous equation is equivalent to

(D1/aA)X = Dy ,4B. (4.22)

Since Dy, A is invertible in #(l; (x)), we deduce from Theorem 4.2(iii)(a) that, for every
Xeli(x),

(D1/aA) ' [(D1/aA)X] = X = (D1/4A) ' D14B. (4.23)

We conclude that the equation AX = B admits a unique solution in /; («) since D;,,B €
Li(x) and (D1/,A) " € B ().

(ii) Since p > 0, we have N,f,’,a(I—Dl/aA) < 1if and only if Ny «(I =D1/aA) < 1 and we
conclude reasoning as in (i).

(iii) can also be obtained reasoning as in (i). O

REMARK 4.4. Letv > 0.If = (#™),, it is obvious that for 1 < p < o, the condition
p-1

0 © q
Np(I-DyjaA)=> | > (‘ Gnm 1’”""’) <1 (4.24)
n=1

a
m=1 nn
m=n

implies that the operator A is bijective from [, (v) into L, (¥ [@nn|)n=1)-
We deduce the following application.

PROPOSITION 4.5. Let A = (Anm)n,m=1 be an infinite matrix. Considert > 0,0 < p<1,
and 1 < p < oo, satisfying the inequality

p¥ . p-1
———<T1p-1, withq=—, 4.25
(1—payp " =7 =" (4-25)
and assume that
1
|anm|SF forl <m<n-1;
amm=1, forn=1; (4.26)

Anm =0, otherwise.

Then A is bijective from 1, (1/p) into itself.
PROOF. We have

0 (m-n)q n-1 (m-n)q
1 1 1 1 4q
op= S |anm|“() < S () < P 4.27)

m=1
m=n

Then

Softe—2 v L (4.28)
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since p—1=p/qand Tp—1 > 0 in (4.25). Now from the inequality

=1 * dx 1
>

ot = 1 XTP - TTp-1’ (4.29)
we conclude using (4.25) that
(oo} _ pp l
Np1,,(I-A)] =Y of ' < - <1. (4.30)
[ p.1/p ] ngi n (1_pq)p Ltp-1
So A is invertible in %&(l,(1/p)) and A is bijective from [,,(1/p) to itself. O

REMARK 4.6. If we put p =1/2, p =q =2, and T > 2/3, then (4.25) holds and A is
bijective from I, (2) to itself.

5. Application to the infinite tridiagonal systems. In this section, we deal with op-
erators represented by infinite tridiagonal matrix A. We will deduce that under some
condition A is bijective from [, () into itself.

5.1. First properties. For simplification we will write

di b
a d; b; 0
A= , (5.1)
an dn by
0

where a = (an)n, b = (by)n, and d = (d, ), are three given sequences. We immediately
obtain

0 b
a, 0 D) 0
DyjgA—1= I , (5.2)
a, 0 b
0

with a,, = a,/d, and b;,, = b,/d,. Putting K; = sup,.;(la,l) < o and K, =
sup,.1 (1by,1) < co, we get the following result, in which we do the convention &g = 0.

THEOREM 5.1. (i) Let p > 1 be a real. If

I?p =K{7+K§ < F, (53)

then A is bijective from 1, into 1, (|d]|).
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(ii) The operator A is bijective from l,(x) into L, (x|d|) in the following cases:
(@ forl<p <o,

p an cn-1[\1” by 0tuir |\17 1
K,«=|su ('—" n )] +[su (‘— )] < , 5.4
ne [nzli) dn O nzl‘? d, oy 2r-1 G4)
(b) when p = o,
I?':supqﬁh QM)<1 (5.5)
T dn n dn On ’

with the convention g = 0.

PROOF. Using the convention x( = 0, we get, from (5.2),

1(1=D1jaA)X[;, = X lapxn-1+bpxna |7 < X (K| xno1 | + K[ xnn )75 (5.6)
n=1

n=1
and since
(K| xn-1 | + Kz [xni1 )P < 2’”1( DI SHETULEIDI <4 |Xn+1|p)
n=1 n=1 n=1 (5.7)
< 2P (KY +KE) X7,
we conclude that
[(I-D1/aA)X[|;
Il =D1/aAll5,) = sup (—V) < [2r M (KT +KD)]P < 1. (5.8)
Pl x40 X101,

So Dy,4A is invertible in %B(l,) and A = Dg(D;,4A) is bijective from [, into I, (|d|).
(ii)(@) is obtained replacing A by D1/« ADy = (@nm &m / &n)nm=1- (i1)(b) comes from the
fact that HI_Dl/dAH%(loo(o()) < ”I_Dl/dA”So( = K{x- O

We deduce the next corollaries.

COROLLARY 5.2. Ifl?m < 1, then A is bijective from l;(x) to l;(x|d|) and bijective
from sy t0 Sxdj-

PROOF. First taking p = 1 in Theorem 5.1(ii), we deduce that A is bijective from
l1(x) to l; (x|d]). Then from

11Dy jaAlls, = Ko < K1 <1, (5.9)

we deduce, reasoning as in Theorem 5.1(i), that A is bijective from s, t0 Sy4)- O

COROLLARY 5.3. Letp > 1 beareal IfK = sup(K;,K>) < 1/2, then A is bijective from
I, into 1, (|dl).

PROOE. In fact, KY + K} <2K? <1/2P-!ifand only if K” <1/2P and K <1/2. O
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5.2. Application to the continued fractions. We consider the system of linear equa-
tions

(BI+Z)X1—C1X2 =b1’
—c1x1+ (B2 +2)x2 — cax3 = Do,
—C2X2 + (B3 +2)x3—C3X4 = b, (5.10)

If tB = e} = (1,0,0,...), it is well known that we may write the linear equations in the
form

X1 = 1 C1X2 C%
YT Btz (aixa/x1)’ x1 Br+z—(cox3/x2)’ 5.11)
CoXs3 c3 '

X2 Bs+z—(c3xa/x3) T

If we substitute in succession from each into the preceding, we obtain the formal ex-
pansion of x, into a continued fraction, also denoted by the A fraction, that is,

x, = (5.12)

B1+2— >
c
Botz—
B3+Z_...

The system defined by (5.10) is equivalent to the matrix equation A, X = B; see [14]. The
infinite tridiagonal matrix A, admits infinitely many right inverses and x; can be writ-
ten, as above, in a continued fraction when A, admits an inverse A, = (a;,,,(2))nm=1-
Then we have x; = ¢}, (2); see [2, 14]. Recall the following well-known result [15].

LEMMA 5.4. Letp > 1 beareal A€ (lp,l) if and only if

nx=1

sup(Z | @nm |V~ 1><oo. (5.13)

We deduce from the preceding the following.

PROPOSITION 5.5. Letp > 1 beareal If A; € (L,l,), there is a real K, > 0 such that
A; is bijective from 1, to l, and from l. to l. for|z| > Kj.

PROOF. First we see that A, € (l,,l,) implies A, € (I,,ls). So, from Lemma 5.4,
we get

sup (|cno1 | T+ |Bn+z|T+ |cn|?) < o, (5.14)
n=2
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with g = p/(p — 1), and the sequences (B,)n>1 and (¢, )n=1 are bounded. Putting K =
Sup,,»; (Icnl, 1Bnl), we deduce that for |z| > 3K,

Cn-1
Sup(’
nx=1 Bn+z

K 1
)s \ZI—K<§’ (5.15)

Cn
’ ’ Bn+z
with the convention ¢y = 0. By Corollary 5.3, we conclude that if d = (B, + Z)n=1, A is
bijective from 1, to I, (|d|). Now, since there exist k; = 2K and k, = K +|z| > 0 such
that ky < |dn| <k for all , 1, (|d]) = ,. From Theorem 5.1 we see that A; is bijective
from [l to L. This gives the conclusion. O

6. Some properties of the operator A" mapping I, (x) into itself. In this section, we
deal with necessary and sufficient conditions for A and A* to be bijective from [, ()
to Iy (o).

Recall that A is the first difference operator mapping s into itself, defined for each
X = (Xp)n=1 by [AX]; = x1, and [AX],, = x,, — X, for n > 2. The operator X € (s,s),
defined by =X = (3}_; Xk)n=1, satisfies

Z(AX)=AEX)=X VXes. (6.1)

We will denote by A* the operator Al and by X* the operator X!. We note that these
operators are well known and have been used, for instance, in [2, 3, 4, 5, 6, 7, 8, 11,
12, 13, 15]. Recall that for any integer h > 0, the sets L. (A"), c(A"), and co(A") are
BK spaces (recall that a BK space is a Banach space with continuous coordinates), with
respect to their natural norms

h

S -1y (h>

j=0 J

and c(A") and ¢y (A") are closed subspaces of L., (A") (see [13]). We can also state that
the set sy is a BK space with respect to the norm ||||s,; see [8]. In order to express the
next results, we need to define the following sets:

Xl (any = sup ([|A"X]],,) =sup( an>, (6.2)
nx=1 nx=1

a={aEU+*:1<Z¢Xk) =0(1) (n—»w)},

Xn \x21
E}-{an**ﬂcs:%(Z 0(k> =0(1) (TL—*OO)},
" \k=n

I = {an“‘:m(o‘"’l) <1},

I+ = {(xe Ut lim(m) < 1}.
n—oo o(n

Note that &« e I'* if and only if 1/x € T. We will see in Proposition 6.1 that if x € CAl,
then o, — o (n — o). Furthermore, «x €T if and only if there is an integer g = 1 such

(6.3)
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that

Ya(®) = sup (M) <1. (6.4)

n=q+1 \ &n

We obtain the following results in which we put

1 n
[C(ea], = —(Zak>. (6.5)
n \x21
PROPOSITION 6.1. Let x € UT*. Then
(i) ifxe C,, there are K > 0 and y > 1 such that
oy = Ky™, Vn; (6.6)

(ii) the condition x € T implies that « € 6\1 and there exists a real b > 0 such that

[C(a)x] +b[y,(00]" forn=q+1; (6.7)

nS T
1-yq(e0)
(iii) the condition x € T* implies x € a

PROOF. (i) and (ii) were proved in [6, Proposition 2.1, pages 1786-1788]. (iii) If x e T,
there are x’ € ]0,1[ and an integer @’ = 1 such that

Kk

<x fork=q. (6.8)
Kg-1

Then for every n > q’, we have

s i o k-n-1
1(Zak>—z(m‘)sl+ S OT1 <7‘X’H)
n \yn k=n * &n kent1 i=0 ~Xk=i-l 6.9)
<Y x*¥"=01) (n— ).
k=n
This gives the conclusion. O

REMARK 6.2. Note that as a direct consequence of Proposition 6.1, we have G N a =

LA = ¢.
REMARK 6.3. It is proved in [4] that x € a does not imply «x €T.

Before stating the following, note that I; (A) # [;. Indeed, putting e; = (1,0,...), we
getSe; =e ¢l and A1 ¢ (11,1;). We will see that when [, is replaced by 1; () we can
make explicit the set [; () (A") for h > 0. We have the next result.

PROPOSITION 6.4. (i) The condition At € (1;(x),l;1(x)) is equivalent to

Xn

=0(1) (n— ); (6.10)

n-1

(ii) the condition 1/ x € @1 is equivalent to X% € (11 (x), 11 (x));
(iii) if 1/ € Cy, then A" is bijective from l, (x) into itself.



3200 BRUNO DE MALAFOSSE

PROOF. A" € (l1(x),1; (x)) if and only if A € Sy, that is, &,/ Xn—1 = O(1) (n — ).
(ii) comes from the fact that =" € (I (x), 1 (x)) if and only if

(=) =% € Sa. (6.11)

(iii) The condition 1/x € él implies

Xn san<zaik>_0(1) (n — o), (6.12)

Kp-1 k=1
so A* € (1 (x),l;1 (x)). Consider now the equation
AtX =B (6.13)

for any given B € [, (). We will prove that (6.13) admits a unique solution in the set
11 (x). First, from Proposition 6.1(i), the condition 1/x € CA‘l implies that there are K > 0
and y > 1 such that o, < 1/Ky™ for all n. So « € ¢y and X € I} («x) imply together
Xn/0n =0(1) (n— o) and x,, = x,0(1) =0(1) (n — o), thatis, X € co. Then for every
X = (xn)n=1 € Lh(x),

s(6x0) = (3 a-xe))  =x (619
k=n n=1

and from (ii) we deduce that (6.13) admits in [; («) the unique solution X = X*B. So we
have proved that A™ is bijective from [, (x) into itself. |

Define now the operator A" for h real by

(6.15)

-h+n-m-1
n-m

if m <n,
(Ah)nm: )

0 otherwise.

See [3, 7]. Here we will see that when [; is replaced by [, (), we can study the set
1 () (A"). So we obtain the following.

THEOREM 6.5. Letx € U'*. Then
(i) for any given real h > 0, I, () (A") = I, (x) if and only if

af S (TN L) S0y n— oo, (6.16)
Km

= m-n
(ii) let h =1 be an integer and p = 1 a real. If x €T, then
Ly (o) (AM) =1, (). (6.17)
PROOE. First A" € (I;(x),l; (x)) if and only if (A")! = (A*)" € §1,4. SO
> ~-h+m-n-1
(2 ()

m=n+1 Xm

1) =0(1) (n— o). (6.18)
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On the other hand, 3" € (1; (), 1; (x)) if and only if (A™")! = (A*)~" € §1,+. This means
that

wf S (MM L) o) (n— o), (6.19)
(8.4

m=n+1 m-n m

It can be easily seen that (6.19) implies (6.18), since for m > n

‘ <_h+m_"_1> ‘ - Chem-n-D(chem-—n-2).- (k)|
m-n (m—n)!

$(h+m—n—1)(h+m—n—2) -« (h).
(m-n)!

(6.20)

This gives the conclusion.
Assertion (ii). It is enough to show (ii) for h = 1, because if A is a one-to-one mapping
from I, (x) to I, (), it is the same for A", h being an integer. If we put

l=m(0‘”’l> <1 (6.21)
Xn

for given &, such that 0 < &g < 1 -1, there exists Ny such that

sup (O("_1> <l+g <1. (6.22)
n=No+1 \ &n
Consider now the infinite matrix
-1
48] 0
(No) _ 1 (6.23)
« 0 1 ’ :

A&N") being the finite matrix whose entries are those of Ay = Dy,xADy for n,m < Np.
We get

Q=38 Ao = (@nm) 1 (6.24)
with
1 for m = n,
dnm =~ Kom form=n-1= Ny, (6.25)
Km+1
0 otherwise.
For every X € [, we get
P B t
(I-Q)X = (0,...,0, N0 gy 1xn,1,...) , (6.26)
Ny +1 Cn
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where oy, XN, / &g +1 18 in the (No +1)th position. So

)

la-@xif = ¥ (%22) o< s [(%)]( 3 pl?)

An Xn

n=Ng+1 n=No+1 n=No 6.27)
lT-Q)x[l; o1\ '
- - sup (WD) [ (2)7]”
Q) =S40\ %7, L s
Since &1/, <l+&y <1 forall m > Ny+1, we deduce
P
sup (M> <1. (6.28)
n=No+1 \ &n

Hence |[I - Qllsq,) < 1. We have shown that Q is invertible in %(1,). Now let B € 1,,. The
equations AeX = Band QX = S™N)Y are equivalent in [,,. Since Q! € %(l,), we deduce
from Theorem 4.2(iii) that for every X € l,, Q71 (QX) = (Q71Q)X = X = (Ax)"!B. This
proves that the map Ay is bijective from [, to I, and A is bijective from I, (x) to [, ().

O

REMARK 6.6. Note that we alsohave 1/« € @1* if and onlyif I; () (A) = 11 (). Indeed
the conditions A € (I; (x), ;1 (x)) and 2 € (I (x),l; («x)) are equivalent to A* € S, and
>t e Sl/tx: that is,

Xn
Kn-1

=0(1), oy (Z;)zou) (n — o). (6.29)

From the inequality o, /0,1 < &, (3 )-; 1/ ) for all n, we conclude that 1/« € @f if
and only if [ (x)(A) = [ (x).
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